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Large deformation of red blood cell ghosts in a simple shear flow

C. D. Eggleton? and A. S. Popel?

Department of Biomedical Engineering and Center for Computational Medicine and Biology,
Johns Hopkins University School of Medicine, Baltimore, Maryland 21205

(Received 5 December 1996; accepted 1 April 1998)

Red blood cells are known to change shape in response to local flow conditions. Deformability
affects red blood cell physiological function and the hydrodynamic properties of blood. The
immersed boundary method is used to simulate three-dimensional membrane—fluid flow interactions
for cells with the same internal and externa fluid viscosities. The method has been validated for
small deformations of an initially spherical capsule in simple shear flow for both neo-Hookean and
the Evans-Skalak membrane models. Initially oblate spheroidal capsules are simulated and it is
shown that the red blood cell membrane exhibits asymptotic behavior as the ratio of the dilation
modulus to the extensional modulus is increased and a good approximation of local area
conservation is obtained. Tank treading behavior is observed and its period calculated. © 1998
American Institute of Physics. [S1070-6631(98)00308-0]

I. INTRODUCTION

The membrane of the red blood cell (RBC) is easily
deformed by shearing forces while maintaining its local area
nearly unchanged. This type of response is due to the struc-
ture of the membrane which is composed of a lipid bilayer
supported by a scaffolding of cytoskeletal proteins. Normal
human RBCs in quiescent plasma assume a biconcave dis-
coid shape with an average diameter of 8 um, thickness of 2
um, surface area of 140 um?, and volume of 90 uwm?®.! Equi-
librium of forces determines the quiescent shape and it has
been shown that changing the properties of the membrane
leads to different quiescent shapes.® The surface area to vol-
ume ratio of the normal cell is 40% greater than that of a
sphere with the same volume. Excess surface area not only
improves the RBCs efficiency in loading and unloading sol-
utes, but also alows the cell to deform easily as it passes
through the circulatory system where it may encounter cap-
illaries with diameters as small as 2.5 um. The deformability
of the RBC membrane affects its physiological function of
oxygen transport® and determines the hydrodynamic proper-
ties of whole blood,*® which has a norma hematocrit (vol-
ume fraction of RBCs) of approximately 45%.

The behavior of red blood cells in shear flow has been
observed. At low shear rates the cells can tumble but as the
shear rate increases the red blood cell can reach and equilib-
rium shape and orientation which remain constant as the
membrane rotates in the plane of shear. Early observations of
this behavior, called tank treading, were reported by Schmid-
Schonbein and co-workers.®’ Since the tank treading veloc-
ity of the membrane is not uniform, this behavior is more
like that of a drop than a solid particle. However, the ten-
sions in an elastic membrane depend on the local strain, not
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local curvature. Keller and Skalak have modeled the behav-
ior of nondeforming ellipsoida particles in shear flow and
predicted the shear rate at which the transition to tank tread-
ing occurs.® The average deformation of a suspension of red
blood cells was most recently measured by Mazeron et al.®
Chang and Olbrecht have measured the deformation of a
single synthetic cell whose membrane is viscoelastic in ex-
tensional and Couette flows 2%

The flow of deformable RBCs through capillaries can be
considered axisymmetric under appropriate conditions and
has been studied theoretically. Zarda et al.*? used a mem-
brane model with a finite dilation modulus and resistance to
bending stresses, and simulated axisymmetric flow through
capillaries using the finite element method. A membrane
model that treats the membrane as locally area conserving
but neglects bending resistance was used by Secomb et al.*3
Simulations with this model can result in shapes with cusps
at the trailing edge of the RBC due to the lack of bending
resistance. Nonaxisymmetric geometry of nondeformable
RBCs in capillaries has also been considered.’ In vessels
with diameters larger than the dimensions of the RBC the
geometry is generaly three dimensional. We begin the de-
velopment of a general three-dimensional model of the RBC
by studying ghost cells whose internal fluid is the same as
the suspending fluid (plasma). These cells do not occur natu-
rally but can be prepared in vitro™® and have been used ex-
tensively in experimental studies. A ghost cell is created by
increasing the permeability of the membrane to hemoglobin
by osmotic swelling to alow its diffusion into the surround-
ing fluid. RBCs fall into the category of suspended particles
known as capsules; capsules are particles with elastic mem-
branes that enclose a fluid, as opposed to droplets and
bubbles whose interfacial forces arise from surface tension.
Perturbation methods were used in the first models of fluid—
capsule interactions. Assuming an initialy unstressed spheri-
cal capsule with a quadratic strain energy function, linearized
equations were solved to obtain the steady-state shape'® and
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time evolution!”® of capsules in simple flows. Barthes-

Biesel and Sgaier’® used linear theory to study the effect of
membrane viscosity and found that purely viscous mem-
branes tumble while particles with viscoelastic membranes
orient themselves to the streamlines when the shear rate and
relaxation time are of the same order. Large deformations of
two-dimensional cylindrical capsules were studied by Rao
et al.?% by extending the perturbation equations to include
terms of up to sixth order of the perturbation parameter that
is proportional to the shear rate. More genera models of
capsule deformation have been based on the boundary ele-
ment method. One advantage of using the boundary element
method is that the geometric dimension of the problem is
reduced by one. Governing equations are solved only on the
bounding surface, and the solutions can be used to calculate
variables in the external and internal flow field. Capsules
with Mooney-Rivlin membranes suspended in elongational
flow?! and passing through a hyperbolic constriction?? were
modeled by Barthes-Biesel and co-workers. In both cases the
geometry was axisymmetric. Pozrikidis® has recently used
the boundary element method to simulate the deformation of
a capsule suspended in a simple shear flow with a quadratic
approximation of a neo-Hookean membrane strain energy
function. Rupture of the membrane depends on the maxi-
mum strain, which varies with shear rate. A comparison is
made with the observations made in Ref. 11 showing good
agreement. Both initially spherical and elliptical capsules
were considered. Zhou and Pozrikidis®* have used the
boundary element method with interfacial tension based on
surface tension with an incompressibility constraint as a
model of the RBC membrane. Local area conservation is
enforced through a kinematic condition which does not ac-
count for the extensional properties of the membrane.

In the present work, we use the immersed boundary
method®?® to simulate capsule deformation in which inter-
nal and external fluid properties are equal, thus representing
the flow of red blood cell ghosts. Unlike the BEM, fluid
velocities are calculated in the interior and exterior fluids at
every time step. The immersed boundary method does not
preclude the simulation of a cell with a fluid of differing
internal viscosity. The methodology has been developed by
Unverdi and Tryggvason? for tracking the interface and ac-
counting for the changes in fluid properties. Front tracking
requires the solution of Poisson’s equation on the entire fluid
grid at every time step, and is thus more costly to implement.
Recently, Haj-Hariri et al.?® have developed an adaptive grid
refinement scheme in combination with a front tracking
method to study thermocapillary motion of drops where the
ratio of internal to external fluid viscosity varied from 103
to 10%. The immersed boundary method has also been used
to simulate the flow of suspensions of solid particles,® and
the deposition of nondeforming particles on solid substrates
in the simulation of biofilm processes.*

A finite element model of the capsule membrane is used
to approximate the forces due to general forms of the strain-
energy function in conjunction with the immersed boundary
method. The method is validated with the predictions of lin-
ear theory for both a neo-Hookean membrane and a model of
the RBC membrane. The material properties of the neo-
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Hookean membrane are characterized solely by the elastic
(Young's) modulus. The Evans and Skalak membrane
model®! that has been commonly used as the model for the
RBC membrane is characterized by a dilation modulus that
determines the resistance to local changes in area and an
extension modulus that determines the resistance to shearing
stresses. Viscoelastic properties of the RBC membrane are
not included in the model. Using the reported properties for
the RBC membrane which has a very high dilation modulus
we found the calculations to be unstable. In this work we
show that very good approximations of RBC membrane be-
havior can be obtained at much lower dilation moduli at
which the numerical method is more stable and total compu-
tation times are practical. Simulations of the deformation of
initially spheroidal cells for different dilation moduli and
shear rates are reported.

II. THE IMMERSED BOUNDARY METHOD

The immersed boundary method was introduced by
Peskin® to simulate blood flow in the heart. In the present
work, we consider deformation of an elastic capsule filled
with a Newtonian fluid. No modifications are made to the
immersed boundary method, and the discretization of the
membrane is done using a standard finite element method.
The two methods have previously not been combined to
study fluid—membrane interactions. In response to the exter-
nal velocity field, the capsule will deform and exhibit tank
treading. The immersed boundary method is used to follow
the motion of the membrane. Boundaries are alowed to
translate and deform by splitting the numerical solution onto
two grids: a stationary fluid grid which does not change after
each time step and a moving boundary grid whose nodes
move with the local velocity field. In this section we describe
the immersed boundary method and save the discussion of
the membrane model for a following section.

The following scalings are used to nondimensionalize
time, length, velocity, pressure, and force:

1
where L, and t, are the chosen reference length and time,
respectively, and # is the fluid viscosity.

The nondimensional equations governing incompressible
Navier—Stokes flow inside and outside a capsule are given
by

V.u=0, (2
au t
U+ ”I'_; (Vp—V2u)=0, 3
pPLy
V.u*=0, 4
o Fur-Vu* s (Vp—V2u*)=0 (5)
at N pL2 YP ’

where Egs. (2) and (3) govern the flow of the interna fluid
enclosed by the capsule membrane and Egs. (4) and (5) the
flow of the external fluid and A = #;/ %, is the ratio of the
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internal to external viscosities. No-dip conditions at the
membrane surface S require that velocities be continuous
across the surface such that

[u]s=0. (6)

In the immersed boundary method, the elastic forces that
the membrane exerts on the fluid are approximated through
the addition of weighted forces to the momentum equation in
the vicinity of boundary. Membrane forces in R® located at
X are distributed to a fluid grid node at x using a discrete
delta function which is chosen to approximate the properties
of the Dirac delta function.® Here we use the following
three-dimensional function®

Dp(X—=X) = 6p(X1—X1) h(X2—X2) 6p(X3—X3), (7)

where

_ + m f 2h

= g

6n(2) an 1+ cos n or |z| ,

Sn(z)=0 for |z|>2h. (8)

The domain of influence of each membrane node has a ra-
dius of two uniform fluid grid spacings h. A fraction of the
elastic force at X is added to the momentum equation at the
fluid grid x giving a modified momentum equation. Solving
the coupled continuity equation and modified momentum
equations gives the velocities on the fluid grid. No slip con-
ditions at the membrane surface are satisfied by assigning a
weighted local fluid velocity to the membrane nodes. The
velocity (uy) of an immersed boundary node (N) is the sum
of the velocities at the fluid grid nodes (x) weighted by the
discrete delta function giving

Un=2h3u(x)Dp(XNy—X). 9)

The summation can be taken over al fluid grid nodes, but
only those in the sphere of influence of the immersed bound-
ary node N will make a contribution to its velocity. The
immersed boundary node moves at this velocity for one time
step to a new position given by

XRFE= Xy + uyAt. (10)

The forces exerted by the moving boundary have changed
from the previous time step due to its new configuration. The
new forces are calculated and the procedure is repeated to
advance the flow one time step. The immersed boundary
method does not rely on a specific discretizing method. Here
we use the finite Fourier transform method described in de-
tail in Ref. 26.

Ill. DISCRETE MODEL OF THE CAPSULE MEMBRANE

Our finite element model of the membrane is based on
the model developed by Charrier et al.*? and Shrivastava and
Tang.®® The model is used to obtain the forces acting at the
discrete nodes of the membrane which are then distributed
onto the fluid grid as described above. Here we summarize
the characteristics of the model and refer the reader to Refs.
32 and 33 for specific details. The capsule membrane is dis-
cretized into flat triangular elements which remain flat after
deformation. The approximation is valid assuming that dur-
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Plane of Shear Flow

initial radius a

FIG. 1. Flow schematic for a capsule deforming in shear flow.

ing deformation the local radius of curvature is much larger
than the membrane thickness and bending stresses are negli-
gible. The expressions developed for the force exerted at the
nodes of an element of the deformed membrane are given in
the plane of the element. In a general three-dimensional de-
formation, the elements do not remain in the same plane after
being displaced. The deformed element is transformed to the
plane of the undeformed element to determine the relative
displacement of the nodes and the corresponding forces.
Stresses and strains exist only in the plane of the membrane
and the strain energy is given by W(\4,\,), where \; and
N\, are the principa strains. Quantities are approximated by
linear functions in the plane of the element with coordinates
(x",y") such that they are described by

d(x',y')=ax'+by’'+c. (11)

The three unknown coefficients a, b, and ¢ are determined
using known values of the function ®; at the three nodes
located at (x; ,yi) of the element.

Given the displacement of the three nodes of an element,
its state of strain (A1,\,) can be obtained. The material
properties of the element determine the forces that are re-
quired to maintain the element in a given state of strain/
stress. The principle of virtual work is used to calculate the
forces at the three nodes of an element. Each node of the
discrete membrane belongs to more than one element. The
resultant force F on the ith node is simply the sum of the
forces exerted by the m elements attached to the node. The
forces calculated are those that act on the node to deform the
membrane. An equal and opposite force acts on the fluid in
the manner prescribed by the immersed boundary method.

IV. SPHERICAL CAPSULES

Figure 1 shows the geometry and parameters that are
important for the problem of a capsule deforming in shear
flow. Here 7 isthe fluid viscosity, v is the shear rate, a isthe
initial radius of the capsule, and w denotes the extension
modulus of the membrane. Barthes-Biesel and Rallison
(BBR)? studied the linearized problem of the evolution of
an initially spherical capsule in a shear flow using perturba-
tion methods and obtained expressions that are valid for G
= pyal u<1. The deformation of the membrane is described
by the Taylor shape parameter
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L-B
-

where L isthe length of cross section of the cell and B isthe
breadth. Cross sections are taken in the plane of shear in the
discussions that follow. We will show that the time evolution
of the Taylor shape parameter D, is in agreement with the
previously obtained linear solutions for small values of G
and the numerical nonlinear solutions at higher values of G
for a neo-Hookean membrane.

(12)

A. Theory for small deformations

The development of the equations that predict the defor-
mation of initially spherical capsules in response to fluid
forces is described in detail by BBR. Here we summarize
and use their solution to validate calculations using the im-
mersed boundary method.

Classic membrane theory expresses the principal strains
N1 and N\, using loca in-plane curvilinear coordinates. BBR
have developed new strain invariants a and b that are more
easily manipulated in Cartesian coordinates

a=|n()\1)\2), (13)
b=3(A2+)\3). (14)

The strain energy function W(\1,\,) for a given mem-
brane material is then expressed in terms of these invariants
to give W(a,b). Assuming small deformations, the strain
energy function is expanded as a Taylor series and terms
quadratic in a are kept so that the approximate strain energy
function w is given by

W=Wq+ aja+ 3 a;+ay)a®+ az(b—a)+0(G3). (15)

This form of the strain energy function is used in obtaining
the equations governing the deformation of the membrane in
the plane of shear

X6(0,Y5(0).01= 3 {Y+, = Xs.0}+ GK(D{Y5 X0}

XsYs
+2G (1) —K(1) alxd {Xs.,Y,0}

(16)
where X, is the displaced position of a point on the sphere
and X, istheinitial position of the same point. The functions

J and K depend on time only and for an initialy unstressed
membrane their evolution is governed by

0 K A B ELY
T lI—K = c bplla=k +|22N+3 , a7)
0
where
= 1 2 6
“(pra)(2n+3) | S0P
2(3\+2)
(:|.9)\—+16)(_4a1+4a2+8a3) , (18)
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1
B:W 4a2+4a3
2(3N+2) 4 8 8 19
*oni1p) (A BarBay), (19
C= W (—4a1t+4ar+8asy), (20)
2
8a2—8a3). (21)

O Gaiae e (A

The values of «; depend on the properties of the membrane
and are given below. It is straightforward to solve these
coupled ODEs with constant coefficients. Given the time
evolution of K and (J—K), Eq. (16) is used to obtain the
shape of the deformed membrane.

B. Neo-Hookean membrane

The strain energy function for a neo-Hookean membrane
is given by

Eh
W= (\+N5+A 2N =3, (22)

where E is the Young's modulus and h is the membrane
thickness. The material is incompressible (volume preserv-
ing). The corresponding coefficients for the quadratic strain
energy function Eq. (15) are
2Eh Eh

a1=0, CYZZT, a3=?.
The solution of the linearized equations for the neo-Hookean
membrane was found by BBR. In the present work we use
the immersed boundary method to simulate the deformation
of a spherical neo-Hookean membrane and we will compare
the results with linear theory. A spherical membrane of ra-
dius a is discretized into 15 552 flat triangular elements con-
necting 7778 nodes distributed over the membrane. The
spherical shape istaken to be a strain free state and the shape
factors for each element are obtained from this undeformed
configuration. The center of the membrane is placed at the
center of a cube whose sideis 4a and the cube is discretized
into a uniformly spaced grid of discretization 2N x 2N x 2N,
Periodic boundary conditions are imposed at the sides of the
cube and shear flow is created by placing equal and opposite
shearing forces on two planes near the edge of the cube. The
forces (—bf,0,0) and (bf,0,0) are applied on the planes of
the discretized cube, (i,2,k) and (i,3,k), respectively. An
undisturbed shear flow in the form (u(j),0,0) with shear rate
v is created, where

u())==¥(5-1)=3N+5))
u()=y(j—3N+5)) for 2>j.
The membrane is held stationary until the shear flow is fully
developed and is then released at t=0.
The time evolution of the Taylor shape parameter is fol-

lowed for several values of the dimensionless parameter G
= yyalEh on acourse grid 32 32X 32 as shown in Fig. 2.

apg= 0, (23)

for j<2,
J (24)
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0.5

Y 3
A G=0.1

FIG. 2. Validation for the neo-Hookean membrane model. The solid lines
arelinear theory (valid only for G8<1), A, immersed boundary method, @
are found using the boundary element method (Ref. 23).

Deformations are small for G<<0.05 and there is excellent
agreement with linear theory. The difference in the shape
parameters when the calculations are stopped are 3.0%,
0.21% for G=0.0125, 0.025, respectively. Asthe value of G
increases the deformations increase and linear theory does
not apply. For larger values of G, we compare the evolution
of the capsule shape using the immersed boundary method
coupled with the quadratic form of the strain energy func-
tion, Eq. (15), with that found by Pozrikidis®® using the
boundary element method (BEM) at G=0.1 and G=0.2 in
Fig. 2. In both cases the two solutions coincide. The method
of generating the shear flow creates a discontinuity in veloc-
ity that may affect the deformation of the capsule. To test
whether this is the case, a smulation is done on a cube
whose side was 8a, instead of 4a, discretized into agrid that
was 64X 64X 64. The uniform spacing is equal to that of the
case above; however, the initial distance from the cell mem-
brane to the edge of the cube has increased from a to 3a.
Thus the discontinuity in velocity is farther from the cell.
Calculations are repeated on this new grid for G=0.2, and
the difference e= (D3 —Dy)/Dy; (where the superscript
indicates the length of the cube) between the two simulations
at nondimensional time yt is given in Table I. The differ-
ences are about 1% and the comparison suggests that bound-
ary effects are negligible in this case.

TABLE |. Effect of computational domain size on the deformation. The

difference e= (D5 —Dy3)/Dy; .

i )
0.25 0.92
0.50 1.05
0.75 1.04
1.00 0.99
1.25 0.79
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C. Spherical ghost cells

Spherical ghost cells are studied in order to further vali-
date the numerical method and investigate characteristics of
the RBC membrane that can be compared to linear theory.
Evans and Skalak®! have developed a strain energy function
for the RBC membrane which is fit to deformation measure-
ments for human RBCs*

2,32
NITAS

Wrec=Krac(MAy—1)%+ upsc W—l)' (25)
1A%

Krec=500dyn/cm, urec=6%10"3dyn/cm.  (26)

The strain energy function for the RBC membrane is
expanded as a Taylor series, in the same manner as was done
for the neo-Hookean material, to obtain the following coef-
ficients of the quadratic function, Eq. (15),

ap=0, @;=0, ay=Kgac—Hrec, @3= MRac-

(27)

These values used in Eqg. (17) lead to the following equation
for the shape evolution of spherical ghost cells (A=1)

0[}(}_ 1 [—-68-20 128 K} L
at 3G | 8(s+1) —168|9-K| |0/
28)

J—K| 35G

The solution to Eq. (28) is
K=3+[—10+58— x]C; exp(—t/7,)

5(1+ B)
XJ—K= 85 E+8(1+B)[Cy exp(—t/7y)
+C2 exp(_t/’Tz)], (29)
where
g= 1% (30)
MRBC
_ KRBC, (31)
MRBC
x=1/100— 43+ 1212, (32)
B 35G -
04118+ - 2248+ (101 115)2’
35G
(34)

201118~ V- 2248+ (10+ 118)2

C, and C, are constants of integration in Eq. (29) that are
chosen so that the initial values of K and J—K are zero. The
properties that determine the characteristic parameter G
= pyal ugsc ae viscosity of plasma »=1.2cP, radius of
ghost cell a=3.338x10 *cm, and extension modulus,
MRBC™ 6>< 1073 dyn/cm

A grid refinement study is done for =10 and G
=0.01. The value of G was chosen so that the deformations
are small but measurable and linear theory is valid. Calcula-
tions are done at a nondimensional time step yAt=0.001 on
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—— Linear Theory

— - Coarse Grid, yAt = 0.001

—— Fine Grid, ¥At = 0.001
Fine Grid, ¥At = 0.0005

0.010

0.005

0.000 . .
0.0 0.2 0.4

FIG. 3. Vdidation for Evans-Skalak membrane model for G=0.01 and B
= 10. The difference between linear theory and the numerical simulations at
yt=0.292 are 6.1%, 0.20%, and 0.56% for A yt=0.001 (coarse and fine
grids) and A yt=0.0005 (fine grid).

32X 32X 32 (coarse grid) and 64X 64X 64 (fine grid) fluid
grids, and at yAt=0.0005 on the fine grid. The calculations
are compared with the results of linear theory in Fig. 3. At
yt>0.3 the membrane shape begins to asymptotically ap-
proach a steady-state value and the calculations are termi-
nated. The difference between the linear-theory value of D,

05
~-— Linear Theory
—-— Nonlinear _
0.4 - G=0.5
../"/V .
re
S
0.3 -
d
- G=0.2
/ e
Dxy ST
g 7 -
0.2 - // e G=01
! ,./ it v
ST T
17
o Y G=0.05
X Y}
7 G=0.01
0.0 T
0 1 2
@ it
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— G=0.01
——- G=0.05
025 e G=0.1
W —-— G=0.2
o/ 020 R,
.20 Lo
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0.15 e e—-d

0.10

T T T T T T T T T
0.0 0.2 0.4 06 0.8 1.0 12 14 16 18 20

(b) t

FIG. 4. Evolution for 8= 10 of (a) the deformation parameter (linear theory
isvalid only for GB<1) and (b) the orientation angle 6.
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TABLE Il. Area and volume changes for increasing G for a sphere a
=10. The ratio of the deformed surface area to initial surface area, A/Ag,
maximum and minimum deformed element area to initial element area,
E/Eg, and final volume to initial volume, V;/V,, are shown.

G A T E max E min \ f
0.01 1.0002 1.007 0.9917 1.000
0.05 1.006 1.033 0.9764 0.9994
0.1 1.019 1.048 0.9907 0.9987
0.2 1.042 1.078 1.006 0.9984
0.5 1.087 1.158 1.024 0.9986

at yt=0.292 and that calculated on the coarse grid is 6.1%,
while on the finer grid the difference is 0.20%. Time accu-
racy of the calculations is tested by halfing the time step on
the fine grid. The results are nearly identical, with the differ-
ence in the final value of D,, being 0.56%. The error is
dlightly larger for smaller time step because the time evolu-
tion of the shape parameter is not monotonic. A maximum is
reached, and the steady-state value is approached from
above. This characteristic is found for both the linear and
nonlinear calculations and is attributed to the fact that the
evolution depends on two time constants.

In the calculations that follow, simulations are done with
7778 membrane nodes and a 64X 64X 64 fluid grid. At this
level of discretization, approximately 10% of the CPU time
is spent solving for the membrane forces, and about 90% is
spent finding the fluid velocities. Thus we did not attempt to
minimize the number of membrane nodes employed. The
ratio of the extension to dilation moduli isfixed at 8= 10 and
the effect of increasing the characteristic parameter G is
studied in this section. Five values of G=0.01, 0.05, 0.1, 0.2,
0.5 are considered corresponding to shear rates of approxi-
mately 15, 75, 150, 300, 750 s~ for the red blood cell ghost.
These rates are in the range found under physiological con-
ditions. The evolution of the shape parameter is shown in
Fig. 4 and compared with linear theory, which is valid for
BG<1, at low shear rates. The evolution of the orientation
angle of the ghost cell 6 with respect to the streamlines is
given in Fig. 4(b). At the lowest shear rate, G=0.01, it ap-
pears that wobbling of the capsule occurs, along with tank
treading, as the capsule approaches its equilibrium orienta-
tion. The orientation angle decreases as the shear rate and
deformation of the ghost cell increase. Note that the time to
reach a steady-state shape increases with G. The ratio of the
deformed surface area to initial surface area, A/Ay, maxi-
mum and minimum deformed element area to initial element
area, E/E, and final volume to initial volume, V/V,, are
summarized in Table Il. As the shear rate increases the local
area changes increase indicating that a larger value of 8 is
required to approach area conserving behavior. Also, the
membrane tensions change from being partly compressive
and partly tensile for G=0.1 to fully tensile for G>0.1. A
sphere is the shape of minimum surface area for a fixed
volume. Enforcing local area conservation results in a cell
that cannot deform.
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FIG. 5. Deformation histories for a 2:1 oblate spheroid for G = 0.025, 0.05,
0.1. Solid lines are immersed boundary method. @, BEM (Ref. 23).

V. OBLATE SPHEROIDAL CAPSULES

Initially spherical capsules have been simulated because
their simple geometry allows analytical methods to yield de-
formations histories. Here we simulate a capsule whose ini-
tial shape is an oblate spheroid with a semimajor to semimi-
nor axes ratio of 2:1. This shape is taken to be the strain free
state. First we simulate the deformation of a neo-Hookean
membrane and perform grid refinement studies to determine
the numerical accuracy of the solutions. The Evans-Skalak
model of the RBC membrane is then used to simulate ghost
cells. Using the reported value of the dilational modulus re-
sults in an unstable system. The effect of increasing the di-
lational modulus at smaller values is studied and it is shown
that local deformations are small and a good approximation
of RBC membrane behavior can be obtained.

A. Neo-Hookean membrane

An oblate spheroidal membrane with a semimajor to
semiminor axes ratio of 2:1 is discretized into the planar
triangular elements described above. The dimensionless
shear rate is define by Eq. (30) using as the reference length
the radius of the sphere with the same volume. The quadratic
form of the strain energy function with neo-Hookean coeffi-
cients, and initial inclination angle, 6= m/4 are employed.
These parameters were chosen to compare the deformation
histories with those calculated using the BEM under the
same conditions. A fluid grid that is 64X 64X 64 and mem-
brane discretization of 7778 nodes and 15 552 elements was
employed.

Deformation histories are calculated for three shear rates
and are shown in Fig. 5 as solid lines. The calculations were
done for Ayt=0.001. Results taken from the calculations
using the boundary element method with 128 nodes on the
spheroid surface (Fig. 13a, p. 146 of Ref. 23) are shown as
solid circles. In every case the immersed boundary method
predicts smaller equilibrium deformations than the BEM.
The relative difference increases with shear rate G, and for
G=0.1a yt=0.7, Dy, is 0.50 and 0.45 for the BEM and
immersed boundary methods, respectively.

A grid refinement study was conducted at the smallest
strain rate, G = 0.025, to determine if numerical errorslead to
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FIG. 6. Grid refinement study for 2:1 oblate spheroid with neo-Hookean
membrane at G =0.025.

the difference between the two methods. The results are
shown in Fig. 6. The steady-state deformation DY, = 0.3865
from the simulation above is taken as the reference case and
differences are calculated as (D, — Dy, )/D5, X 100%. First
a coarser fluid grid, 32X 32 32 with the original membrane
discretization was used and resulted in a smaller steady-state
deformation that differed by —3.1%. Then, on the 64X 64
X 64 fluid grid, a finer membrane discretization (60 002
nodes, 120 000 elements) was employed. The steady-state
deformation differs only by 0.15% but requires 33% more
CPU time. Findly, the simulation is performed on a 128
X 128% 128 fluid grid with the origina membrane grid. In
this case the steady-state deformation differs by —0.15% but
required approximately 350% more CPU time to reach a
nondimensional time of yt=0.5. The results show that the
numerical error using the immersed boundary calculations at
G=0.025 is small. Numerical accuracy studies were not re-
ported for initially spheriodal cells using the BEM in Ref.
23.

B. Oblate spheroidal ghost cell

Instabilities are encountered when simulating capsule
deformation using the Evans-Skalak strain energy function
with the reported values of the elastic parameters. Deforma-
tion histories are calculated using the reported value of the
extensional modulus, wrgc, and values of the dilational
modulus, Kggc, a which the time step required for numeri-
cal stahility is reasonable.

The same discretizations (fluid grid: 64X 64X 64; mem-
brane: 7778 nodes, 15 552 elements) of the fluid domain and
oblate 2:1 spheroid are used here. Using as the reference
length the radius of the sphere of equal surface area, the
nondimensional shear rate is given by Eq. (30). The fluid
strain-rate simulated, G = 0.03, corresponds to 50 s™* for the
RBC. The effect of increasing the dilational modulus using
the full strain energy function is studied by calculating the
deformation history for 8= 10,20,40,60,80,100. Refinement
of the fluid grid is carried out for 8 of 60 and 100. It is
shown in Fig. 7(a) that as 8 increases the equilibrium defor-
mation decreases monotonically. A simulation is performed
using the full Hookean strain energy function setting Eh/3
=purgc SO that the membranes have effectively the
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FIG. 7. Effect of increasing dilational modulus. Deformation histories for a 2:1 oblate spheroid with neo-Hookean membrane and Evans-Skalak membrane
with increasing dilational modulus, (8= 10,20,40,60.80,100), at G=0.03 (y=50s"Y). (a) 64X 64X 64 fluid grid, (b) grid refinement for B=60, (c) grid

refinement for 8= 100, (d) the orientation angle 6.

same extensional modulus for small deformations. The
Hookean membrane is more compliant than the Evans-
Skalak model of the RBC. Evolution of the orientation angle
for the Hookean membrane and the Evans-Skalak membrane
with 8=100 are shown in Fig. 7(d). The similarity of the
curves indicates that the orientation angle is weakly depen-
dent on the dilational modulus.

The grid refinement studies shown in Figs. 7(b) and 7(c)
show that error in the change in D, from the quiescent state,
(Dgy=1/3), given by (D,,—D3,)/(Ds;>~D3)) is large on
the coarse grid (20%, 28%) but the difference at equilibrium

between the calculations on standard grid and the fine grid is
(4.7%, 3.2%) for B=60,100, respectively. The ratio of the
deformed surface area to initial surface area, A/A,, maxi-
mum and minimum deformed element area to initial element
area, E/E, and final volume to initial volume, V;/V,, are
summarized in Table I11. Note that although deformation and
change in surface area decrease monotonically with increas-
ing B (dimensionless dilational modulus) the changes in in-
dividual elements show no pattern and are in fact largest for
=100 on the standard grid.

A better picture of local area conservation is given when

TABLE Ill. Area and volume changes for increasing 8 for an initially oblate spheroid 2:1 at Ggc=0.03, ¥
=50s"1. The ratio of the deformed surface area to initial surface area, A/A,, maximum and minimum
deformed element area to initial element area, E/E, and final volume to initia volume, V¢/V,, are shown.

B.(grid) At (E/Eo) max (E/E)min Vs
10 1.0046 1.0317 0.9761 0.998
20 1.0029 1.0372 0.9730 0.998
40 1.0018 1.0330 0.9698 0.998
60,323 1.0012 1.0339 0.9738 0.998
60,64° 1.0013 1.0290 0.9754 0.998
60,128° 1.0016 1.0133 0.9880 0.999
80 1.0010 1.0240 0.9783 0.998
100,323 1.0008 1.0300 0.9731 0.998
100,64° 1.0007 1.0425 0.9554 0.998
100,128° 1.0010 1.0243 0.9762 0.998
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the deformation in the equilibrium configuration of all ele-
ments (15 552) is examined. A strain histogram is created in
the following manner. The percent change in area of each
element E,=(E/Ey—1)*100% is caculated. The range of
elemental area changes is divided into sectors, centered at
zero. If Ey, of an element falls in a sector, then itsinitial area
normalized by the initial total surface area, Eq/Ag, is added
to the running total for that sector. Once all elements have
been grouped in this fashion, the sum of the weighted el-
emental areafor all sectorsis unity. The sum of the weighted
elemental area for a single sector gives the proportion of the
undeformed surface area that falls within that deformation
range. Thus a perfectly locally area conserving membrane
would have avalue of 1 for — e<E, <€ and zero elsewhere.
The strain histograms are found for the membrane deforma-
tion study above and selected cases are shown as curves to
facilitate their comparison in Fig. 8(a) and all cases are sum-
marized in Table IV. The histograms are not symmetrical
and skewed towards tensile strain. For large 8 the maximum
of the histogram is located at zero. As g increases the mem-
brane becomes stiffer and for the same deformation exerts
more stress on the fluid. This causes a larger jump in the
fluid shear across the membrane and requires a finer fluid
grid to capture the gradients in the fluid velocities. Increased
area conservation is shown for =60 and 100 in Figs. 8(b)
and 8(c), respectively, with grid refinement. Note that with
grid refinement the maximum and minimum area changes
(extension and compression) of a single element decrease in
magnitude. Local area conservation is best on the finest grid
with 8=60, with 98.9% of the origina area having loca
deformations of lessthan = 0.75% and all local deformations
being less than 1.4%. For 8= 100, 95.8% of the original area
has local deformations of less than =0.75%, as seen in
Table IV. The area histograms calculated on the standard and
fine grid are till somewhat different, indicating that better
results could be obtained on a still finer grid. We did not do
this due to the larger amount of computing time and memory
required.

C. Tank treading behavior

No-dip conditions at the membrane cause it to move
with the local velocity field. Since the membrane is flexible
and encloses a fluid, the capsule/cell does not necessarily
tumble as a rigid body. The membrane which is a closed
streamline at steady state rotates continuously without
changing shape. This behavior is called tank treading and has
been observed for red blood cells.®” We calculate the period
it takes for the membrane to complete one rotation about its
equilibrium shape in the following manner. The cross section
of the cell in the plane of shear isfound at two different time
steps that differ by At. Elementsthat cross the plane of shear
in both configurations are identified and their radia position
¢; (n denotes time step, i denotes element) is calculated.
The radial velocity ¢; as afunction of radial position () 4
is interpolated with the following:

R
b= At

(35
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FIG. 8. Strain histograms for equilibrium shape at G = 0.03 for the Hookean
membrane and Evans-Skalak membrane with increasing dilational modulus,
(8=20,60,80). The abscissa is the percentage change in an elements area.
En=(E/Ep—1) and is centered at zero. Each bin has a width of 0.5%. The
normalized unstrained area of an element, E, /A, are added for each range
of equilibrium strains. The sum of all binsis 1 for each case. Note that for
alocally area conserving membrane all elements would have zero deforma-
tion and the coordinate value would be 1. (a) 64X 64X 64 fluid grid, (b) grid
refinement for =60, (c) grid refinement for 8= 100.

1, 42
(D= > “ (36)

About 280-300 elements were found to cross the plane of
shear. We find the period of rotation 7 by integrating these
curves using periodic boundary conditions
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TABLE IV. Summary of strain histogram for increasing 8 where E,,= (E/E,—1)* 100% is the percent change in the area of a single element. Entries are the
proportion of the undeformed cell membrane area whose equilibrium deformation falls in the given range.

B, grid 0<|E,|=<0.75 0.75<|E,|<1.75 1.75<|Ey|<2.75 2.75<|E,|<3.75 3.75<|E,|<4.75

10 0.6725 0.3064 2.076x 1072 4.246X 1074 0
20 0.7731 0.2144 1.226X 1072 1.963x 1074 0
40 0.8263 0.1671 6.343x 1073 2.713x 1074 0
60,32° 0.7627 0.2229 1.352x 1072 8.881x 104 0
60,64° 0.8629 0.1337 3.396x 103 0 0
60,128° 0.9897 1.026x 102 0 0 0
80 0.9023 9.625x 102 1.456x 1073 0 0
100,323 0.7953 0.1957 8.865x 1073 1.592x 1074 0

10,643 0.7204 0.2404 3.600x 102 2.822x 1073 3.604x 1074
100,128° 0.9577 4.125x 1072 1.046x 1073 3.517x107° 0

_ é 2 (¢i+_l)ave_ (.Qsi)ave.

i=1 i1t &
Here we are assuming that the node moves at the average
velocity (o1t ¢i)/2 while moving from (¢i)ae tO
(i+1)ave- The results are shown in Table V for the oblate
spheroid ghost cell at the values of B8 simulated. Note that the
period decreases with increasing dilational modulus, and on
the finest grid the periods are 16.5 and 16.1 nondimensional
time units for 8=60,100, respectively. This indicates that
the tangential velocities along the membrane and the strength
of the circulation are increasing.

37)

T

VI. BICONCAVE DISCOID

Spheroidal cells can be created through osmotic swell-
ing, but the quiescent shape of a normal RBC is a biconcave
discoid. Evans and Fung® developed the following equation
to describe the cross section of this shape:

y=0.5[1—x?]¥%(Cy+ C1x%+ Cx*),

—-1=<x<], (38)
where

Cy=0.207 161, C,=2002558, C,=1.122762.
The x and y coordinates of cross section are given by

X(X)=4.00x[ um], y(y)=4.00y[ um]. (39

The discoid is scaled so that its area is 140 um? and is dis-
cretized into 7842 nodes and 15 680 elements. Several simu-

TABLE V. Tank treading period for increasing 8.

B yT
60,32° 20.2
100,323 18.6
10 22.9

20 21.7

40 19.6

60 18.7

80 18.0

100 174
60,128° 16.5
100,128° 16.1

lations were performed for various shear rates with neo-
Hookean and Evans-Skalak (B8=10) membranes. We were
not able to obtain steady-state solutions but were able to
follow the deformation histories for up to yt=>5. The profiles
in the plane of shear for a discoid with initial inclination
angle 6=0 at (Grge=0.583, Yrgc=875s 1) are shown in
Fig. 9 for yt=0,1,2,3,4. Before the simulations become un-
stable the total area has increased by 5.25%, (E/Eq)max
=1.31 and (E/Eg)nmin=0.676. The simulations become un-
stable when local radii of curvature become small and the
membrane appears to begin to buckle or fold. Secomb
et al.’® have obtained steady-state axisymmetric shapes with
cusps having neglected the bending stiffness of the RBC
membrane. Although the bending stiffness of the RBC is
small, k,=10"*2 erg, it is necessary to smooth out the de-
formations and prevent buckling.

VIl. DISCUSSION

These are the first three-dimensional simulations of finite
membrane deformation using the strain energy function for
the red blood cell. In our attempt to numericaly solve the
coupled fluid—membrane deformation using the measured

-1

T T T
-1 0 1

X
FIG. 9. Membrane profiles in the plane of shear for an initially biconcave

discoid at an orientation angle = 0. Profiles are shown at yt=0, 1, 2, 3, 4,
for G=0.583, y=875s"%
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value of the dilational modulus for the RBC we found a
system that is numerically unstable at reasonable time steps.
We have shown that when smaller values of the dilational
modulus are used, local area changes are small and RBC
membrane behavior should be well approximated. However,
this study raises the following questions. First, for the case of
the oblate spheroid as Kggc— 2, is the asymptotic deforma-
tion zero or finite? Second, what is the appropriate value of
the dilational modulus for dynamic deformations of the RBC
membrane?

The first question can be taken as purely mathematical in
nature: whether under the constraints of fixed volume and
local area conservation (therefore total surface area conser-
vation) the surface area enclosing the given volume can de-
form. Not only must the initial and final shapes meet these
constraints, but so must al the intermediate deformations
during the evolution of the shape.

This leads us to ask if it is appropriate to model the red
blood cell as absolutely locally area conserving under dy-
namic deformations. In redlity deformations of the RBC
membrane are not as severely constrained. The dilational
modulus is measured by deforming an osmotically swollen
sphere, which is not possible under volume and local area
constraints. Under micropipette aspiration, the RBC mem-
brane area increases by about 4% before hemolysis (mem-
brane rupture). The area change is global, not local in nature.
Physically a finite number of lipid molecules must cover a
larger area. The average area per molecule must increase. It
has also been shown that under static deformations there is
up to a 10% variation in lipid density, as well as cytoskeletal
rearrangement.®® These observations imply that Kggc and
Mrec are not spatially uniform. It may then be possible that
these parameters may vary under dynamic deformations.
Also, even larger (>4%) local deformations can be sus-
tained. Here under dynamic deformations local area changes
were less than 1% in magnitude. Local and total area
changes under dynamic deformations have not been mea
sured. It is assumed that since the measured value of Kggc is
very large that smaller local area changes are better approxi-
mations of RBC membrane behavior. Also, the RBC mem-
brane is permeable so the constraint of constant volume may
be too stringent. It is possible that deformations are accom-
panied by aflux of water through the membrane that may be
passive or assisted by active pumping mechanisms within the
membrane.

The importance of these questions depends on the moti-
vation for studying red blood cell deformation. Two reasons
for studying fluid—membrane interactions are to further our
understanding of mass transport and to predict hemolysis. If
oneisinterested in purely diffusive mass transport, then it is
only necessary to have a good approximation of the cell
shape. In order to understand the role of convective mass
transport it is important to correctly predict the velocity field
which is coupled to the membrane tensions. Predicting mem-
brane tension evolution is necessary for analysis of hemoly-
sis.

C. D. Eggleton and A. S. Popel

VIIl. CONCLUSIONS

The immersed boundary method has been successfully
applied to the simulation of deforming capsules. The method
is validated through comparison with linear theory for the
deformation of initially spherical capsules with both neo-
Hookean and Evans-Skalak membrane models. Initially ob-
late spheroidal capsule deformations have been calculated
for varying dilational modulus. When the red blood cell
membrane is approximated using the Evans-Skalak model
with a ratio of dilation modulus to extensional modulus
Krec!/wrec significantly smaller than the measured value,
local area changes are less than 1%. It is interesting to note
that for the chosen values of the parameter 8(8=60-100),
the predicted total area changes are very small, less than
0.17%, and are probably beyond experimental resolution. As
the shear rate increases, the dilation modulus required to
keep local area changes small increases as well. Capsules in
shear flow have been shown to tank tread. Bending stiffness
must be included in order to simulate more complex shapes.
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