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ABSTRACT

In this paper, we study the synthesis of wire flexures to
achieve orthogonal motion by using a recently developed screw
theory based approach. For a given desired mobility pattern, our
goal is to find a system of wire flexures that are simply connected
in parallel between the functional stage and the ground. It has
been shown that a wire flexure is essentially a pure force or a
line screw. An n dof motion space (allowable motion) is realiz-
able if its reciprocal constraint space can be spanned by 6 —n
line screws or forces. We first enumerate all possible one to five
degree of motion spaces that are formed by motions along the co-
ordinate axes attached on the functional stage. For each of these
34 motion spaces, we apply the screw theory approach to find its
reciprocal force space as well as its rank. We conclude that 18
of them are realizable, 4 are realizable only when their pitches
have opposite signs and 12 are not realizable. For each of these
34 cases, we provide an example showing the maximum number
of independent wire flexures.

1 Introduction

Flexures [1] are typically thin beams or sheets and are de-
signed to elastically deflect under external loads. They are key
functional motion elements for numerous precision instruments
and mechanisms [2]. The flexure pivots [3] and mechanisms are
typically monolithic and considered as special types of compliant
mechanisms [4]. One important task of precision machine design

*Address all correspondence to this author.

is the synthesis of a flexure pattern which seeks for an arrange-
ment of flexures for a desired mobility of a functioning body or
stage. The constraint-based approach [5—7] has been widely used
in precision engineering community flexure design.

Recently Hopkins and Culpepper (2009) [8, 9] have pro-
posed a FACT method that systemizes the constraint design ap-
proach. In this approach, freedom and constraint topologies are
represented by a set of geometric entities such as lines, pen-
cil, hoop, plane, sphere etc. The major advantage of the FACT
method is that it provides an intuitive visualization of the free-
dom or constraint space without advanced mathematical calcu-
lation. This geometric representation is very useful for simple
cases. However these benefits are eclipsed for higher dimen-
sional spaces as the visualization is too complicated for ordinary
design engineers. For these complicated spaces, algebraic repre-
sentation is preferable.

To overcome the difficulties of the constraint based ap-
proach, Su et. al (2009) [10] proposed a screw theory [11-18]
formulation of the constraint based design approach and showed
its application to the analysis and synthesis of flexures. The fun-
damental premise of this approach is that a constraint and a free-
dom correspond to a wrench and a twist respectively in screw
theory. One main benefit of this approach is that it can be eas-
ily implemented with computer codes. They have demonstrated
that not all freedom (or motion) space can be achieved with sim-
ple wire flexures connected in parallel. Recently Su and Tari
(2010) [19] have derived the sufficient and necessary condition of
the realizable motion space. They conclude that a motion space
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is realizable with wire flexures connected in parallel only if its re-
ciprocal constraint space is a line screw system. A computational
algorithm is developed to find all possible reciprocal forces in the
constraint space for any given motion space.

In this paper, we focus on synthesizing simple connected
flexure systems for given orthogonal motions along the coordi-
nate axes of the functional stage. We first enumerate all possible
1 < n <5 degree-of-freedom spaces that allow motions along
the coordinate axes attached on the functional stage. For each
motion space, we apply the screw theory approach to find the re-
ciprocal force space as well as its rank. We can then determine if
the motion space is realizable or not.

The rest of the paper is organized as follows. Section 2 de-
fines the line screw and line screw systems. Also in this section,
the criteria of line screw system is provided. Section 3 provides
the general synthesis procedure of applying line screw theory to
the flexure design. Section 4 studies the synthesis of all possible
orthogonal motion space. Section 5 presents conclusions.

2 Line Screws and Line Screw Systems

A general $ = (U | V) € RS is considered a six dimensional
row vector that is comprised of two three dimensional row vec-
tors U€ R*> and V € R3.

2.1 Definitions

In this paper, we are particularly interested in line screws
and line screw systems. In general, a line screw could be a force
wrench or a rotational twist. A formal definition is given below.

Definition 1. A general screw $ = (U| V) is called a line screw
or a line for simplicity if it can be written as $ = (U] pxU),
where U represent the direction of the line and p represents a
point on the line. In other words, a general line screw is subject
to the following constraints

$=(U | V): U-V=0, U0, (1)

where the superscript “l” indicates a line screw and “-” is the
dot product of two vectors.

A general rank m screw system or simply m-system can be
spanned by m independent screws, denoted by a full rank m by
6 matrix, called screw matrix [Ig = [$1T @g ... 8197 Any m lin-
early independent screws in the system form the basis of the lin-
ear space. Any screw in the system can be written as a linear
combination of the basis screws.

Let us define the line variety L as the set of all the line
screws in an m-system [ [g, written as

L={8]"8§=U|V)=a[],U-V=0,U#0,YacR"}. (2)

We also define the rank of £ as the maximum number of
linearly independent lines in the system, denoted by rank(L).
Obviously we have rank(L) < m.

Definition 2. An m-system [[g is called a line screw system if it
contains of m linearly independent line screws, i.e. rank(L) =m,
where L is the line space of T]s defined in (2).

2.2 Criteria of line screw systems

Let[Ts = [$7 8 ... $717 = [[Iy | [1y] denote an m-system,
where [];; and []y, are left three columns and the right three
columns of matrix []g respectively.

We define the self-reciprocal product of a screw matrix []g
is its reciprocal product with itself, calculated as

Qs =TT ATLs = TTLIL +TTL 1L 3)

where the superscript “T” represents matrix transpose and
01
a= 14/

is known as the column swap operator defined in [14].

Let A; € R be the eigenvalues of Qg. Without the loss of gen-
erality, we assume A £ 0,..., Ay # 0, A1 = --- Ay = 0, where
k is the number of nonzero eigenvalues. And let P be the ma-
trix formed by the eigenvectors of Qg. Su and Tari (2010) [19]
have derived the sufficient and necessary conditions of line screw
systems which are provided below for convenience.

Theorem 1. []s is a line screw system if and only if the follow-
ing criteria are satisfied

1. rank(TTy) > 1 for 1 <m <3, rank([Ty) > 2 form =4,5

2. k=0or\y,..., (k> 2) have opposite signs

3. by & ker(PTT1y) ifk =2, where ker(PTT1) defines the ker-
nel of the matrix P[], and b are

b. = (£b2/ A2 /M1, b2, b3, ..., by), by #0. )

The detailed proof is given in Su and Tari (2010) [19].

3 Synthesis of Flexures

Flexures are central structural elements of many precision
instruments. The goal of flexure synthesis is to find a pattern of
flexure arrangement to achieve a specified pattern of motion.
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3.1 Motion Space and Constraint Space

Su et al. (2009) [10] proposed a screw theory based ap-
proach for the type synthesis of flexures in compliant mechanism
design. In this framework, flexures are considered as constraints
applied on a functional body and a twist system is used to char-
acterize allowable motion of the body under the constraints. The
constraint space given by a flexure arrangement (design) is math-
ematically denoted by a wrench system []y; while the motion
space is denoted by a twist system [[r.

Definition 3. A motion space is a screw system that is spanned
by n < 6 linearly independent twists, represented by a twist ma-
trix [Ip = [17F,..., 1.

A motion space essentially defines all possible allowable motion
of a rigid body under a constraint pattern. Any allowable motion
corresponds with a screw in the system which can be written as
a linear combination of the basis twists 7;.

Definition 4. A constraint space is linear screw system that is
spanned by m < 6 linearly independent wrenches, represented by
a wrench matrix [Ty = W[ ,... ,WIT.

The constraint space defines all formidable motion of a rigid
body. Given one system finding its reciprocal system is gener-
ally a linear process, see Dai and Jones (2003) [20] for example.
The problem of finding the reciprocal twist system for a given
wrench system is called “flexure analysis”, while the problem
of finding the wrench system for a given twist system is called
“flexure synthesis”.

3.2 The Wire Flexure Wrench

An ideal wire flexure (Fig. 1(a)) is a slender structural mem-
ber that is infinitely stiff along its axis but is infinitely compliant
perpendicular to its axis. It is kinematically equivalent to a SS
serial chain (Fig. 1(b)) where “S” represents a spherical joint or
a ball-in-socket joint .

wire flexure ball Jomt

2 /rlﬂgld body . rigid link

reference body  rigid body reference body
a

Figure 1. (a) anideal wire flexure (b) a kinematically equivalent SS chain

According to the constraint-based design approach [5], an
ideal wire flexure eliminates the translational freedom along the
axial direction. Su et al. [10] have shown that the constraint ap-
plied by the ideal wire flexure is mathematically represented by

a pure force wrench with the direction along the wire axis. As
discussed before, this force wrench is essentially a line screw,
written as

a

W=F|M): WoW=FM=0,andF#0, (5
where F represents the direction of the force and o is known as
the reciprocal product of two screws. If a wrench is actually a
force, we denote it as F.

3.3 Synthesis Procedure

The focus of this paper is on the synthesis of flexures which
seeks for an arrangement of flexures for a given motion pattern.
We are only interested in the simple parallel connection designs,
i.e. the functioning body is supported by one or more wire flex-
ures which are connected to a reference body in parallel as shown
in Figure 2.

Functional stage

flexure element

reference body

Figure 2. A functional stage is constrained by one or more wire flexures
in parallel

Given a motion space denoted by the twist matrix [[; =

[TT,...,TT]", its reciprocal wrench space is written as
W:{W=(F|M)|TjoW=0,i=1,...,n} (6)

It is well known that for any given rank n twist system []7, its
reciprocal wrench space W is unique and has rank of m = 6 —n,
i.e. rank(W)=6—n. That is we can always find m =6 —n
linearly independent wrenches W;(j = 1,...,m). However these
wrenches Wj may be helical or couple wrenches which can not
be easily realized with flexures.

When only force wrenches are considered, the reciprocal
wrench system is given by

FA{F=F|M)|F-M=0,F#0,T0F =0,i=1,...,n}. (7
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Let m = rank(F) be the maximum number of forces in F. Let
us assemble a set of m independent forces F; € F into the matrix

IHW = [ﬁl yeees m Hp | HM (8)

where the superscript “I”” indicates a line screw system and [[¢
and [],, are the force and moment component of []y respec-
tively.

And the flexure synthesis goal is to find m = 6 — n forces
in 7. However Su et. al [10] demonstrated that this is not al-
ways possible, i.e. m < 6 —n. Su and Tari [19] have shown that
m = 6—n only if F is a line screw system. The sufficient and
necessary condition of a line screw system is given in Theorem 1
and proved in [19]. In particular, if indeed rank(F) = 6 —n, we
call the motion space realizable.

Su and Tari [19] developed a computational algorithm for
automatically finding up to 6 — n forces for a given motion space.
The returned forces are randomly chosen in the force space.
However when the twist axes are parallel to the coordinate axes,
we often would like to find designs with force axes parallel to the
coordinate axes whenever possible. Note this often leads to intu-
itive designs. For this reason, the following synthesis procedure
is preferred.

1. Write all desired motion in twists 7;(i = 1,...,n)

2. Substitute a general force F' = (F, F, F, | My My M) into the
constraint equations (7).

3. Assign some of the components of £ to zeros and solve the
equation (7) for the rest of components.

4. Repeat step 3 until the maximum number of linearly inde-
pendent forces are found.

4 Synthesis of Orthogonal Motions

In this section, we study the flexure synthesis for given mo-
tions with twist axes along the coordinate axes of the functioning
stage. Hale (1999) [6] also studied the realization of orthogonal
motions using the constraint based design approach. However
the complete solution space is not obtained, and no helical mo-
tion is considered. Here we first enumerate all cases with one
to five, (1 <n < 5), degree-of-freedom motions. For each case,
we derive the reciprocal force space F which consists of all the
compatible solutions. For each case, we determined the dimen-
sion of F. As shown before, the motion space is realizable if
rank(F) = 6 —n. We also provide an example design for each
realizable motion space.

4.1 The orthogonal motion space
A rank n motion space is represented by a n linearly inde-
pendent twists 7;. To enumerate the cases when all twist axes are

parallel the coordinate axes and through the origin. For instance,
all the one, (n = 1), dimensional motion space are

R,=(100]000

( )
Ry=(010[000)
R.=(001]000)

P,=(000]100)
P,=(000]010) 9)
P.=(000]001)
H:=(100]p,00)

0)

Hy=(010]0p,
H,=(001]00p,)

where R, P, H represent a rotational (R), prismatic (P) or helical
(H) motion respectively and py, py, p, are pitches.

And all two dimensional motion space with orthogonal axes
are formed by any two distinct twists in (9). In particular, if two
twist axes coincide, we name them as a cylindrical (C) motion,
written as

¢ R [100]000
*T P T |000]100

SRR

000010
o R] [001]000
TPl |000|001

which is formed R and a P with the same twist axis. Note a C
motion can be also generated by a R and H or by a P and a A as
long as they have the same twist axis.

All the orthogonal motion space can be generated by using
twists (9) and (10). In the following sections, we seek to find
the flexure design for all possible orthogonal motion space with
dimension 1 <n <5.

I
~», x>
Il

(10)

4.2 One degree-of-freedom motions

For the case of n = 1, the given twist can represent a rota-
tional (R), prismatic (P) or helical (H) motion for which the goal
is to find m = 5 linearly independent forces.

Without the loss of generality, we consider the helical mo-
tion along x axis and follow the synthesis procedure given in Sec-
tion 3.3.

1. The only twist is T, = I:Ix is given in (9).
2. Substitute £ = (F | M) = (F F, F, | My My M.) into (7) and
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Table 1. Constraint spaces for one dof motions.

[17 | The reciprocal force space F rank(F)

R, (Fx Fy F, |0 M, MZ): 5
FMy+F.M, =0,F}+F2+F2#0

Po| (0F F | MMy ) : 5
FMy+F.M. =0,F? +F? #0

H, (Fx Fy F, | —p.F M, MZ) : 5
—poF}+ My + F.M, =0,F2 + F2 + F2 #0

obtain

FoH,=0 = M+ p.Fr=0 = M,=—p,F,
F-M=0 = FM,+FM,+FM,=0
F£0 = F+F +F #0

The reciprocal force must have the following form

(Fx Fy F; | —psFx M, Mz) :
—poFE+ FMy+F.M, = 0,F? + F> + F2 #0

Any wrench stratifying the above conditions is a force recip-
rocal to the motion space.

3. Let F; =F, =M, =M, =0,F, = 1, we obtain one force
(0 10100 0) which is realized with a wire flexure along
the y axis.

4. Repeat step 3 until we obtain m = 5 forces, shown below

010] 0 00
010] 1 00

TI, = (001 0 00]. (11)
001] 1 00
101]—px0px

Please note that the results of steps 3 and 4 are not unique. This
means that there are multiple flexure patterns satisfying the de-
sign goal.

Similarly we can obtain the reciprocal force space for one
revolute motion and one prismatic motion. The results are tabu-
lated in Table 1. An example design for each of these three cases
is provided in Figure 3.

The conclusion is that any given one degree-of-freedom mo-
tion is realizable no matter if it is revolute, prismatic or helical.
This result applies to the case when the twist axis is a general
line in space as we can always define the coordinate x axis along
the twist axis.

4.3 Two degree-of-freedom motions

For n = 2, two twists are given. Without the loss of general-
ity, we assume the two twists are along x and y axes and obtain
seven synthesis cases Ii’xléy,éx,léxﬁy,léxlfl y,ﬁxﬂ y,I:I xI-AIy,ISxISy,
shown in Table 2.

The synthesis task is to find m < 4 linearly independent
forces that are reciprocal to [][r. As an example, we consider
the twist matrix [T = [A] ,I:I),T]T, written as

11, - 100|ps 00
T—1010] 0 py0]"

Following the synthesis steps, we obtain the parameterized re-
ciprocal force space

(Fx F F, | —pxFx —pyMy Mz) :
—pxF2 — pyF} + F.M; = 0,F? + F} + F2 #0.

A design in the above solution space is shown below

101 —py 0O py
10-1-— 0o —
l _ Px Px
HW— 011 0 —py py

01-1 0 —py—py

Hence we conclude that the motion space formed by two or-
thogonal and intersecting helical twists is always realizable.
Likewise we can draw the same conclusion for the cases
RiRy,Co RPy, R, B,

However this conclusion does not hold for the case Pxﬁy, in
which the twist matrix is given by

000|100
HT—[OOO|010]' (2
Its reciprocal force space ¥ is given by

(00 F. | My My 0) : F, #0.

Obviously the rank(F) = 3, i.e. only three forces can be found
in F. An example set of three independent wire flexures for two
prismatic motions is given below

001[000
1
[I,=|001]100

001[010
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Table 2. Constraint spaces for two dof motions.

Table 3. Constraint spaces for three dof motions.

[17 | The reciprocal force space F rank(F) I1r The reciprocal force space F rank(F)
R:Ry (Fx FFE[00 MZ> : 4 ReRyR; (F FF |00 0) LF2AF2+F2 40 3
FM,=0,F}+F}+F2#0 CiR, (OFF |00M):FzMz:07Fy2+FZZ§£O
Gy (0 F, F, | 0 M, Mz>: 4 RR P (F F 0] 00M,) +F}#0 3
My + F:M; = 0.F} + F2 £0 R PP @roomA@MQ:a¢o 3
R.P, (@og|mmMQ: 4 Ay | (0B E |0 —pyFy b)) 3
FM.=0,F2+F2?#0 —pyF2+ EM, = 0,F? + F2 40
Hy (Fx Fy F, | 0 —pyF, Mz) : 4 RePyH (Fx 0F. |00 MZ> tFM;=0,F2+F2?#0 3
—pyFE+FM, =0,F2 + F} + F} #0 RH A, (F F, F, | 0 —pyF, —p,F) : 3/0*
wHy Q)ﬂfélMx—PﬂEﬂb>i 4 pyF2+pF? =0,F}+ F} +F} #0
2 —0 F2. g2 PN
—pyF +EM; =0,F; +F #0 P.AA, (o Fy F, | My —pyF, fszz) : 3/0*
HyHy (Fx Fy F | —pxFx —pyMy Mz) : 4 pyF2+p:F2=0,F2+F?#0
2 2 g2 w2 .
—piFy = pyF} + EM; = 0,F + F) +F2 #0 A.A,A, (F Fy F, | —piFx —pyF, fszz) : 3/0*
PyPy (OOFz My My 0)¢Fz¢0 3 PiFE + pyF? + pF2 = 0,F} + F} + F2 #0
CiPy (OOF 0My0):F17é0 2
which are shown in Figure 5. ReRyH, (F F0[00 0> CF2HFEH£0 2
An alternative way to consider this case is provided below. BB ( R 20 )
The reciprocal wrench system []y of []r can be obtained by a v F:00]0 M, 0> b7
linear process and can be row reduced into P PA, (() 00| My M, 0) 0
P.P\P, (0 00| M, M, MZ> 0
001|000 “0if pitches have th ion. 3 otherwi
H ~looo|100 if pitches have the same sign, 3 otherwise.
W 1000|010
000[/001

If [Ty is a line screw system, the motion space []7 is realizable.
Let [r and [];, be its force component and moment component
of [Ty respectively. Obviously we can see that rank([[r) = 1
which clearly does not satisfy the rank criteria of Theorem 1.
Therefore [[7 in (12) is not realizable.

The reciprocal force spaces for two dof motions and their
rank are tabulated in Table 2. Example designs for each of the
six realizable motions space are given in Figure 3. The conclu-
sion is that a two degree-of-freedom motion with orthogonal and
intersecting twist axes is realizable except the case when both
motions are translational.

4.4 Three degree-of-freedom motions

For n = 3 given twists, we are looking for m = 3 linearly
independent forces. There are total of 14 cases shown in Table
3. Six of them, Iéxli’yléz,éxléy,Iéxléyf’z,Iéxﬁylsz,éxlfly,léxpylfly are
always realizable. Example designs are given in Figure 3.

For motions with two or more helical dof, i.e. I@xlflylfl o

P.H yI:I . and H xI-AIyI-AI ., their realizability depends on the signs
of the pitches. These cases are shown in Figure 4.

As an example, we consider three helical motions H,, Hy
and H, with pitches py, py and p, respectively. The twist matrix
for this motion space is written as

100[py 00
;=1010]0p, 0
001]0 0 p,

The reciprocal constraint (force) space ¥ is

(Ec Fy F, | —piFy _pyFy _szZ) :
peF}+ pyF} +p.F2 =0, F}+F2+F2#0.

Obviously ¥ has forces only if pitches py, py, p, have opposite
signs. Or we can follow Theorem 1 and calculate the reciprocal
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Table 4. Constraint spaces for four dof motions.

IIr The reciprocal force space F rank(F)
"R | (0F F1000): F+F240| 2
ChP | (0B 000M.):F#0 2
<l A (0 F F |0 —pyF —pZE) : 200*

pyF} +pF2 =0,F}+F?#0
CRP, | (00F[000):F#0 1
CRA | (0F,01000):F#0 1
CiPyP, (0 00]0M, Mz> : 0
C.P\H. (0 00]0M, —szz> 0

*0 if pitches have the same sign, 2 otherwise.

wrench system [y of the twist matrix as

100|—pc 0 0

[[,=1010] 0 —p, ©
001 0 0 —p,

The eigenvalues of the matrix Qp = []w o [Iw are
(—2px,—2py,—2p;). By Theorem 1, we conclude that the
self-reciprocity of [] depends on the signs of the pitches. If
all pitches are of the same sign, there will not exist any designs
with wire flexures. Otherwise, we can obtain valid designs with
three wire flexures.

For the cases C‘xﬁy, Iéxléylflz and ﬁxﬁyﬂz, we can find at most
two reciprocal forces in the constraint space. At last no force
wrench exists in the reciprocal constraint space of f’xﬁyﬂ . and
P.P,P, as the force component is a zero vector. These cases are
shown in Figure 5.

4.5 Four degree-of-freedom motions

Similarly, for n = 4 given twists, m = 2 linearly independent
wrenches are to be found. The results for different motions of
this type are given in Table 4. Cases C‘xléyléz and CA’XI?)PZA are re-
alizable. Example designs are shown in Figure 3. Case C:H,H,
is realizable if the two pltches Py, Pz have 0pp0$1te signs, shown
in Figure 4. For cases Cy R P and C; R A _, only one force can
be found in the reciprocal constraint space while there is none
for the cases C‘X}A’yﬁz and C’xﬁyﬁ] .. These four cases are shown in
Figure 5.

4.6 Five degree-of-freedom motions

Likewise, for n = 5 given twists, there are three cases
CA’xCA‘yI?Z, CA',(CA‘),ISZ anAéxCA‘yI:I ;- See Table 5. Obviously the only
realizable case is CC}R; in which the only removed freedom of

Table 5. Constraint spaces for the five dof motions.

I1r The reciprocal force space ¥ | rank(F)
*vCyR, (OOFZ\OOO):FZ#O 1
22CyP; (000|000> 0
C.C\A, (0 00[00 0) 0

the functional body is translational and can be realized by a sin-
gle wire flexure along the translational axis. The design is shown
in Figure 3.

5 Conclusion

This paper enumerates all motion spaces that consist of or-
thogonal motions of the functional stage of a flexure system.
Each basic motion can be rotational (R), translation (P) or he-
lical (H) along the coordinate axes of the stage. By enumerating
all combinations of these basic motions, we obtain three 1-dof,
seven 2-dof, fourteen 3-dof, seven 4-dof, and three 5-dof motion
spaces. We find the reciprocal force space F for each of these
34 motion spaces and determine if they are realizable by check-
ing the rank of #. We conclude that 18 of them are realizable,
4 are realizable only when their pitches have opposite signs and
12 are not realizable. For each of these 34 cases, we provide an
example design.
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Figure 3. Example designs for the 18 realizable 1-5 dof motion spaces. The box represents the functional body or motion stage. The cylinders represent
wire flexures which are welded to the functional body at one end and to the ground at the other.
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Figure 4. The 4 motion spaces that can be realized only when their pitches have opposite signs.
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Figure 5. The 12 unrealizable motion spaces.
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