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ABSTRACT
This paper presents a synthesis procedure for a compliant

four-bar linkage with three specified equilibrium configurations.
The finite position synthesis equations are combined with equi-
librium constraints at the flexure pivots to form design equations.
These equations are simplified by modeling the joint angle vari-
ables in the equilibrium equations using sine and cosine func-
tions. Solutions to these design equations were computed us-
ing a polynomial homotopy solver. In order to provide a design
specification, we first compute the six equilibrium configurations
of a known compliant four-bar mechanism. We use these re-
sults as design requirements to synthesize a compliant four-bar.
The solver obtained eight real solutions which we refined using
a Newton-Raphson technique. A numerical example is provided
to verify the design methodology.

1 Introduction
Compliant mechanisms are linkage systems designed so

elastic deformation of joint and link elements contribute to the
effectiveness of the device (Howell 2001). In particular, selec-
tively sizing of link and joint flexures allows a compliant mecha-
nism to be made as an integral structure. This yields advantages
in reduced part count, simplified manufacturing, and innovative
applications. Hence compliant mechanisms are especially suit-
able for micro-electro-mechanical-system (MEMS) design.

∗Address all correspondence to this author.

The design of linkages with elastic elements dates back to
Burns and Crossley (1968), who developed a graphical technique
to design a four-bar function generator with a flexible coupler
link. Sevak and McLarnan (1975) formulated this problem us-
ing finite element analysis to model the flexible link. Howell and
Midha (1996) introduced the pseudo-rigid body model (PRBM)
for compliant four-bar linkages in order to simplify the synthesis
of compliant linkages to achieve kinematic specifications. Sag-
gere and Kota (2001) consider the design of a four-bar linkage
with flexible driving and driven links that move and deform a
flexible coupler between two specified positions and shapes.

A subset of compliant mechanisms that have two or more
stable equilibrium configurations are called bistable or multi-
stable compliant mechanisms (MSCM). These systems do not
consume power to maintain at equilibrium points and can be used
as passive structure in applications such as switches, valves, and
clasps. However the existing approaches for design/synthesis of
MSCM are complicated and difficult to automate. Jensen et. all
(1999) applied PRBM to analyze and design bistable complaint
micro-mechanisms. The mechanism parameters were varied to
find mechanism configuration with two stable positions. With
this approach it is difficult to specify the positions at which the
mechanisms is to be stable. King et. all (2004) proposed an op-
timization based methodology for synthesizing multistable equi-
librium systems with specified natural frequencies and stiffness.
The complexity of the defining differential equations yield mul-
tiple equilibria in the optimization solution.

In this paper, we propose a new systematic methodology
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Figure 1. A compliant 4-bar mechanism

for equilibrium position synthesis problemof compliant mecha-
nisms. The goal is to determine the dimensions of the mechanism
and the spring constant of torsion springs, such that the system
has specified equilibrium positions. We first seek for approxi-
mately modeling the problem in polynomial equations which we
solve using homotopy continuation method. One advantage of
homotopy method is that it can obtain all solutions without initial
guess. We then perform static analysis to determine the stability
of these equilibrium points.

2 Kinematics of the Compliant Four-Bar
Our model of a compliant four-bar linkage shown in Figure

1 is taken from Jensen et. all (1999) and consists of a four-bar
linkage with torsion springs connecting the driving and driven
cranks to the coupler.

The coordinates of the two ground pivots,G1 = (G1x,G1y)T

andG2 = (G2x,G2y)T , are measured relative to the base frame
F . The coordinates of the two moving pivots, denotedw1 =
(w1x,w1y)T andw2 = (w2x,w2y)T , are measured in the moving
coupler frameC. The position of the couplerC relative toF is
defined by the rotation angleα and the translation of the origin
by the pointC = (x,y)T . The coordinates of the moving pivots
W i in F are defined by the coordinate transformation

W i =
{

Wix

Wiy

}
=

{
x
y

}
+

[
cosα −sinα
sinα cosα

]{
wix

wiy

}
, i = 1,2, (1)

which we write as

W i = C+[R(α)]wi , i = 1,2, (2)

where[R(α)] denotes the2×2 rotation matrix.

2.1 The position constraint
We model the driving and driven cranks as rigid links of

length R1 and R2 respectively. Ifθ1 and θ2 are the angles of
these cranks, then we have the identities,

W i = Gi +Rie(θi), i = 1,2, (3)

wheree(θi) =
{

cosθi

sinθi

}
.

Subtract these two equations to define the vectorH along the
coupler link fromW1 to W2, that is

H = [R(α)](w2−w1) = G2 +R2e(θ2)−G1−R1e(θ1). (4)

This vector is constrained to have a constant magnitude as the
linkage moves.

We now compute the first and second derivatives ofH with
respect to the drive angleθ1. This provides relations that we will
need to study the statics of this system.

2.2 The velocity constraint
The first derivative ofH is

dH
dθ1

= [R′(α)](w2−w1)ν1 = R2e⊥(θ2)ν2−R1e⊥(θ1), (5)

where

ν1 =
dα
dθ1

, ν2 =
dθ2

dθ1
, ande⊥(θi) =

{−sinθi

cosθi

}
, i = 1,2. (6)

Notice that[R′(α)] = [J][R(α)], where[J] is the skew-symmetric
matrix such thate⊥(θi) = [J]e(θi). This allows us to write equa-
tion (5) in the form

−[J]
dH
dθ1

= [R(α)](w2−w1)ν1 = R2e(θ2)ν2−R1e(θ1), (7)

where we have used the identity−[J][R′(α)] = [R(α)]. This vec-
tor is constrained to have zero magnitude as the linkage moves.

2.3 The acceleration constraint
The second derivative ofH with respect toθ1 is obtained by

computing the derivative of Eq. (7),

−[J]
d2H
d2θ1

= [R′(α)](w2−w1)ν2
1 +[R(α)](w2−w1)ω1

= R2e⊥(θ2)ν2
2 +R2e(θ2)ω2−R1e⊥(θ1), (8)
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Figure 2. Flexural Joints

whereω1 = d2α
d2θ1

, ω2 = d2θ2
d2θ1

.

Multiply by [J] to the right of both sides so this equation
takes the form

d2H
d2θ1

=−[R(α)](w2−w1)ν2
1 +[J][R(α)](w2−w1)ω1

=−R2e(θ2)ν2
2 +R2e⊥(θ2)ω2 +R1e(θ1). (9)

This vector must have magnitude zero as the linkage moves.

3 Equilibrium of the Compliant Four-Bar
Howell (2001) shows that the flexures that forms a pivot in

a compliant linkage modeled as a hinged joint with an embed-
ded torsion spring. Figure 2 shows two typical flexural joints
and their pseudo-rigid body model. For our purposes, we use the
“small length pivot” model and define the torsional spring con-
stantk = EI

l , whereE is modulus of elasticity of the material,I is
the area moment of inertia of the cross-section andl is the length
of the pivot.

Let the spring constants of our moving pivots,W1 andW2

bek1 andk2. We also let the rotations at the jointsW1 andW2

be defined by the relative rotation anglesφ1 andφ2, respectively.
The vectorsK i = C−W i are fixed in the moving frameC and
make the angleηi with its x-axis (Figure 1), thus we have

θi +φi +ηi = α, i = 1,2. (10)

The torque exerted by the torsional springs are given by

τi = ki(φi −φ0
i ) = ki∆φi , i = 1,2, (11)

where∆φi is the angular deflection of the spring.

3.1 Potential energy
The potential energy of torsional springs at the moving piv-

ots (Fig. 1) is given by

V =
1
2

k1(∆φ1)2 +
1
2

k2(∆φ2)2. (12)

The spring deflections are given by

∆φi =∆α−∆θi

=(α−α0)− (θi −θ0
i ) i = 1,2, (13)

whereα0, θ0
1, andθ0

2 determine the undeformed state of the sys-
tem.

The principle of virtual work allows us to determine that the
torqueTin applied to the input crank is equal to the derivative of
the potential energy, that is

Tin =
dV
dθ1

=k1∆φ1
dφ1

dθ1
+k2∆φ2

dφ2

dθ1
,

=k1∆φ1(ν1−1)+k2∆φ2(ν1−ν2). (14)

This equation is used forforward static analysisof a compliant
four-bar linkage. Substitute the velocitiesν1 and ν2 obtained
from (7), to compute the input torqueTin required to balance the
system.

3.2 Stability
The second derivative of the potential energy (12) defines

the stability of an equilibrium point. From (14), we compute

d2V

dθ2
1

= k1∆φ1ω1 +k1(ν1−1)2 +k2∆φ2(ω1−ω2)+k2(ν1−ν2)2.

(15)

For our compliant linkage, substitute the velocities (7) and ac-
celerations (9) associated with an equilibrium position into this
equation. We have the three cases:

1. If d2V
dθ2

1
> 0, then the configuration is stable;

2. if d2V
dθ2

1
< 0, then the configuration is unstable;

3. if d2V
dθ2

1
= 0, then the configuration is neutrally stable.

The equilibrium points are defined as the configurations
such that the mechanism is self-balanced, that is, the input torque
Tin and the first derivative of the energy (14) equal zero. And if
the second derivative of energy is positive, the equilibrium point
is a stable one. If a compliant mechanism has two stable equilib-
rium points, it is called a bistable compliant mechanism (Howell
2001).

4 Inverse Static Analysis
Our goal is to design a compliant four-bar that has a set of

specified equilibrium positions. In order to verify the design, we
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must be able to determine the equilibrium positions of a given
compliant four-bar. This is calledinverse static analysis. Pigoski
and Duffy (1995) and Sun et al. (1997) find the equilibrium po-
sitions of a point supported by two and three linear springs, re-
spectively. Su and McCarthy (2004) used polynomial homotopy
to find the equilibrium positions of a planar triangle supported by
three linear springs. However no torsional springs are involved
in above literature. Here we extend our previous work to handle
torsional springs for analyzing our compliant four-bar.

Assume the compliant four-bar linkage is known, which
means we have values forGi , W i andRi , i = 1,2. We can de-
termine the equilibrium positions using the position and velocity
constraint equations, (4) and (7), and the equilibrium condition
(14), which yields the five equations:

{
P1

P2

}
: [R(α)](w2−w1)−G2−R2e(θ2)+G1 +R1e(θ1) = 0,

{
P3

P4

}
: [R(α)](w2−w1)ν1−R2e(θ2)ν2 +R1e(θ1) = 0,

P5 : Tin−k1∆φ1(ν1−1)−k2∆φ2(ν1−ν2) = 0. (16)

Rearrange the identities (13) to obtain

θi = α−∆φi +(θ0
i −α0), i = 1,2, (17)

and substitute intoPi , i = 1, . . .5, to obtain five equations in the
five unknownsα, ∆φ1, ∆φ2, ν1 andν2. The translation vector
C to the equilibrium position ofC can be determined once these
values are known.

The inverse statics equations (16) contain the variables∆φ1

and∆φ2 linearly in the equilibrium equation and as arguments
to sine and cosine functions in the kinematics equations. This
mixture of terms does not allow us to use a standard polynomial
homotopy algorithm to solve these equations. Therefore, we re-
vise the model of the flexure joint as follows.

4.1 Modeling flexure joints
In order to obtain a polynomial form for equations (16), we

determine torquesτi = ki∆φi as functions ofsin∆φi andcos∆φi .
One way is to approximate the linear functionτ = k∆φ by

τ′(∆φ) = ksin
∆φ
2

(c1 +c2cos
∆φ
2

+c3cos2
∆φ
2

), (18)

wherec1 = 3.12868,c2 =−1.75512,c3 = 0.65338computed by
minimizing the error betweenτ andτ′ using the function ”Fit” in
the software Mathematica. The maximum error is about1.3%for
∆φ ∈ [−π,π]. The comparison ofτ(∆φ) (solid dots) andτ′(∆φ)
is shown in Figure 3.
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Figure 3. The linear function τ = k∆φ and the approximating functions

τ′ and τ′′. The maximum error of τ with τ′ and τ′′ is 1.3%and 1.5% for

∆φ ∈ [−π/2,π/2] respectively.

Unfortunately, when this function is substituted into (16)
we obtain polynomials of exceptionally high degree. This can
be corrected by limiting the deflection angles to the range∆φ ∈
[−π/2,π/2], so we can approximateτ = k∆φ by

τ′′(∆φ) = ksin∆φ(c1 +c2cos∆φ+c3cos2 ∆φ) (19)

where the coefficientsc1 = 1.56638,c2 = −0.886629,c3 =
0.334932are obtained by minimizing the error. The maximum
error is about1.5% for ∆φ ∈ [−π/2,π/2]. The curveτ′′(∆φ) is
also shown in Figure 3.

The advantage of usingτ′′(∆φi) instead ofτ′(∆φi) is that the
half angle identities are no longer needed, and the resulting poly-
nomial system has a relatively lower degree. Thus, we redefine
P5 in (16) usingτ′′, so

P5 : Tin− τ′′(∆φ1)(ν1−1)− τ′′(∆φ2)(ν1−ν2) = 0. (20)

Please note that the solutions are valid only if∆φi ∈ [−π/2,π/2].
However this is usually not a limit because most flexural joints
do not deflect more thanπ/2.

4.2 Solving the inverse statics problem
In order to solve the inverse statics problem we treatcosα,

sinα, andcos∆φi andsin∆φi as independent variables denoted
cα, sα, ci andsi respectively. These variables must satisfy the
additional polynomial equations,

P6 : c2
α +s2

α−1 = 0,

P7 : c2
1 +s2

1−1 = 0,

P8 : c2
2 +s2

2−1 = 0 (21)

The polynomial systemPk,k = 1, . . . ,8 has a total degree of
22×32×42×23 = 4608. To reduce the number of divergent ho-
motopy path, we examine these polynomials and determine their
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monomial structure. Let〈x,y〉 denote the linear combination of
monomialsax+by+c for arbitrary constantsa, b, c, the we have

P1,2 ∈ 〈cα,sα〉〈c1,s1,c2,s2〉
P3,4 ∈ 〈cα,sα〉〈c1,s1,c2,s2〉〈v1,v2〉

P5 ∈ 〈s1,s2〉〈c1,s1,c2,s2〉2〈v1,v2〉
P6 ∈ 〈cα,sα〉2
P7 ∈ 〈c1,s1〉2
P8 ∈ 〈c2,s2〉2 (22)

From this monomial structure, we can compute the generalized
linear product (GLP) bound on the number of solutions to be 96,
which is much less than the total degree, —for a discussion of
GLP bounds and kinematic synthesis see Su et al. (2003). Thus
the polynomial homotopy solver tracks 96 paths to find the roots
of our polynomial system.

4.3 Polynomial homotopy solvers
Here we summarize briefly the principles underlying poly-

nomial homotopy solvers. Polynomial homotopy algorithms are
globally convergent methods for finding all of the isolated solu-
tions to systems of polynomial equations. A homotopy is defined
that smoothly transforms the known roots of a specified starting
system of polynomialsQ(z) = 0, into the desired roots of our
system of polynomialsP(z) = 0, given by

H(λ,z) = (1−λ)Q(z)+λP(z), (23)

whereλ ∈ [0,1) is the real-valued homotopy parameter. The co-
efficients of the homotopy are real, but its roots may be complex,
therefore we considerH(λ,z) to be an array ofn complex func-
tions inn complex variablesz together with a single real variable
λ.

Whenλ = 0, the solutionsai to H(λ,z) = 0 are the solutions
to the start systemQ(z) = 0. By varyingλ from 0 to 1 and trac-
ing the zero-curveγ(ai) = H−1(0), we either reach a root of the
target systemP(z), or diverge to a root at infinity. Notice that this
assumes that the solutions to the start systemQ(z) are known.

The polynomial homotopy algorithm must trace a zero-
curve for every root of the start system. Therefore, homotopy
solver research has focussed on constructing start systems that
provide an improved match to the monomial structure of the tar-
get polynomial system. The better the match, the fewer homo-
topy paths that diverge to infinity.

One convenient way to construct a start systemQ(z) is
known as the “generalized linear product” or GLP structure
(Morgan et. al 1995), which provides an appropriate linear prod-
uct structure for each polynomial in the target system. The solu-
tions to a GLP start system can be determined by solving sets of

stable

unstable

stable?G1

?G2

?k1,w1

?k2,w2

(a0, C0)
(a1, C1)

(a2, C2)

Figure 4. Motion generator of a bistable compliant mechanism. Ques-

tion marks denote unknown parameters.

linear equations. PHCpack (Verschelde 1997), a publicly avail-
able homotopy program, allows the users to specify a GLP start
system. If the GLP bound is very large, one could use POL-
SYS GLP (Su et. al 2004) on parallel computer systems.

5 Equilibrium Position Synthesis
We now consider the design of a compliant four-bar linkage

that reaches three equilibrium positions. In what follows, we use
superscript to denote the corresponding parameter at a specific
configuration. LetD j = (α j ,C j), j = 0,1,2, be the specified po-
sitions of a reference frameC attached to the coupler link. We
assume the system is in free state at the initial configuration de-
fined byD0 = (α0,C0). We set the input torqueTin = 0 because
we are interested in the design of bistable mechanisms, that is the
system is balanced under no external forces.

Our goal is to find a compliant four-bar such that its coupler
is in equilibrium at the specified positionsD j . In other words,
we have to determine the fixed pivotsGi , the moving pivotswi

in the coupler frame, and the lengthsRi of the drive link 1 and
driven link 2, as well as the torsional spring coefficientski at
the moving pivots. See Figure 4 where question marks denote
unknown parameters.

Each vectorW0
i −Gi along cranki in the initial configura-

tion is rotated by the angle∆θ j
i = ∆α j −∆φ j

i to defineW j
i −Gi

the position of these cranks in the remaining two configurations.
This allows us to define the four vector equations

W j
1−G1− [R(∆α j −∆φ j

1)](W
0
1−G1) = 0, j = 1,2, (24)

W j
2−G2− [R(∆α j −∆φ j

2)](W
0
2−G2) = 0, j = 1,2. (25)

Denote these eight scalar equations asQk, k = 1, . . . ,8.
Recall that the first position is defined to be in equilibrium,

which is equivalent to requiring∆φ0
1 = 0 and∆φ0

2 = 0. The equa-
tions that ensure the second and third positions are in equilibrium
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are given by (14), that is

Q8+ j : k1∆φ j
1(ν

j
1−1)+k2∆φ j

2(ν
j
1−ν j

2) = 0, j = 1,2, (26)

wherev j
i are the velocitiesvi at jth configuration.

Finally, the velocity constraint (7) provides the two vector
equations

(W j
1−W j

2)ν
j
1− (W j

1−G1)+(W j
2−G2)ν

j
2 = 0, j = 1,2,

(27)
where we have substitute the identities (2). Denote these four
equations asQ10+k, k = 1,2,3,4.

The 14 equations formed by (24),(25), (26) and (27) have
18 unknowns consisting of the coordinate vectorsG1, G2, w1,
andw2, the torsional spring constantsk1 andk2, as well as the
velocities in the second and third positionsν1

1, ν2
1, ν1

2, ν2
2, and the

torsion spring deflections∆φ1
1, ∆φ2

1, ∆φ1
2, and∆φ2

2.

5.1 Solve equilibrium synthesis problem

Synthesis of a compliant four-bar with three equilibrium po-
sitions requires the solution of 14 equationsQk(k = 1, . . . ,14) in
18 unknowns. Since we want to apply homotopy solver to obtain
the solutions to these equation, we substitute the approximation
τ′′(∆φ j

i ) (19) to eliminate the termski∆φ j
i in Q9 andQ10.

As was done in the inverse static analysis, we also introduce
variablesci j = cos∆φ j

i andsi j = sin∆φ j
i to represent the sine and

cosine functions of the respective angles. The yields four addi-
tional polynomial equations

c2
i j +s2

i j −1 = 0, i = 1,2, j = 1,2. (28)

Denote these polynomials asQ14+k, k = 1, . . . ,4. The result is
18 polynomial equations in 22 unknowns. Thus, we are free to
specify four of the design variables.

For convenience, we specify the spring coefficientsk1 andk2

and the relative rotation angels∆θ1
1, and∆θ2

1 of the driving link.
As a result, the spring deflection∆φ1

1,∆φ2
1 are calculated by (13).

Solving the linear systemQ1−4 (24) yields the unique solution
to vectorsw1, G1. This simplification allows us to assemble the
remaining design equations.

The GLP start system of the remaining equation can be writ-

ten as

Q5,6 ∈ 〈c21,s21〉〈G2x,G2y,w2x,w2y〉
Q7,8 ∈ 〈c22,s22〉〈G2x,G2y,w2x,w2y〉

Q9 ∈ 〈c21〉2〈s21〉〈ν1
1,ν

1
2〉

Q10 ∈ 〈c22〉2〈s22〉〈ν2
1,ν

2
2〉

Q11,12 ∈ 〈G2x,G2y,w2x,w2y〉〈ν1
1,ν

1
2〉

Q13,14 ∈ 〈G2x,G2y,w2x,w2y〉〈ν2
1,ν

2
2〉

Q17 ∈ 〈c21,s21〉2
Q18 ∈ 〈c22,s22〉2. (29)

The GLP bound is computed as 196 which is much less than the
total degree of16,384. Thus the homotopy solver has to track
196 paths to find solutions of the above 12 equations.

6 Solution Refinement
The solutions to both the inverse static analysis and equi-

librium position synthesis problem include a small error due to
the approximation (19) used in the equilibrium constraint. We
refine these solutions by using them as the initial estimates for
a Newton-Raphson root finder for the constraint equations. For
the inverse static analysis problem, we use system (16) to refine
the homotopy solutions. While for the equilibrium position syn-
thesis problem, we use the system (25), (26) and (27) to refine
the solutions. This is done by the Mathematica software function
”FindRoot.”

7 Examples
Here we study an example compliant mechanism provided

by Jensen (1999). We will first perform inverse static analysis to
compute all equilibrium points. We pick three of them (two sta-
ble and one unstable) to define our design specifications. Then
we follow the synthesis procedure presented before to find com-
pliant mechanisms that are in equilibrium at the specified con-
figurations. As a check, the resulting designs must include the
original compliant four-bar linkage.

7.1 Inverse static analysis of a compliant four-bar
linkage

The system parameters areG1 = (0,0)T ,G2 = (100,0)T ,
r1 = r2 = 250, θ0

1 = 83◦,θ0
2 = 53◦. The length unit isµm. As-

sume the torsional springs are modeled from small-length flex-
ural joints. The spring coefficients arek1 = E1I1

l1
= 29250µN/µm

and k2 = E2I2
l2

= 5824.29µN/µm. We also choosew1 =
(−112.632,−45.053),w2 = (112.632,−45.053). The configu-
ration at zero energy is shown in Figure 5(1).
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Figure 5. Six equilibrium points of a compliant mechanism. Equilibrium

points (1)-(4) belong to one assembly. Equilibrium points (5) and (6) be-

long to the other assembly

Thought the methodology is general for any external torque,
we are particulary interested in the case the input torqueTin = 0
because this will lead us to the design of MSCM.

PHCpack (Verschelde 1997) is used to track all 96 homo-
topy paths and yield 24 solutions. Six real solutions are shown
in Table 1 and Figure 5. Note the first row of each solution is
obtained from the homotopy solver and the second row is the
refined from the first row using Newton-Raphson’s method.

The solutions 1-4 belong to one assembly and solutions 5-
6 belong to the other. Please be aware that the configurations
on different assembly are not reachable unless the mechanism is
reassembled. This phenomenon is usually due to the existence
of multi solutions and appears often in mechanism kinematics.
See textbook for instance McCarthy (2000) for details. The error
of the homotopy solutions 5 and 6 is large because the spring
deflections∆φ1,∆φ2 are off the range[−90◦,90◦] which violates
our approximation assumption in (19).

By checking the stability condition, we found that solutions
1,4 are stable and solutions 2,3 are unstable. The curves for the
energyV and its derivativedV

dθ1
are shown in Figure 6.

θ1(◦) θ2(◦) α(◦) x y ∆φ1(◦) ∆φ2(◦)

(1) 83. 53. -12.4275 150.156 267.895 0 0

83. 53. -12.4275 150.156 267.895 0 0

(2) 236.865 176.434 93.273 -188.064 -99.4698 -48.164 -17.733

236.948 176.483 93.354 -187.915 -99.7409 -48.167 -17.702

(3) 29.885 -14.515 -56.215 316.833 56.0063 9.3271 23.727

29.815 -14.621 -56.298 316.888 55.5955 9.315 23.751

(4) 7.530 -50.239 -86.933 298.859 -77.2987 0.964 28.734

7.556 -50.195 -86.892 298.923 -77.1482 0.979 28.731

(5) 101.024 -189.858 -115.931 -56.540 124.393 -121.527 139.355

96.272 -192.863 -121.118 -46.948 128.795 -121.962 137.172

(6) 280.651 -48.970 14.684 143.739 -173.561 -170.54 129.081

316.542 -4.923 41.922 235.173 -63.183 -179.192 112.272

Table 1. Six equilibrium points of a compliant mechanism. The first row

of each solution is obtained from the homotopy solver. The second row is

obtain by refining the first row with Newton-Raphson’s method.
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Figure 6. Energy curve with four valid equilibrium points

7.2 Equilibrium synthesis of a compliant four-bar
linkage

Now we consider the equilibrium synthesis problem. The
design requirements are: (i) the end-effector passes through three
equilibrium points (1,3,4) in Table 1 and Figure 5; (ii) the sys-
tem is stable at equilibrium point 1,4 and unstable at equilibrium
point 3.

As mentioned before, we have four free parameters to
choose. For instance, we specify the spring constantsk1 and
k2 to be the values in Example 1. In addition, by Table 1, we
choose the deflection angles of the input crank∆θ1

1 = 29.885◦−
83◦ =−53.185◦ and∆θ2

1 = 7.556◦−83◦ =−75.444◦ to be con-
sistent with Example 1. Using the kinematic constraint (24),
we can obtain an unique solution ofG1 = (0,0)T and w1 =
(112.632,−45.053)T .

The remaining equations (29) are solved by PHCpack. It
takes 90 seconds to track 196 homotopy path to obtain 64 solu-
tions on a 3Ghz Pentium4 system. The eight real solutions are
listed in Table 2. Again the second row of each solution is re-
fined from the first row using Newton-Raphson’s method. Figure
7 shows the mechanism and trajectory of the pointC by driving
the crankθ1.

7 Copyright  2005 by ASME
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Figure 7. The solutions to the synthesis of a compliant mechanism with

three specified equilibrium points

7.3 Evaluation of compliant linkage solutions

As expected, the first solution is the mechanism from Ex-
ample 1. The solution 2 is a new bi-stable compliant mechanism
that satisfies all of the design requirements. See Figure 8 for the
energy curves. The three vertical lines represent the specified
angles of the input crank at three equilibrium points.

Solutions 3,5 and 6 satisfy the approximated equilibrium
equations but not the exact equations. The error is not reduced
to acceptable tolerance. However each of them has a bi-stable
feature with equilibriums close the specified task positions.

The solution 4 is stable atθ0
1 and unstable atθ2

1, but not in
equilibrium atθ1

1. The solution 7 has a branch deflect because the
linkage does not pass the task positions. In addition, the spring
deflections are too large for flexural joints. Lastly solution 8 is a
degenerate open chain mechanism.

Sol. G2x G2y w2x w2y ∆φ1
2(◦) ∆φ2

2(◦) Check

(1) 100.158 -0.090 113.936 -43.915 -23.623 -28.594

100. 0 112.632 -45.053 -23.751 -28.731 example 1

(2) 197.84 -77.204 -707.932 -641.932 11.128 16.778

198.097 -77.266 -704.726 -640.257 11.183 16.863 new design

(3) -2.584 -2.408 -109.975 -298.322 174.457 -0.516

-2.834 -2.481 -109.573 -315.824 92.007 -0.924 approx.

(4) -3.924 -0.697 -111.964 -296.23 -176.648 -8.316

-2.097 -0.413 -111.731 -271.481 -78.329 -4.714 approx.

(5) -13.847 -12.823 -83.1707 -530.29 7.015 -4.805

-14.269 -13.3209 -81.7627 -534.448 6.779 -4.926 approx.

(6) -6.269 -5.019 -104.312 -409.838 18.250 -2.859

-6.163 -4.920 -104.564 -406.821 18.796 -2.843 approx.

(7) 60.623 50.7616 -90.676 -231.392 161.821 179.476 branch

147.8 127.631 -91.635 -258. 65.813 89.973 defect

(8) 0 0 -112.632 -45.053 -9.315 -0.979

0 0 -112.632 -45.0529 -9.315 -0.979 degenerate

Table 2. Eight compliant mechanisms for reaching three specified equi-

librium points. The first row of each solution is obtained from the ho-

motopy solver. The second row is obtain by refining the first row with

Newton-Raphson’s method.
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Figure 8. Energy curves of the solutions 1-6 for equilibrium point syn-

thesis

8 Conclusion
This paper presents a new formulation of equilibrium po-

sition synthesis of compliant mechanisms. To demonstrate the
methodology, we focus on a compliant four-bar linkage with two
grounded rigid joints and two floating flexural joints. The lin-
ear torque displacement functions at the joints of this chain are
approximated by a harmonic formula to allow solution of the
design and equilibrium equations using a polynomial homotopy
solver. A Newton-Raphson refinement routine is used to remove
the effects of this approximation. The result is the ability to de-
sign compliant mechanisms with specified equilibrium configu-
rations. The methodology was verified by ensuring that a known
design was among the solutions combined with a complete in-
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verse static analysis of this design.
One importance of this result lies in that both kinematic and

static constraints of compliant mechanisms can be modeled in
polynomial equations. As a result, methodologies, theories and
algorithms, such as homotopy continuation, resultant elimination
that were developed in traditional rigid body kinematics, can be
applied to the research of compliant mechanisms.
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