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Abstract

This paper presents a constrained technique which enables classical ho-
motopy continuation solvers to exclude unwanted solutions from a system of
polynomials. It is well known that extraneous and degenerate solutions often
appear in polynomial equations derived from kinematics problems. These
solutions usually do not have physical meanings and prevent us from under-
standing of the intrinsic feature of the studied problem. Traditionally to ex-
clude these solutions, we have to rely on a tedious post-processing technique
which often suffers from numerical instability especially when the number
of unwanted solutions is large. In the proposed constrained homotopy tech-
nique, the unwanted solutions are mapped to the solutions at infinity of
a higher dimensional system. We show that the extra polynomials do not
increase the homotopy path count when they are used with a classical ho-

motopy solver. This convenient and user friendly technique does not require
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any changes to the homotopy codes or extra steps to post-process out un-
wanted solutions. Compared with the regeneration procedure, our approach
offers more freedom in eliminating positive dimensional solutions. In addi-
tion, our numerical experiments show that the solutions obtained with the
constrained technique seem to have a better accuracy than the post process-
ing approach. Kinematics analysis and synthesis problems are employed to
demonstrate that the technique is capable of eliminating unwanted isolated
and positive dimensional solutions. In the revisit of the classical nine-point
path generation of four-bar, we verify that the maximum number of distinct
mechanisms is 1442 triplets.

Key words:  Solving Polynomial Systems, Homotopy Continuation
Method, Kinematic Analysis, Kinematic Synthesis, Extraneous Solutions,

Degenerate Solutions.

1. Introduction

The kinematics problems of mechanisms normally result in systems of
polynomial equations. Raghavan and Roth [1] recommended three major
methods: dialytic elimination, Grobner Bases and polynomial continuation
for obtaining all solutions to these polynomial systems. In this paper, we
focus on the polynomial continuation due to its capability of systematically
solving relatively large systems.

The polynomial homotopy or continuation method, first proposed by [2],
starts at roots of a “start system” and traces roots along the so-called “homo-
topy paths” as the start system is continuously transformed into the target
system. With the recent development of mathematical theories [3, 4, 5, 6],
especially the advent of probability-one homotopy, the polynomial homo-

topy method has become a reliable tool for finding all isolated solutions



to a polynomial system. Recent work has been shifted towards lowering
the number of paths that must be tracked to find all the finite solutions
(solutions at infinity being of no practical interest). In essence, all the
methods try to construct a start system for the homotopy map that bet-
ter models the structure of the given polynomial system, the target system
for the homotopy map. The most often used start systems are the linear
product based start systems including 1-homogeneous, multi-homogeneous,
partitioned linear product (PLP), generalized linear product (GLP). In the
middle of 1990’s, a major computational breakthrough emerged in solving
deficient polynomial systems. The new method, called the polyhedral homo-
topy continuation method [7], takes a great advantage of the combinatorial
root count, called mized volume, in the Bernshtein’s theorem [8], which gen-
erally provides a much tighter bound for the number of isolated zeros of a
polynomial system. Li [5] provided a comprehensive survey on the poly-
hedral homotopy. We call these homotopy methods “classical homotopy
methods” as their focus is on finding isolated solutions of a square (number
of equations equals the number of variables) polynomial system.

Recently extensive works have been done to adapt the homotopy method
to identify positive dimensional solutions of a square or a non-square poly-
nomial system. One approach is the regeneration technique [9] which solves
the polynomial system equation by equation. Slicing the given system of
polynomials each time with a general linear space of complementary dimen-
sion leads to witness solutions on positive dimensional algebraic sets. In
this paper, we call this method a “non-classical homotopy” method. The
regeneration technique is very useful in sifting out the degenerate (positive
dimensional) solutions of many kinematic synthesis problems.

After years of development, many homotopy packages are freely avail-



able. The linear product based homotopy codes include HomPack [10], POL-
SYS_PLP [11], POLSYS_GLP [12] and so on. HOM4PS2 [13, 14] and PHoM
[15] are the two latest polyhedral homotopy solvers. Bertini [16] supports
the regeneration technique for finding isolated and positive dimensional so-
lutions and is capable of dealing with non-square systems of polynomials
[17, 18, 19]. PHCpack [20] is the most versatile code supporting various lin-
ear product homotopy, polyhedral homotopy and the equation by equation
proedure. Lee, Li and Tsai [13] reported that HOM4PS2 is generally the
fastest package for solving small to moderately large sparse systems.

In the last decades, the homotopy continuation method has been proved
to be a powerful and effective tool to solve kinematics problems. Roth and
Freudenstein [21] were the first applying “bootstrap” technique which was a
kind of immature numerical continuation method to solve kinematics prob-
lems. Tsai and Morgan [22] applied a homotopy solver to solve the inverse
kinematics of a general 6R manipulator. Their result stimulated the deriva-
tion of the resultant elimination solutions of [23, 24] of this classical problem.
Another milestone problem is the forward kinematics of the Stewart-Gough
platform. Using the homotopy continuation method, Raghavan [25] was the
first to numerically report that there are at most 40 generic configurations of
a general Stewart-Gough platform. Later Wampler [26] reported the same
root count by using soma coordinators or dual quaternions. These results on
root counting guided the elimination solutions by several authors [27, 28].
A seminar review on the use of homotopy continuation methods in solving
kinematics problems can be found in [29, 30].

It is well known that extraneous and degenerate solutions often appear
in the polynomial equations obtained in solving kinematic analysis and syn-

thesis problems. These solutions are usually not the solutions engineers



are looking for. The existence of these unwanted solutions hinders the un-
derstanding of the intrinsic feature of studied kinematics problems, such
as maximum number of assemblies in kinematic analysis problems. A well
known example was the solution of the kinematics of 7R spatial loop by [31].
They reduced the problem to a single polynomial of degree 32. However 16
of them are extraneous solutions. Lee and Liang [23] reduced the problem
to a polynomial of 16th degree in late 1980s. Another example is the nine-
point path generation of four-bar problem. Wampler et al. [32] provided
a complete homotopy solution to this problem by using a 2-homogeneous
start system. After a careful post-processing step that checks each solution
against a specified threshold and retracks suspicious paths, they reported
that only 4326 out of 143,360 solutions are nondegenerate.

In this paper, we present a new constrained homotopy technique for ex-
cluding a set of unwanted (isolated or positive dimensional) solutions from
a polynomial system. The idea is to augment the original system by extra
constraint polynomials. Essentially the unwanted solutions (which can be
the union or intersection of a set of algebraic sets) are mapped to solutions
at infinity in the augmented system. Some recent advances in homotopy
theory on sifting out higher dimensional solutions are given in [18], but the
new technique is not currently implemented in any of the homotopy codes
mentioned above. Our technique is very convenient and allows the user to
easily exclude unwanted solutions by simply appending more equations to
the system. It does not require any change of homotopy codes or additional
programming to post-process out unwanted solutions. One important fea-
ture of this technique is that the number of homotopy paths to be tracked
remains unchanged when it is used together with a classical homotopy solver.

Our experimental runs show that computation time using this technique is



moderately the same as when the technique is not used.

The paper is organized as the following. In section 2, the constraint
and augmented polynomials are defined. Section 3 introduces the use of
the constraint polynomials with various homotopy methods including multi-
homogeneous, general linear product and polyhedral homotopy. In Section 4,
we use two practical kinematics problems to demonstrate the effectiveness of
the constrained homotopy in excluding unwanted extraneous or degenerate

solutions. Finally, summary and conclusions are given.

2. The Constraint Polynomials and the Augmented System

Given a system of n polynomials in n unknowns =z = (z1,...,z,) € C",
p1(T1,...,Ty)

P(z) = : , (1)
Pr(X1,. .o, Tp)

we define the affine variety of P(x) or the solution set of equations P(x) =0
by
V(P)={x€C"|pi(zr)=0,i=1,...,n}. (2)

The affine variety V(P) is a set of algebraic entities which can be points
(zero dimensional), lines (one dimensional), surfaces (two dimensional) and
so on. Typically for engineering problems, we are interested in finding only
zero dimensional or isolated solutions of P(z) = 0. However very often V (P)
may consist of unwanted solutions such as extraneous (typically isolated)
solutions due to an inappropriate derivation process or degenerate (typically

positive dimensional) solutions which are meaningless to engineers.



2.1. The constraint polynomial for the union of algebraic sets

Let us define the algebraic set of the “unwanted solutions” by V(G) with

G(z) € C™ written as,

Gla) = [[9s(2) 3

where g; represent the algebraic sets to be excluded from V' (P). Obviously
V(G) = Um, V(g).

To exclude the solutions of G(z) = 0 in (3) from V(P), we augment the
original system (1) by introducing a new complex variable [ € C and a new

polynomial p,y1(x,1) in C**1, written as
m
G(x,l): popa(z, ) =1-1G(z) =1-1]] g;(=). (4)
j=1
We call p,41(z,1) a “constraint polynomial”.

2.2. The constraint polynomial for the intersection of algebraic sets

Suppose we want to exclude the algebraic sets intersected by polynomials
9;(x)(j =1,...,m), denoted by V(g1,...,gm) = N,V (g;). That is we are

interested in finding the finite isolated point set S given by
S=A{z1,...,xs} =V(P)\V(g1,--..9m) (5)
where s is finite and “\” is the set minus operator defined below,
A\B={zxeC'lz € A,z ¢ B}. (6)

For this case, we define G(x) by

G(r) = chgj(x)a (7)



where ¢; # 0 are randomly chosen complex coefficients. Clearly with prob-
ability one, we have G(z) # 0,Vz € S. And G(x) =0,Yx € V(g1,..-.,9m)-
Similarly for the intersection of algebraic sets, the constraint polynomial

can be written as
G(z,0): papa(@,]) =1-1G() =11 ¢;g;(x). (8)
j=1

If all the algebraic sets vanish, i.e. gj(x) = 0(j = 1,...,m), the variable [
will be at infinity. On the other hand, if at least one of g;(x) # 0, we have
ZTzl ¢jgj(x) # 0 in general since ¢; are randomly chosen. Hence we can

almost always obtain a finite solution of [ with probability one.

2.8. The augmented polynomial system

For both the union and the intersection of algebraic sets, we define the

“augmented polynomial” system P(ac, l) as

. B P(x)
Plx,l) = 6. (9)

which is solved with homotopy codes to obtain the desired solution set
V(P\V(G) ={x € C" | P(z) = 0,G(x) # 0}. (10)

Theorem 1. The augmented polynomial system has the same solution set
as the original system V (P) excluding the solution set of G(z), i.e. w(V(P)) =
V(P)\V(G), where 7 : (x,l) — (x) is the operator that projects (x,1) to (x)

by neglecting the solution of I.

PROOF. For any set of finite values of (/,') € V/(P), we have P(z/,I') = 0,
ie. P(z') = 0 and G(2/,1') = 0 by definition. The former implies 2’ €
V(P) and the latter implies G(z') # 0 i.e. 2/ € V(G) for both union and



intersection cases. Therefore 2/ € V(P)\V(G). This shows 7(V(P)) C
V(P)\V(G).

On the other hand, for any set of finite values of 2’ € V(P)\V(G), we
have P(z') = 0 and G(2') # 0. We can solve Eq. (4) or (8) to obtain
the solution of I’ = 1/G(2'). Obviously we have (z/,1') € V(P), hence
V(P)\V(G) c 7(V(P)) neglecting I’. Combining with the first part proves
the theorem. O

2.4. Additional considerations

Suppose we intend to exclude both the union of a set of m; polynomials
gj(z) = 0 and the intersection of another set of mgy polynomials hy(z) = 0,
we would introduce two new variables | = (I1,l2) and write the constraint

polynomials as

Potr(z,1) = 1= L [T, g5(=)
Prta(@, 1) =1 =12 3702, ephy(z)

G(z,l) = (11)

Although the constraint polynomial G(x,1) (4) excludes the unwanted
solutions given by G(x) = 0 in theory, it has a serious numerical issue
in practice. Due to the limit of the digits used in computer programs,
it is difficult to determine if G(x,l) is close to zero when the number of
unwanted solution components, m, is large. Based on the working precision
of arithmetic, we use a small real number € as the tolerance for determining
if each g; goes to zero, i.e. checking ||g;|| < e. We would have to use a very
tight tolerance €™ to detect whether G(z, 1) goes to zero or not, i.e. checking
I TT7; 951l < €™. When m is large, we would have to adopt an arithmetic
with a much higher precision such as the adaptive precision. However this

will significantly increase the computational burden.



To overcome numerical difficulties mentioned above, it would be better
to introduce m new variables | = (l1,...,l;) € C™ and augment the origi-
nal polynomial system by m dimensions. Mathematically, the newly added

polynomials are written as

pn+1(z,l) =1 —ligi(z)
G(x,1) = : (12)
Prtm (2, 1) =1 = lngm ()

It is not hard to prove that Theorem 1 still holds for the new constraint
equations (12). Please note that these extra equations increase computa-
tional burden to the homotopy solver. However a carefully designed tracker
that takes advantage of the special structures of G(x,1) can effectively mini-
mize the effect on computation performance. More importantly, system (12)
has a better numerical robustness compared with system (4). From now on,
this paper will only discuss the augmented system (12) which is used to

solve our kinematics examples.

2.5. Example

Let us consider the following system of two polynomial equations,
P(z,y) : (13)

Figure 1(a) shows the plots of the polynomials p; and ps in the 2D space.
It is obvious to see that V(P) is comprised of a point {z = 1,y = 2} and a
parabola {z = y2}. Suppose we want to exclude the solution set {z = 32}

from the system. We define the following constraint polynomial:
p3(z,y, 1) =1—li(z —y*) =0 (14)

10



Figure 1(b) shows the plots of the augmented polynomial system in the
three dimensional space. Although in the two dimensional space, p; and po
intersect at the parabolic curve g;(x,y) = = — 32, they do not intersect with
the constraint polynomial p3 at this curve in the 3D space as the parameter

l1 goes to infinity. This leaves the only finite solution, a point
{z=1y=2,1; =—-1/3}

which is in V(P) neglecting the solution of [;.
Suppose we would like to further exclude the intersection of hy(z,y) =
(x—1) and ha(z,y) = (y—2). We can augment the system for the following

constraint polynomial
pa(@,y,l2) =1 —lofa(z —1) +c2(y —2)] =0 (15)

where ¢; and co are randomly chosen complex coefficients. Of course, there

will be no solution left for this case.

3. The Constrained Homotopy

In this section, we give an overview on the homotopy method and de-
scribe how the constrained technique is used with the existing homotopy
solvers. The classical homotopy continuation method for solving P(z) = 0
is to find a trivial system Q(x) = (¢1(x),...,q.(x)) and then follow the so-
lution curves in the real variable A from A = 0 to A = 1 which make up the

solution set of
H(z,\) = (1=XMvQ(z) + A\P(z) =0 with generic v € C\{0}.

More precisely, all the isolated solutions of P(z) = 0 can be found if the
system Q(z) =0, known as the start system satisfies the three properties

listed in [5].

11



It is well known that polynomial systems arising in kinematics applica-
tions are usually sparse. One key step in speeding up the solution process
with the homotopy method is to find an optimal start system with a mini-
mum root count. Sommese and Wampler [6] listed a hierarchy of structures
for constructing a start system. Here we discuss three kinds of homotopies:
multi-homogeneous homotopy, general linear product homotopy and poly-
hedral homotopy. For each homotopy, we discuss the start systems of the
constraint polynomials. Also we show that the root count of the augmented
system equals to that of the original system which is a very important key

for computational efficiency.

3.1. Start systems for the constraint polynomials

In Multi-homogeneous or simply m-homogeneous start system, we par-

tition the unknowns x into £ mutually exclusive sets:

k
S:{Sl,...,Sk}, with USj:{$1,...,ZCn} and SiﬁSj:@,i#j
j=1
(16)

When the constraint polynomials G(z,l) are used to augment the original
system P(x), we only need to augment the partition set S by the following

set
Sk+1 = {l17"')lm} (17)

In the general linear product (GLP) homotopy, we define a set structure

S; for each polynomial p;(z)
Sl' = {Sih 51'2, ... 7S’ik‘i}7 with Sij C {:El, ... ,l‘n}, 1 = 1, Lo, n (18)

where k; is the number of subsets of S; and §;; are not mutually exclusive

in general. And the set structure for the constraint polynomial G(z,[) in

12



(12) is obtained by augmenting the set structure of g;(z) with a new subsect
{l;}, written as

Sn+j:SjU{lj}, j=1....m (19)

where S; is the set structure of g;(x). Please note that S; can be chosen as its
1-homogenous structure as it is not relevant to the constrained homotopy.
See the root count of the augmented GLP start system in the following
section.

The polyhedral homotopy continuation method takes a great advantage of
the combinatorial root count, called mized volume which generally provides a
much tighter bound for the number of isolated zeros of a polynomial system.
When polyhedral homotopy is employed, the number of homotopy paths that
need to be traced agrees with the mixed volume of the polynomial system.
Therefore, when the mixed volume of a polynomial system is far less than
its total degree, the method will greatly reduce the extraneous paths and
thereby considerably limit the wasteful computations.

For both m-homogeneous and GLP homotopy, the start system can be
automatically constructed once the set structure is provided. This is already
implemented in existing homotopy codes such as Bertini, POLSYS_GLP and
PHCpack. And the polyhedral homotopy codes such as HOM4PS can con-
struct the start system based on the monomial structure of the augmented

system. Hence no extra data is needed for polyhedral homotopy codes.

3.2. Root count of the augmented start system

As mentioned earlier, the root count of the start systems also known
as the Bézout number which is an upper bound of the root count of the
polynomial system to be solved. It is also the number of homotopy paths

to be tracked. The lower this root count, the faster the solution process.
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Our numerical experiments show that the root count of the augmented start
system for m-Homogeneous, general linear product and polyhedral homo-
topy equals that of the original system. This is due to the fact that each
constraint polynomial consists of only one linear term of one variable [;. For
the sake of conciseness, here we only provide a short proof for the GLP start

system.

Theorem 2. The GLP start system constructed from the augmented set
structure has the same root count as the start system of the original set

structure.

PROOF. By definition [6], the Bézout number of a GLP start system is
calculated by counting the admissible combinations of linear factors. Here
admissible means that the linear system formed by taking a linear factor
from each polynomial of the start system must be nonsingular. Considering
the set structure of the constraint polynomial given in (19), we can see that
the new variables | = (ly,...,l,) only appear linearly but not in any of
(18). To obtain admissible combinations, we must pick the set {/;} from
Sn+i- This leaves us the admissible combinations of S; which count to the

root count of the original start system. U

This theorem holds true for m-homogeneous start system as it can be
considered as a special case of the GLP start system. And a complete
proof for polyhedral homotopy is provided in Appendix. These theorems
are very important because they imply that the homotopy solver using an
m-Homogeneous or a GLP start system or polyhedral homotopy for solving
the augmented polynomial system will track the same number of paths as

in solving the original polynomial system.

14



3.3. Example

Let us consider the two equations in Eq.(13) and calculate the root count
for each start system. The partition for the 3-homogeneous start system of

the augmented system is

S1 = {x}st = {y}7S3 = {ll}

We can obtain the 3-homogeneous Bézout number of 8 which equals the
2-homogeneous Bézout number of the original system. And when the aug-
mented 3-homogeneous start system is used, tracking these 8 homotopy
paths leads us to the only finite solution {x = 1,y = 2} which we seek.

In the GLP start system, we choose the following set structures for the

augmented system

St = {{a}, (b {z,y3h 82 = {w)? {z, w3}, S = {{y}, {9} {1 })

where the power is the set degree. And the GLP Bézout number of the
augmented start system is counted to 7. We applied the homotopy code
POLSYS_GLP to solve the P(z,y) without using the constraint polynomial.
The result shows that only one path leads to the isolated solution {z = 1,y =
2}. The other six paths land on the parabolic curve {z = y?}. See Figure
2. When the constraint polynomial is used, POLSYS_GLP [12] obtained a
single finite solution {z = 1,y = 2,l; = —1/3} after tracing 7 solution paths.
To show the details of the path tracking process, we plot the Euclidean norm
of the variables vs. the homotopy parameter A\ in Figure 3. Clearly six out
of seven paths are directed to solutions at infinity.

Mixed volume calculation for the two dimensional system (13) can be
calculated by hand using the Minkowski sum of the convex hulls. Figure

4 (a) and (b) represent the mixed volumes of the polynomials p;(z,y) and

15



p2(x,y) respectively. The mixed volume of the system (13) in C™ is the
total volume, in this case area, of the Minkowski sum but subtracting the
original mixed volumes which is 11 — 3 — 2 = 6. The shaded area in Figure
4 (c) gives the mixed volume of the polynomial system (13). This hand cal-
culation is consistent with the result obtained by the polyhedral homotopy
solver HOM4PS2. When the system is augmented by the extra polynomial
p3(z,y,01) in (15), it is not convenient to visualize the calculation. Instead
we utilized the polyhedral homotopy solver HOM4PS2 which reported a
mixed volume of 6.

The results above show that the augmented start system has the same
root count as that of the original start system for m-Homogeneous, GLP

and polyhedral homotopy..

4. Kinematics Examples

In what follows, we will use two kinematics problems to demonstrate the
use of the constrained homotopy technique in solving polynomial systems.
The first example is the inverse kinematics of an RR dyad in which we show
the elimination of extraneous (isolated) solutions. And the second example is
the well known nine-point path generation of the planar four-bar in which we

demonstrate the elimination of degenerate (positive dimensional) solutions.

4.1. Inverse kinematics of an RR dyad

Let’s consider the inverse kinematics problem of an RR dyad consisting
of two pin joints as shown in Figure 5. The problem is to find 6; for which
for the predefined constant lengths of the links the tip point P reaches the

coordinates (z,y). It is easy to verify that the kinematics equations of the

16



robot arm take the following form:

ay cos(01) + agcos(f2) — x
1 cos(01) + ay cos(62) =0, (20)
ay sin(01) + ag sin(f2) — y

where constants a; are the link lengths of the dyad, defined in the Figure 5.
One common practice for converting (20) into a polynomial system is to

substitute the following trigonometric transformations,

2t;
sin(6;) = . +]t2 and cos(§;) =
J

2
1 -1t

2

and clearing denominators to obtain

pr=ai(l =)L+ 1) +az(l + ) (1 — 83) — x(1 + ) (1 +13)

p2 = 2a1t1(1 + t%) + 2a2t2(1 + t%) — y(l + t%)(l + t%)
(21)

However the step of clearing the denominators introduces extraneous so-
lutions. By using a Sylvester resultant elimination method [33], one can
eliminate to from Eqgs. (21) to obtain a single polynomial in the remaining

variable t1, written as

4a2(14+t3)3((2® +y* + 2012+ a? —ad) 2 —dyar t1 +2° +° —2a12+a? —ad) = 0.

(22)
This is an 8th order polynomial with the quadratic factor (1 + ¢2) repeated
three times. The second quadratic term in (22) gives two assembly modes
of the RR dyad. This means that system (21) has eight solutions and six of
them are extraneous associated with the cleared denominators 1 + tjz = 0.
To solve system (21) with a homotopy solver, we can use the following set

structure for the start system

S = {{t1}? {t2}?}, S2 = {{t1}*, {t2}*}, (23)

17



which gives a GLP Bézout number of 8. By tracking 8 solution paths, six
of them lead to extraneous solutions.
To eliminate the extraneous solutions, we augment the system (21) by

the following two constraint equations:

p3 = 1 —l1(1+t%)
py=1 —lg(l—i-t%)

The GLP set structure for the constraint polynomials is given as the follow-
ing

Sz = {{t1}*, {l1}}, 81 = {{t2}*, {2}} - (24)
which is combined with S; and Sz in (24) to form the augmented set struc-
ture {S1, S2,53,54}. The GLP Bézout number of the augmented set struc-
ture is also 8.

By tracking these eight paths with POLSYS_GLP or HOM4PS2, we ob-
tain the two isolated solutions which are what we seek for. The other six
paths lead to solutions at infinity. This result shows that the constrained
homotopy technique successfully eliminates all six extraneous solutions in-
troduced in the formulation process. It is important to point out that if
the constrained homotopy technique is not used, Bertini with regeneration
mode also traced 8 solution paths. However, it computed 4 solutions with
additional post-processing revealing that 2 of them are extraneous. This
is due to the fact that those solutions are isolated points which cannot be

eliminated by Bertini.

4.2. Rewvisit to the nine-point path generation of four-bar linkages

The goal of this problem is to find four-bar linkages whose coupler points

trace nine predefined precision points. Many authors have attempted to

18



solve this problem. Morgan and Wampler [34] reported there are at most
36 non-degenerate solutions to this problem for the case of five precision
points. Roth and Freudenstein [21] also using the bootstrap partially solved
the problem. Another attempt using Cheater’s Homotopy, a kind of more re-
liable numerical Continuation than Bootstrap, was employed by [35] which
could offer again a partial solution to the problem of this type. Finally
Wampler et al. [32] fulfilled the task of solving the problem using the ho-
motopy continuation method. They formulated the problem in isotropic
coordinates [36] so as to correctly shrink the number of solutions. By use
of symmetry, linearity of some variables and the idea of multi-homogeneous
Bézout number they reduced the problem into 12 equations to trace only
143260 paths. After the solution process, in the next step, they used a
post-processing to refine all the singular solutions and the solutions which
were detected to be degenerate to finally arrive to at most 1442 x 3 non-
degenerate solutions and equivalently 1442 nondegenerate Roberts cognates
configurations [37]. In the refine process the underlying criterion to re-track
the suspicious endpoints, was based on high condition number and satisfi-
ability of the degeneracy conditions governing the physics of the problem.
But in the refine process a special care must be taken to correctly distinguish
singular or positive dimensional solutions so as not to miss any nonsingular
solutions. This in return needs to track all the paths with a small step length
or in the best case to re-track some suspicious endpoints [32]. Beyond the
extra hand-crafted computation work, there still exists an ambiguous hes-
itation whether we found all the nonsingular solutions or not as the result
depends on the choice of criterion.

A schematic view of a four-bar with its triangular coupler is shown in

Figure 6 (a). Figure 6(b) shows the vector definitions of the corresponding
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four-bar following the isotropic formulation from [32]. As may be seen in
Figure 6(c), submitting a displacement d;, j = 1,...,8, Py displaces to a
new precision point P; and C and D displace respectively to new associated
points namely C” and D'.

From Figure 6, one may consider two independent chains namely, APy P; D' A
and BPyP;C'B. Writing down the equations of these vector loops with
j=1,...,8, gives

(z — a)etNi = e +6; —a (25)
(y—b)ets = yei +6;,—b |

These sets of equations as was done by [32] can be reduced to a system of 8

equations
pis: YT+ +A =0, i=1,...,8 (26)

based on the following determinants,

| (a=6))2 d(a—2)+dj(a—x) — 650,

Vi = R ~ R ~ ~ ’ (27)
(b—=38;)5  6;(b—9) +;(b—y) — ;0
S:i(a—2)+0i(a—1x)—06:0; (4—0:

g =| POTEalem TR gy
3i(b—9) +6;(b—y) —6;0; (b—20;)y

a—0)z (a—0)i
po| @8 s | )
(b—05)y (b—05)7
Moreover, in [32] the transformations
po-12: {n=ai, n=ax, m=>bj, 1m=>by} (30)

were used to lower multi-homogenous Bézout number. As a result, the 2-

homogeneous Bézout number of the new 12 sets of equations associated with
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{z,%,a,a,n,n} and {y, 9,0, b,m, m} is 286720. The 10-homogeneous Bézout
number is also the same as 286720 but the 2-homogeneous Bézout number
due to the brevity is more preferable.

Not all the solutions of this system of 12 equations may define a physi-
cally acceptable four-bar linkage. From Figure 6 it is obvious that whenever
A and D, D and C, C and B and finally A and B coincide, the ultimate sys-
tem of polynomials will have degenerate solutions. Furthermore, from the
reduction process as is explained in [32], once Py coincides either D or C i.e.
for the trivial values of 7?, extraneous solutions will be produced. These de-
generate solutions are represented by the polynomials g; = 0(j = 1,...,12)

written as

a—x, U/—b, r—1Y, b_y7 z, Y,
g1-12: R R ) (31)
&_ia [I—ba i'_ga b_ga j:a g
Finally, the constrained homotopy technique suggests the following to aug-

ment to the system of equations.
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G: piz—24= =0, (32)

Augmenting the foregoing equations to the previous 12 equations gives a
system of 24 equations in 24 unknowns for which the classical homotopy

solvers are now able to simply solve for the nondegenerate solutions only.

Numerical Results

To sample a generic problem, nine generic precision points were defined
using random complex numbers as the input data. We used both Bertini
(which employs a multi-homogeneous start system) and HOM4PS2 (which
employs a polyhedral homotopy) to solve both the original and the aug-
mented systems. In case of HOM4PS2 we did not use the transformation,
Egs. (30), since the mixed volume without the transformation is smaller.
To reduce computational burden and increase precision in Bertini runs, we
exploited the straight line feature which allows defining intermediate terms

in the input data file. As far as computer platform, we used the parallel
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version of Bertini on the High Performance Computing facility of the Uni-
versity of Maryland, Baltimore County, while we ran HOM4PS2 on a 64-bit
Linux PC. For this reason, we do not report the timing of all runs but rather
focus on the solutions yielded.

A summary of the comparison is tabulated in Table 1. The results clearly
show the inability of classical homotopy methods to eliminate degenerate or
positive dimensional solutions. As it is seen, Bertini in classical mode gives
as many as 224639 solutions, of which only 8652 or 3.8% are nondegenerate.
In case of HOM4PS2, 13.6% of the total solution obtained are nondegen-
erate. When the constrained homotopy technique is used, both homotopy
solvers only reported the nondegenerate solutions. One should appreciate
the proposed approach because if other numerical methods such as Newton-
Raphson iteration methods are used to solve a polynomial system like this,
there is a very high possibility that the algorithm will converge to one of the
degenerate solutions.

By computing a number of randomly generated cases, Bertini with the
constrained homotopy technique reported a stable root count of 8652 which
is consistent with the result by the regeneration mode [9]. The stable root
count is partially attributed to the adaptive precision of arithmetic imple-
mented in Bertini. Please note that HOM4PS2 reported a slightly different
root count of 8635 due to numerical errors introduced by insufficient preci-
sion of arithmetic. In summary, we confirm that the number of nondegener-
ate solutions for the nine point path generation of a four-bar is 8652 which
is in the form of 1442 triplets with a dual symmetry, i.e. 8652 = 1442 x 3 x 2.
This result agrees with that of [32] who obtained the result by retracking

suspicious paths with a carefully chosen tolerance.
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Discussion

As one can see, our technique is very easy to use for engineers. One can
simply append more equations to a polynomial system to exclude unwanted
solution, isolated or positive dimensional. This would require no extra step
of post-processing the solutions or modifying homotopy codes. Currently
there is no homotopy codes which provide this functionality.

Even the augmented system constructed by our technique consists of
more equations than the original system, the multi-homogeneous Bézout
number, GLP Bézout number and the mixed volume give the same number
of paths to be followed. Although it does create bigger matrices in the path
tracking process due to the introduction of new variables [, our numerical
results show that total amount of time needed to solve the same problem
with and without our technique are almost the same. Of course one can
minimize the effect on timing by developing a specialized tracker that takes
advantage of the special structure of the constraint polynomials.

Besides these, our technique is compatible with Bertini in regeneration
mode. Regeneration both with and without our technique gives only the
nondegenerate solutions. Compared with the regeneration mode of Bertini,
our technique offers more flexibility as the user has the full control on which
set of solutions are to be eliminated. For instance, suppose we would like
to eliminate only a part of positive dimensional solutions of the nine point
path generation problem which are associated with a portion of the total
constraints. Then based on our technique we can simply append those cor-
responding constraint polynomials, but not all the equations in (32), to
construct the augmented system. While on the other hand to achieve the

same goal with the regeneration mode of Bertini, a post-processing pro-
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cedure would be inevitable as it will automatically eliminate all positive
dimensional solutions.

Furthermore the solutions obtained with the constrained homotopy tech-
nique seem to have a better accuracy than the traditional post-processing
approach. This is probably due to the fact that all homotopy codes employ
a well developed end-game routine to distinguish between finite and infinite
solutions. To show this, we wrote a post-processing routine in C++ code
which eliminates all degenerate solutions based on the user-defined toler-
ance. Please note that this tolerance should be equal to or less than the one
employed in the homotopy tracking.

We ran Bertini in the classical mode without using the constraint polyno-
mials to solve sets of generic input data and obtained three sets of solutions
(including positive dimensional solutions). We then executed our routine to
post-process these solutions with a tolerance of 1071° which was considered
as the admissible residual function tolerance employed in the continuation
solution step. Table 2 clearly indicates that only checking the solutions
against the algebraic equations gj(x) = 0 was not capable of identifying
all isolated solutions. This is because the solutions obtained do not have a
sufficient precision if the constraint polynomials are not used. This means
that without making use of multi-precision arithmetic some of the homo-
topy paths must be retracked with a tighter tolerance. The simplest and
maybe the most effective criterion to identify these suspicious endpoints can
be that of [32]. However this step needs a careful numerical attention which
in return increases the time of the solution process which on the other hand

is totally obviated upon employing the new technique.
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5. Summary and Conclusions

In this paper, we proposed a technique called the “Constrained Homo-
topy” technique, which enables the classical homotopy methods to eliminate
unwanted solutions. This technique is very easy to use for engineers as they
can simply append more equations to the original polynomial system. It
does not require any additional work to the solution set or the homotopy
codes such as post-processing, path re-tracking and modifying the homo-
topy codes. Furthermore users have a full control on which solution sets are
to be eliminated or kept. This convenient technique saves engineers much
efforts in solving practical problems. We also showed that the extra con-
straint polynomials do not change the multi-homogeneous and GLP Bézout
numbers or the mixed volume of the original system. As a result, solving the
augmented system requires almost the same amount of time needed to solve
the original problem. Furthermore our numerical experiments show that
the solutions obtained with the proposed technique tend to have a better
accuracy compared with the solutions when the technique is not used.

Two practical kinematics problems were employed to demonstrate the
use of this technique with the classical homotopy method. In the inverse
kinematics of an RR dyad problem, we showed that the constrained tech-
nique successfully eliminates six isolated extraneous solutions and returns
exactly the two useful solutions. In the nine-point path generation of four-
bar problem, we showed that the large number of degenerate solutions were
directed to the solutions at infinity. As a result, we can accurately report
that the number of solutions for this classical problem is 1442 triplets with
a dual symmetry. This result is in complete agreement with the previous

findings. Compared with the published result obtained by a tedious post-
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processing technique, our method offers more user friendliness, reliability
and numerical stability.

In addition, we also showed that our result agrees with the result ob-
tained by the regeneration technique which is typically used for identifying
positive dimensional solutions. As a matter of fact, our technique is also
compatible with regeneration and can be used in parallel with regeneration
method where one needs more reliability on the solution process. Compared
with the regeneration procedure which automatically eliminates all the pos-
itive dimensional solutions, our technique offers more freedom as one can

decide either to keep or eliminate the solutions on any of the algebraic sets.
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Appendix

For P(x) = (pi(x),...,pn(x)), z € C", let S; be the support of p;(x) for
i=1,...,n. Let C = ({a1,b1},...,{an,bn}) be a cell of type (1,1, ..., 1) of
a fine mized subdivision T' of S = (S1,...,S,). (We shall simply call cells
of such type mized cells.) Huber and Sturmfels [7] showed that the mixed

volume of P(x) can be calculated by

MV (P) = > Vol(conv(C))
All mized cells
Cer
a; — by
= Z det
All mized cells
cCerl Ay — bn

where conv(C') is the convex hull of the mixed cell C. And the start system

for the polyhedral homotopy is given by
Qz): qi(z) = Z Ciax% 1=1,...,n (33)
OCESZ'U{O}

where S; € Z" is the set of exponent vectors of monomials in p;(z) and
¢io are coefficients chosen generically. Also see [5] for a comprehensive

introduction on the polyhedral homotopy method.

Theorem 3. The mized volume of the augmented system ]5(:16, l) equals the

mized volume of the original system P(z), i.e. MV (P)= MV (P).

PROOF. For the augmented system P(z, 1) with support S = (S1, ..., Snim),

elements in ; for i = 1,...,n are in the form (agi), . .,aﬁf’,o, ...,0) where
(agi), . ,ag)) € S;, while forn+j,j=1,...,m, §n+j consists of elements
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of the form

—_—
E20,...,0,1,0,...,0)

together with (0,...,0) € R"™ Let

é = ({dh (;1}7 ey {dna Bn}v {dn—f—h I;n+1}7 ey {dn+m7 Bn-ﬁ-m})

be a mixed cell of a fine mixed subdivision of & = (Sl, el §n+m) where
fori = 1,...,n, a; = (a;,0) and b; = (b;,0) with {a;,b;} € S; and 0 =
(0,...,0) € R™. It is clear that ({a1,b1},...,{an,bn}) forms a mixed cell
of a induced fine mixed subdivision of § = (S1,...,S,). Now, for volume of
conv(C’) to be nonzero, for each j = 1,...,m, one of {dnﬂ,l;nﬂ} must be
(0,...,0) € R™"™, Without loss of generality, suppose 5n+j =0 & R"™™ for

all j =1,...,m. So,

ar—by, 0,...,0

Vol(conv(C)) = |det : = |det

ar — by

= |det

an — by,
By the aforementioned calculation, the mixed volume of the augmented
system P(z,1) is therefore equal to the mixed volume of the system P(z).

g
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Table 1: Number of solutions for example (3) with/without our technique.

without the technique

with the technique

Method # of Paths # of # of Paths # of
Tracked | Solutions | Tracked | Solutions

Classical 286720 224639* 286720 8652

Bertini | ceneration |  146348" 8652 250172* 8652

HOM4PS2 103783 63363* 103783 8635*

*This number slightly changes depending on the input data.

Table 2: Comparison of constrained homotopy technique with post-processing.

Post-Process

# of solutions: Before

# of solutions: After

Unaugmented 224636 9068
Set 11 A ugmented 8652 8652
Unaugmented 224635 8854
Set 2 1 A ugmented 8652 8652
Unaugmented 224638 9105
Set 3 1 A ugmented 8652 8652
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Figure 1: (a) The algebraic curves of a system of two polynomials and (b) Three-

dimensional view of the augmented polynomial system.
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Figure 2: The solutions obtained without using the constraint polynomial.
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Figure 3: Euclidean norm of homotopy paths obtained by the codes POLSYS_GLP.
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Figure 4: The stable mixed volume of the original polynomials.
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Figure 6: (a) A schematic view of a four-bar and its coupler curve, (b) the vector repre-

sentation of its geometry (c) the displaced configuration.
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