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1 Introduction In what follows, we study the cases of the plane, sphere, circu-

The problem that we consider originates with the determinati(%‘”r’%r cylinder, circular hyperboloid, elliptic cylinder, circular torus

L . . and general torugFig. 1). These are the surfaces reachable by the
by Burmestef1] of those points in a body that lie on a circle for - . . .
a given set of five planar positions. He used these so-c8lled PPS, TS, CS, RPS, PRS, right RRS, and RRS serial chains. It is

. . . : interesting how quickly the complexity of the problem increases
mester pointsto de_S|gn a linkage to guu_}le a bod_y through th ith the number of dimensional parameters and the degree of the
given positions. His result was a graphical solution to a set Q

five quadratic equations in five unknown parameters,[8ed]. urface. The total degree of the polynomial systems that we con-

Chen and Rothi5] generalized this problem by seeking pointsS|der range from 32 for the simplest to over 4 million for the most
. . - o complex.
and lines in a moving body that take positions on surfaces assos

ciated with articulated serial chains, in order to design robot m _We show that these polynomial systems have a generalized lin-

: : 8 ' L duct structurg9] that yields a bound on the number of
nipulators. A subset of these serial chains consists of two join ! tpro that f 10 t 800.000. In additi thi
that support a spherical wrist, and we consider the surfaces téw lons that ranges from 1Y to over 6ul),buld. In addition, this
are reachable by the wrist center of these chains. Considering g t?ar:;lIfzc?rdahRgargo?(;gsu;;ciirt%%urgoﬁ)_rgy(lgeé %e(if)e?(\)/g;";?éftart
\slg\r/lgrL:Srg;%Zt())IL e:'jzg?rgilggsut?fi\scisérfll'ﬁélaé?]iain)ilgséfvzﬁeggtﬁi application to numerically determine all of the solutions of
faces can be evaluated on the displacement positions of a gener
point in order to define a set of polynomial equations. The solu-
tion of these equations define the surface and the dimensions §]g
the associated chains that guide the end-effector through the gi
displacements.

To illustrate this problem, consider the set of point,
=(X,Y;,Z)", i=1,...n, that are the images of a poipt
=(x,y,2)" in a moving body defined by a set of spatial displace2 Homotopy Algorithms
ments T,=[A.d] i=1,...n, which means
P'=[A;]p+d—note[A;] is a 3X3 rotation matrix andd; is a
3X1 translation vectof6,7]. We now ask if there is a poirg in
the moving body that has the property that the image péhtie

@se polynomial systenf40,11.

Gur results are summarized in Table 3 which compares the total
ree of each polynomial system, the bound obtained using the
eralized linear product structure of these polynomials, and the
ber of solutions obtained using the homotopy algorithm
POLSYS GLP.

Our concern is finding all of the solutions of a setropolyno-
mial equations im unknowns that arise in finding surfaces reach-
able by articulated chains. For the cases of the plane and sphere,
the systems of polynomials can be solved by direct elimination of

on a sphere, such that the unknown parameters to obtain a univariate polynomial. Nu-
merical solution of this polynomial, combined with back-
(P—B)2—R?=0, i=1,...n Q) substitution yields the desired solutions. However, the remaining

surfaces yield systems of polynomials that are simply too compli-
cated to solve by direct parameter elimination, therefore we use a
whereR is the radius of the sphere aBd=(u,v,w) is its center. numerical method called a homotopy algorithm.
This sphere is defined by the seven paramepetgx,y,z), B Consider the array of polynomials Eq2) obtained from
=(u,v,w) andR. Thusn=7 spatial displacements yield severEq. (1),
guadratic polynomials Eq(l) that determine these parameters.

The system of polynomials has a total degree 6228, but it is S1(2)
known to have only 20 solutiori$,8]. P(z)= S2(2) =0 2)
Contributed by the Computer-Aided Product Developm@®APD) Committee 57(2)

for publication in the GURNAL OF COMPUTING AND INFORMATION SCIENCE IN _ . )
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Editor: K. Lee. sphere. If we start with a polynomial systédfz) =0 that has the
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wheres; , ;—s; is a chosen arc length step. The predicted value of
yio+1 is corrected using the Taylor series expansion of the homo-
topy given by Eq.(6)

H(YPs )+ IV D10 1= Y 1) =0, (6)
which yields the correction formula E7)
Vi1 =Yre 1~ [n(y DITHY: o). (7)

The dagger denotes the Moore-Penrose pseudoinverse af the
m X (n+1) Jacobian matrix. Geometrically, iteration of the correc-
tion formula movesyi"+l toward the zero curve, along a normal
direction, and is termed the “normal flow algorithm.”
The predictor can be improved by interpolation at previous
computed points along the zero curve, and a projective transfor-
4 mation can be used to bound the arc length of all of the paths so
H " that none diverge to infinity. Finally, an “end-game” strategy can
improve the calculation of near\ =1. See[11] for details.
Fundamental to this approach to solving the equatiB(z)
=0 is the determination ofa start syst&pfz) =0 with a known
set of solutions. A general purpose homotopy algorithm must sys-
tematically construct a start system with known roots that is ap-
propriate for the given set of polynomials. In the next section, we

i . show how to construct a start system using a generalized linear
same structure &8(z) =0 but witha known set of solutions, thenrqqyct representation of the system of polynomials.

we can continuously transfor@(z) into P(z) and track its roots
in order to find the solutions dP(z)=0. This continuous trans- 3  inear Product Decomposition
formation of Q(2) into P(2) is called ahomotopymap.

A numerical homotopy technique was used by Tsai and Morgan
[12] to solve the inverse kinematics equations of a general ét'
robot manipulator. Wampler et dl13] and Sommese et dl14]
describe the use of numerical homotopy for applications in t
kinematics of linkages and robots. Our focus on the design
serial chain robots followgl5], who used numerical homotopy to
solve the design equations for an RRR manipulator.

For our purposes, we use the convex combination homoto

Fig. 1 A sphere traced by a point at the wrist center of a TS
serial chain

The fundamental theorem of algebra states that the number of
ots of a polynomial is equal to or less than its degree, which is
e integer value of its highest power—equality is obtained if
ffgots are counted with the appropriate multiplicity. This has been
generalized to Bezout's theorem which states that the number of
roots of a system of polynomials is less than or equal to the
product of the degrees of the individual polynomials, called the
gyal degreeof the system. This fact leads to a relatively simple
art systenQ(z)=0, whered;, i=1, ... n is the degree of the

map £q.(3) ith polynomial in the target syste®(z) =0, given by Eq.(8)
H(\,2)=(1-N)Q(2) +\P(2), (3) b,

where\ €[0,1) is the real-valued homotopy parameter. The coef- azzdz— b,

ficients of our polynomial syster®(z)=0 are real, however, its Q(z2)= 2: =0. (8)

roots z need not be. Therefore, the homotoBlf\,z) must be n

viewed as an array af complex functions im complex variables anz,"— by,

z together with a single real variable

For each root of the start syste@(z)=0, denotedz=a; , | The coefficientsa; and b; are randomly selected complex num-

_ ; _ f bers. The solutions to this start system are easy to determine and
=1,... N, the homotopy equatioH(\,2)=0 has an associated provide the starting coordinates for tracing tde=d.d, .. .d,

zero curvey,, which is the connected component if 1(0) zero curves to the solutions &f(2) =0

containing the start point (). The zero curve leads either to a ) y0 proplems that we consider in this paper, the total degree
point (17,) whereP(z,)=0, or dlverggs {0 a root “at infinity. over-estimates the number of roots in the target polynof(a)
Each zero curve can be parameterized by its arc legid ya 1, 5 gjgnificant amount. For example in order to solve our ex-
has the form X(s),z(s)). Tracking this curve involves numerical ample problem Eq(1) the polynomial homotopy algorithm with
computation of pointy;~(A(s;), (s;)), where{s;} is an increas- y,o sy system Eq8) would track 128 paths to find 20 roots,
ing sequence of arc lengths. This can be done using a predic{pfich means over 80% of the computation is spent tracing paths

corrector strategy described [ifh1,16. that are extraneous

Along the zetro Eu?{‘%' we haveH(A(s),z(s)) =0, therefore The problem of extraneous paths arises from the fact that the
we can compute Eq4) polynomials we wish to solve are not general, but instead have
d dn/ds internal structure that reduces the number of solutions. Morgan
d—H()\,z): H, HZH dz/ds] =0, (4) etal.[9] show that a “generic” system of polynomials that in-

S cludes every monomial of a particular system of polynomials will
where[Jy]=[H, ,H,] is thenx (n+1) matrix of partial deriva- have as many or more solutions as any version obtained by speci-
tives of the homotopyH(\,z). Notice that the vectorv fying values for the coefficients. This leads to the construction of
=(d\/ds,dz/ds) " tangent to the zero curve, is in the nullspace thelinear product decompositioaf a system of polynomials. As-

of the Jacobian matrid,,]. This null space has dimension one by>°ciated with a linear product decomposition is a start system
the theory of polynomial homotopy mapsl,13. that is easy to construct and solve called generalized linear

The unit tangent vectoy; , in the direction of increasing arc product

; ; ; In order to illustrate the linear product decomposition, we ana-
length, at a poiny; on v, is used to predict a value for the next X h ) e
9 0 P .y' Ya P lyze the example Eq1) in more details. Write these polynomials
pointy;, ,, that is Eq.(5)

in vector form to obtain Eq(9)
Yoo =Y (S s)Vi, ®) (P-B)-(P—B)=R% i=1,...,7, )
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where the dot denotes the vector dot product. Now subtract the my

first equation from the rest in order to elimina8. This reduces H Gj
the problem to six equations in the unknowng j=1
=(x,y,z,u,v,w), given by Eq.(10) Q(2)= : _ (14)
(P?.P>—PL.P)—2B. (P*-P") m
S(z)= : —0.  (10) 11 G,

(P"-P'—PL.P)—2B.(P"-PY
o ol bl ol o ) In order to determine the roots of this start system, we follow
Realizing the fact thaP'-P'—P*- P~ (j=2,...,7) islinearin  11] and introduce the factor lexicographic vector ®

terms ofx,y andz, it is not hard to verify that a generic set °f=(¢1,‘1>2, ... ®,) which is the lexicographically ordered com-
polynomials that contains our system as a special case canfations of factors taken one from each polynomial in the sys-
constructed as a product of linear factors, as tem. Notice that ® ranges from (LL1..,1)<®
<(m;,m,, ... ,m,). Next, we introduce thedegree lexico-
(85X+ by +Cazdy) (€qutfrv+guwthy) graphic vectorA=(A;,A,, ... ,A,) which is the lexicographi-
Q(2)= : =0, cally ordered combinations of the count of the roots of unity as-
(agx+bgy+Cez+ds)(egu+fou+geW+he) sociated with the degree of the factor. The detanges from

11 (00,...,0=A<(d1p,~1d9,~1,... dnp —1), where 1
where the coefficients are known complex constants. This strued;q by definition of our linear product decomposition.
ture is called thdinear product decompositionf the target sys- Given a combination of factor®, we have one or more arrays
tem. A depending on the degrees of the specific factors identifieti.by

Solutions to a linear product decomposition of a set of polyngrhese two vectors specify the linear system of equationg .
mials are easily determined by assembling all combinations of

factors, one from each equation, that can be set to zero and solved (M )
for the unknown parametefd7]. In our example, select three kzl C1o,kS10,kZk
factorsa;x+b;y+c;z+d;=0 from the six equations, and com- B A/
bine with the three factorg;u+ f;v +g;w+h;=0 in the remain- 2 € 1y
ing equations. A solution of this set of six linear equations is a root B > ConpSaw ik | ) €42/%e, |
of Eq. (11). Thus, we find that this system had € 20 solutions, [Aplz={ =1 } - : =by. (15
which matches the known result for EG.0). : eldn/dna,
For the problems we consider the linear product decomposition m,
provides a bound on the number of solutions that is significantly E s .z
less than the total degree. = NP k>N ok kJ

If [Ag] is non-singular then the solution of this equation contrib-
utes a root to the start system for every root of unity in the array
4 Generalized Linear Product A. Wise et al.[11] provide an efficient algorithm for computing
The “generalized linear product” is a start system constructetgﬁ. ?]olut|on§ tol linear gy.Ster;S th?t are.olrghanlzed n th'f? way,
from the linear product decomposition of a polynomial system. OIESYVéaISDLIrFT’]pV\?memeh in the p? ynp:ua é)motopy sﬁ ware
is an extended version of the “partitioned linear product” used t: > PLP. We use the same algorithm to determine the roots
constructm-homogeneous start systefiid]. of our generalized linear product start systems. For this reason, we

We begin with a linear product decomposition for each of thig"m our algorithm POLSYSGLP.

polynomialsP;, i=1,... n in the unknownsz;, i=1,...n. o ] N
Augment each factor in this decomposition with a constant terrh, Verifying the Linear Product Decomposition

if it is not already present. This means that a factor of the form |, 5rder to execute POLSYSSLP. the user provides both the
(21,25,25) is replaced byz,,2,,25,1). Now for notational con- (arget polynomials and their associated linear product decomposi-

venience we introduce the “maskS;=(Sjj1, ... Sijn) CON- iong which are used to construct the start system. If there is an
structed fromn 1s and Os in order to identify the unknowns ing o and the polynomial does not actually lie in the span of the
z=(21,2,, . . . .2,) that appear in a specific linear factor. Thisgsecified generic linear products, then the homotopy is meaning-
allows us to write a general linear product decomposition sss Therefore, it is imperative to verify the linear product decom-
Eq.(12) position as follows.
m; For each polynomialP;, we check that each monomial
Piell (sjizi, ... Sjnza D%, (12) Zzy'z;*--z;"is contained in the associated linear product decom-
=1 positionHJ.r'll<sijlzl, . SijnZy 1Y% Our approach is to create a
wherem; is the number of different factors in polynomi&,. “set structure table” that has the linear terms of
Notice thatd;=3"d;; is the degree oP; . This decomposition (Sij1Z1, - - - SijnZn,1) as its column headings, and the factors of
is specified by identifying the masks; and the associated de-the expanded monomiaf*z, --z" as its rows. This set structure
greesd;; . table has as many columns as the total degkeef P;, and as
We now construct the start system by introducing the polynorany rows as the total degree of the monomial, which must be
mial Eq.(13) less than or equal td; .
" di The defining characteristic of a linear p_rodu_ct decomposi_tion is
=S : 1 13 that each factor of the expanded monomial arises from a different
i1 | e CiikSijkZ ' (13) Jinear term in the decomposition. This means that each row of the

set structure table must be assignable to a separate column. If this
for each factor in the augmented linear product decompositicessignment does not exist then the linear decomposition is invalid.
The coefficientsc;;, are randomly specified complex numbers. We begin with the first row and search the columns left to right
Thus, the generalized linear product start system is given by find a linear termcolumn that contains the associated mono-
Eq. (14) mial factor (row). This column number is saved in a list that
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denotes the linear terms that have been taken. The row is incre-

Table 1 The five basic joints

mented and the search applied to the columns that have not be

taken. When the final row is assigned to an available linear ter Joint Diagram | Symbol | DOF
the verification for the monomial is complete. {PH

If a row is found to have a factor that cannot be assigned to Revolute ir' R 1
linear term, then the assignment of the factor in the previous ro i
is advanced to the next linear terf@olumn in which it is con-
tained. This step continues until either all of the factors are aj Prismatic y/ P 1
signed to separate columns, or there is no available assignment d
the factor in the first row. If this occurs then the monomial is no| -
contained in the span of the linear product decomposition. Cylindric /E@ @ 2

d

6 Parallelizing the Path Tracking Step o

Each solution of the GLP start system Efj5) defines a start- Universal . I 2
ing point to begin tracing an individual zero curve. The zero curv B 1
for every root must be traced to determine whether it leads to| ; i .
root of the target system or to a point at infinity. Because thes E[J‘hﬂl’ ical */r?o 5 3
calculations are independent, they can be distributed among d BH e

ferent processors in a parallel computing cluster. [3&8e-21.

We use MPI-2Message Passing Interfaadescribed by Gropp
et al.[22] to distribute an identical set of POLSY&LP routines
among each ofn—1 slave processing nodes, numbered «= w/2 we have the chain “right” RRS that traces a circular
=1,...n—1. The number is called therank of the processor. torus. For the case=0, the “parallel” RRS traces a plane and is
The processor of rank 0 is the master node. Each of the slaaguivalent to the PPS chain. If the parameter0, then the sur-
nodes executes a loop consisting of a request to the master nfate is part of a sphere, and fills the sphere der 7/2 which
for a path index. This index identifies the root that begins a pacharacterizes a TS chain.
ticular zero curve. The slave node traces the zero curve, report$or RP and PR chains, only the angles important because
the results and requests another path index. The master nodethias joint ensures that all points to travel on lines parallel to its
ceives the requests by the slave nodes, identifies the rank of tlieection. We can identify the special cases of the RPS and PRS
requesting node, distributes the next path index, and sends a $twpwhich this angle isx=0, which in both cases become the CS
code when all the paths are traced. chain that traces a circular cylinder. If this anglexis /2, called

Recall that the start system is constructed using random value&ight” RPS, then the surface is again a plane equivalent to that
for the coefficients in the polynomial§;; . We generate these traced by the PPS chain.
coefficients separately and provided them to the slave routines vigrinally, all PP chains are essentially the same as long as the
a data file. In this way each slave node has the same start syst#iractions of the two joints are not parallel, so that some compo-
with the same array of roots. This reduces the need for intarent of movement perpendicular to the first prismatic joint is
processor communication. The result is a convenient parallel coavailable by sliding along the second joint.
putation of the homotopy zero curves leading from the roots of the The result is a set of seven algebraic surfaces that are reachable
start system to the roots of the target polynomial system. by the wrist centers of a set of articulated chains. See Table 2.

In what follows, we let matrice$T;]=[A;,d;], i=1,...n
denote then given spatial displacements which the end-effector
must reach[A;] is a 3X 3 rotation matrix and]; is a 3X 1 trans-

7 Computation of Reachable Surfaces

We now consider the problem of finding surfaces that contain a" . X i X
set of points generated by a displaced rigid body. Our focus is §#On vector. And we consider a poipt=(x,y,z)" in @ moving
the surfaces reachable by the wrist center of an articulated seRQFY- The images of this pomtTon the spatial displacements define
chain. In general, each joint of an articulated serial chain is dél€ set of point®'=(X;,Y;,Z;)"=[A;]p+d;. The sets of poly-
signed to allow either pure rotation about, or a linear slide alonfPmial equations are formulated by requiring these image points
the joint axis, and is termed a revolute or prismatic joint, denotédl lie on the seven reachable surfaces. We then provide a linear
R and P, respectively. S¢&3] for an introduction to the kinemat- Product decomposition and the results of our polynomial homo-
ics of articulated serial chains. topy solution. Once the reachable surfaces are determined, we can

Revolute and prismatic joints can be combined to define otheé@mpute the dimensions of corresponding serial chains.

specialized joints. In particular, the sequence of two revolute7.l The Plane. The PPS serial chain has the property that

joints that have axes that intersect at right angles is called a gﬁé wrist centeP = (X,Y,Z) is constrained to lie on a .
; O o =(X,Y, plane with
bal, or universal joint, denoted by a T. Similarly, the sequence malG=(a.b,c) (Fig. 2, that is

a revolute and a prismatic joint constructed so their axes are pa?—
allel is called a cylindrigC) joint. Finally, a three revolute chain G-P-d=0, i=1,...,6.
with concurrent joint axes form a spheri¢&), or ball, joint. See
Table 1.
A spherical wrist is an S-joint that allows full orientation of the
gripper about its wrist centeR, therefore our reachable surfacedable 2 The basic serial chains and their associated reachable
by P under the control of two other joints in the articulated chairpurfaces
The combinations available for revolute and prismatic joints

(16)

yields four basic chains: PPS, RPS, PRS, and RRS. The reachab?ease Chain angle length Surface

surfaces defined by these chains are the plane, the circular hyper4d PPS - - plane

boloid, the elliptic cylinder and the general torus. % E% 77/02 0 _ Slphe“?. d
“We can obtain additional reachable surfaces by specializing the ; RPS by - citolor %&g’é;goﬁ;d

dimensional parameters that characterize the first two joints. In 5 PRS a - elliptic cylinder

particular, the RR chain has two defining parameters the distance,6 right RRS w2 p circular torus

p, between the joint axes along their common normal line, and the 7 RRS a p general torus

anglea between them measured around this common normal. Fot
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Fig. 2 Aplane as traced by a point at the wrist center of a PPS Fig. 3 The circular cylinder reachable by a CS serial chain

serial chain

Thus, given seven arbitrary spatial positions there can be as
many as 20 points in the moving body that have positions lying on

signed normal distance to the plane. We 13et6 because there a stprée;_es. Fﬁr.each real point, it is possible to determine an asso-
are only six independent unknowns in E#6), two coordinates of clate chain.
G, the three coordinates pf andd. Notice, the components @& 7.3 The Circular Cylinder. In order to define the equation
are not independent because only the directio®ahatters, not of a circular cylinder, let the lind_(t)=B+tG be its axis. A
its magnitude. A convenient way to congtrain this magnitude is Heneral poin® on the cylinder lies on a circle about the poit
choose a vectom and scalae, and require thaG-m=e. closest to it on the axik(t). See Fig. 3.

Subtract the first of quG) from the remaining _tO eliminatd ) By the geometry’ the image poing of the Spherica| wrist
and assemble the constraint equation, we obtain the polynomiglst satisfy the circular cylinder equation
system

The parameted is the product of the magnitudeS| and the

((P-B)XG)2—R?G?=0, i=1,...,8. (19)
G-(P*~P") See[25] for the details on deriving the cylinder equation.
: We setn=8 because Eq(19) have only eight independent
P(2)= G- (P°—PY =0. 17) parameters, the radiuR, three for P=(X,Y,Z), two for B
G-m—e =(u,v,w) and two forG=(a,b,c). Notice only the direction of

G matters not its magnitude, we choose an arbitrary veutand
scalare and require the components of G satisfy the constraint
‘m—e=0. The components of the poiBtare also not indepen-
dent, but for a different reason. It is because any point on the line

L(t) can be selected as the reference p&@ntwWe identify this

This is a set of five quadratic equations and one linear equation
the six unknowng=(a,b,c,x,y,z). The total degree of this sys-
tem is 2=32.

It is easy to see that this polynomial system has a biline int by requirinaB to lie on a specific plane):(n. f). that is
structure with the LPD boundb)=10, which means that may beE-nffzo, ?/vhergn and f are ck?osen e?rbitrarify ’to) ‘avoid the
as many as 10 points in the moving body that lie on a plane for ﬁ%?éssibility that the line(t) may lie entirely onU.
specified positions of the end-effector. This system of polynomials g pract the first of Eq19) from the remaining seven to elimi-

Eq. (17) is small enough that direct elimination of the parameteig;ie R and assemble with two constraint equations to define the
can be used to obtain a univariate polynomial, which is found Qstem of polynomials

be of degree 10.

Once the plané® and pointp are defined, then it is possible to (P*XG)?~(P'XG)?~2((P*~P") X G)- (BXG)
determine a PPS chain, a parallel RRS or a right RPS chain that :
guides this point through the specified positions. C(z)={ (P®XG)?—(P*xG)?—2((P*~P)XG) - (BXG) } =0.
7.2 The Sphere. We now return to our opening example in G'm-e
which n pointsP'=(X;,Y;,Z;) constrained to lie on a sphere of B-n—f
radiusR around the poinB=(u,v,w), Fig. 1. This problem has (20)

seven parameters, the three components eaphaoid B and the  otice we have expanded the dot products in @6). This is a
radiusR. Therefore we can evaluate E() on n=7 displace- get of seven polynomials of degree four and two of degree one.
ments, The total degree is 4=16,384. Se¢25,26| for additional details
i — . about this problem.
(PP=B)*=R°=0, i=1,...,7. (18) A linear product decomposition for the polynomial system Eq.
(20) is provided in[25]. The LPD bound is 2184 which is signifi-
Subtract the first equation from the remainder in order to elimgantly less than the total degree. We use our POLS3IS ho-
nateR, and obtain Eq(10) wherez=(x,y,z,u,v,w). motopy algorithm to determine the roots for this system of poly-
System Eq(18) has the linear product decomposition as showfomials for a random set of test cases and obtain the exact root
in Eq. (11, from which we can compute the LPD boun@)( count for this problem as 804. Thus, for eight arbitrary spatial
=20. Parameter elimination yields a univariate polynomial of dgositions we can find as many as 804 points in the moving body
gree 20, which means that this bound is exact. Innodg@#] each of which has all eight positions on a circular cylinder. For
presents an example that results in 20 real roots. each of these points, we can determine an associated CS chain.
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is one with the smallest radiuR, and its centeB=(u,v,w) is
the center of the hyperboloid.

By the geometry, a poinP on the circular hyperboloid must
satisfy the following equation

1+tarf @
G-G

See[27] for details deriving the hyperboloid equation.
Expand Eq(21) and collect terms to obtain

koP-P+2K-P—(P-G)?—¢=0, (22)

where we have introduced the parameteysK = (k4 ,k,,ks) and
{ defined by

B G-G
T l+tarfa

{ ¢ ) front view along -N Thus, the 11 dimensional parametér¥,, K, G, andP define a
circular hyperboloid.
Fig. 4 The circular hyperboloid traced by the wrist center of As we have seen previously, it is the direction®fand not its
an RPS serial chain magnitude that is required, so this magnitude can be set using an
arbitrary vectorm and scalare in the constraint equatio®-m
—e=0.
Evaluating Eq.(22) with the image pointsP'(i=1,...,10)
7.4 The Circular Hyperboloid. A circular hyperboloid is yields 10 polynomial equations. Subtract the first of these equa-
generated by rotating one line around another so that every pdions from the remaining in order to eliminaf@nd assemble with
on the moving line traces a circle around the fixed li@ewhich the constraint equatioG-m—e=0, we can obtain the system of
is the axis of the hyperboloid, Fig. 4. Of all of these circles thengolynomial equations

(P—B)’—((P-B)-G)? “R?=0.  (21)

Ko , K=(B-G)G—kyB, {=(B-G)?—kB-B+koR?.

|
Ko(P?-P?—PL. PL)+ 2K - (P~ PY) - (P?.G)2+(P*. G)?

H(z)= =0. (23)

ko(P0- PY—pL. pl) 4+ 2K - (PY— P — (P.G)2+ (P! G)?
G:m—e

Equation(23) is a system of nine fourth degree polynomials and
one linear equation which has a total degree b£262,144. See
[26,29 for other formulations of this problem.

A linear product decomposition for this polynomial system is
provided in[27]. The LPD bound is 9216. Our POLSYSLP
algorithm yielded a generic root count of 1024 among the 9216
homotopy paths. This calculation took approximately 24 hours on
a single 2.4GHz P@384 paths/processor-hguirhe parallel ver-
sion of POLSYS GLP was run on 8 64-hit processors of UCI’s
Beowulf cluster, and required 30 minuté&304 paths/processor-
houn. This particular problem has a structure that is convenient
for polyhedral homotopy algorithms, which yield the same solu-
tions in minutes on a single processor by tracking only 1024 paths
[29].

Thus, for ten spatial positions, we can find as many as 1024 :
points that have all 10 positions on a circular hyperboloid. For _—
each of these points we can find an associated RPS chain.

Fig. 5 The elliptic cylinder reachable by a PRS serial chain

7.5 The Elliptic Cylinder. An elliptic cylinder is generated
by a circle that has its center swept along a ling) =B+1tS,;
such that the vector through the center normal to the plane of the
circle maintains a constant directi@® at an anglex relative to  see[25] for details on the derivation. To reduce the degree of Eq.
the directionS, of L(t), see Fig. 5. The major axis of the elliptic (24), we expand the triple product and introduce new variables,
cross-section is the radil® of the circle and the minor axis is that is Eq.(25)
R cosa. This surface is generated by the wrist center of a PRS

chain that has its P-joint aligned with the akit) and its R-joint S;X((P=B)XS)=(S;-S)(P-B)—=((P=B)-$)S,
positioned so its axis is along,. _(a. _(p.
A point P on the elliptic cylinder must satisfy (S S)(P=(PR)IS+Q), (25)
where
K:i, and Q=(B-K)S,—B.
(SX((P—B)XS))*—R(S;- $)*=0. (24) St
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We then add the constraints
$.-S=1, K:-§,=1, and Q-K=0. (26)

Notice that these definitions reduce the degree of the polynomials
Eq. (24) from six to four after cancelingg; - S,)?, that is

(P—(PK)S;+Q))?~R?=0. 27)

Equation(27) have 13 unknowns the radil® three for each of
the vectorsP, K, Q, S;. However only 10 of them are indepen-
dent because of the constraints E26). _

Evaluating Eq.(27) on the ten image pointB'(i=1, ...,10)
yields ten polynomial equation of degree four. We then subtract he circul d by the wri f a “right”
the first of these equations from the remaining and assemble ﬁ\% 6 The circular torus traced by the wrist center of a “right

- - - S serial chain
constraints Eq(26) to obtain the polynomial system

(P?—(P?-K)S;+Q)%— (P*— (P*-K)S;+ Q)2 Whereqb_ is th_e angle measured fromto the radius vector of the
: generating circle.
An algebraic equation of the torus is obtained from &9) by

10_ (pl0, 2 (pl_ 1. 2
(PT=(FK)S+Q)" = (P =(P-K)$+Q) =0, first computing the magnitude E(B0)

E(2)=

Sl ' Sl_ 1 2 2 2
K-S -1 (P—B)2=p2+R2+2pR cos¢. (30)
Q-K Next compute the dot product witl, to obtain Eq.(31)

(28)

) (P—B)-u=Rsing. (31)
which has the total degre€2®=2,097,152. i o ) ]

The best linear product decomposition of Hg8) we have Flnally, eliminate cogp and sing from these equations, and the
found yields the LPD bound of 247,968, which is large. See d&esult is
tails on the LPD structure if80]. This system was solved using G2((P—B)2— p2—R?)2+4p%((P—B) - G)2=4p2G2R2.
our parallelized POLSYSGLP on 128 nodes of the Blue Horizon (32)
supercomputer at the San Diego Supercomputer Center. The result . . .
was 18,120 solutions in almost 33 minutes. Because each nodd B 1S the equation of a circular torus. It has 11 parameters, the

Blue Horizon has eight processors, this corresponds to 563 cpfiflarse andR and the three vectoi§, P andB. .
hours, or approximately 440 paths/processor-hour. In order to simplify this system of polynomials we introduce

the parameters
7.6 The Circular Torus. A circular torus is generated by
sweeping a circle around an axis so its center traces a second H=2pG and k;=B’-p’-R?
circle. Let the axis be (t)=B+tG, with Plucker coordinate& which yields the identity Eq(33)
=(G,BXG). See Fig. 6. Introduce a unit vecterperpendicular )
to this axis so the center of the generating circle is giverQoy 402R2=H2| B2— H——k (33)
—B=pv. Now defineu to be the unit vector in the directioB, P 1)

then a pointP on the torus is defined by the vector equation, Substitute these relations into E@2) which eliminatesR? and

P—B=pv+R(cos¢v+singu), (29) we obtain the system of 10 polynomials

2
((PH?—2P". B+ k1)2+((P1—B)-H)2—H2( B?— H——kl)

T(2)= : =0, (34)

which has the total degre€'%-1,048,576. =(S,,QXS,) be the through the center of the sweeping circle,

It is difficult to find a simplified formulation for these equa-perpendicular to its plane. These two lines define a common nor-
tions, even if we subtract the first equation from the remaining i@l N and we choose its intersection wiy and S, to be the
order to cancel terms. The best linear product decomposition '§ference point8 and Q, respectively. The normal angle and
Eq. (34) we have found yields the LPD bound of 868,352 which idistance between these Ilngs around.and glong their common nor-
not much different to the total degree. 9&@] for the details on M@l are denotedr and p. Finally, we identify the center of the
the LPD structure. The computation of these homotopy paths tooR €€P!"9 circle as lying a distandealongS, measured fronQ.

72 minutes on 128 nodes of the Blue Horizon supercomputer. Thig" IS derivation, we constrai§, ands, to be unit vectors, in

order to reduce the degree of the resulting equation. This allows
means the over 800,000 paths were tracked on 1024 Processolyg % define the unit vector in the common normal directiom as

a rate of approximately 707 paths per hour. =(S,XS,)/sina, so we obtain a general poiRton the torus from
7.7 The General Torus. A general torus is defined by the vector Eq(35),

sweeping a circle that has a general orientation in space around an

arbitrary axis. See Fig. 7. Le5;=(S;,BXS;) be the Plucker

coordinates of the line that forms the axis of the torus, 8ad P—B=pn+dS,+R(cos¢n+sinp(S,Xn)). (35)
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Table 3 Summary of the total degree, LPD bound, and number
of solutions of the polynomial equations that define each
reachable surface

Case Surface Total degree LPD bound Number of roots
1 plane 32 10 10
2 sphere 64 20 20
3 circular cylinder 16,384 2184 804
4 circular hyperboloid 262,144 9216 1024
5 elliptic cylinder 2,097,152 247,968 18,120
6 circular torus 2,097,152 868,352 94,622
7 general torus 4,194,304 448,702 42,615

Fig. 7 The general torus reachable by the wrist center of an
RRS serial chain
In order to simplify the use of Eq38), we introduce the new
parameters

— 2 2 2
The algebraic equation for the torus is obtained by first computing ky=B-B—p"—R°—d",

Eq. (36) 20
(P—B)?=p2+d?+R?+2pRcose, (36) k,=(B-S;+d cos(x)m,
and Eq.(37)
(P—B)-(S,xn)=Rsiné. 37) ks=4p*R?,
Notice thatS,Xn is H:?_pSl,
Szxslxszzi(sl—comsz). sna

Sia Sina This allow us to write Eq(38) in the form

Now, eliminate¢ between these two equations to obtain

4p2 (P-P—2P-B+Kky)?+ (P-H—K;)?>—ks=0. (39)
P—B)?—p?—d’—R?»)?+ — P—B)-S,—d cosa)?
(« e ) Slnza(( )5 @) This is a quartic polynomial in the 12 unknowns, consisting of
ki ,ks5,k; and the componentd, B andH.
_ 2 2: 1:02,R3 s .

4p"R°=0. (38) We then evaluate EQ.39) on the image pointsP'(i
This equation has four scalar parameigrg, d andR, and three =1, ...,12) andobtain 12 polynomials of degree four. Subtract

vector parameterB, B andS; which combine with the constraint, the first of these equations from the remaining to camkgehnd

|S;|=1, to yield 12 independent parameters. obtain

(P?-P?—2P?.B+ky)?—(P'- P1 = 2P B+k;)?+ (P?-H—k;)?— (P*- H—k,)?
G(2)= : =0. (40)
(P2 P2—2P12. B+ k;)?— (P P'— 2P B+ ky)?+ (P2 H—ky) 2 — (P*- H—ky)?

The total degree of polynomials system E@O) is 4! The complexity of this problem increases with degree of the
=4,194,304 with 11 unknownls,, k,, P, B andH. surface and the number of parameters that define it, and for all but
We can refine the estimate of the number of roots of this polyhe simplest cases we use a numerical homotopy algorithm to find
nomial system by using the linear product decomposition. Tl of the roots. Vector operations in the derivation of these equa-
best linear product decomposition we have found yields the LRns yield a general linear product structure that allows us to
bound of 448,702 which is much lower than the total degree. Sskow the number of roots i®ften) less than the total degree of
[30]. Our parallel POLSYSGLP algorithm computed 42,615 so-the system. This linear product bound defines the number of paths
lutions in 42 minutes using 128 nodes of Blue Horizon. This ighat we must track using our homotopy algorithm POLSEEP
approximately 626 paths/processor-hour. Each real solution canibéind these roots. Table 3 summarizes the results of our analysis.
used to design an RRS chain to reach the specified displacementste that the task positions are chosen to be generic enough
The distribution and utility of these solutions requires furthefp allow the resulted polynomial systems havefinite number of
study. solutions.
Except for the plane and sphere, this is the first computation of
. the solutions for these polynomial systems. The three most chal-
8 Conclusion lenging cases were the elliptic cylinder, right circular torus and the
In this paper, we seek points in a moving body that lie on sev@eneral torus, which correspond to the PRS, the right RRS, and
algebraic surfaces that are reachable by an articulated chain witesneral RRS chains. In these cases, our algorithm required the
spherical wrist, see Table 2. The algebraic equations of the8kie Horizon supercomputer in order to compute tens of thou-
reachable surfaceare evaluated for a specified set of spatial dissands of solutions. More research is required to increase the
placements, in order to define a system of polynomial equatioefficiency of the calculation and to evaluate the utility of each
that are solved to determine the surface. solution.
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