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In this paper, we apply a homotopy algorithm to the problem of finding points in a mo
body that lie on specific algebraic surfaces for a given set of spatial configurations o
body. This problem is a generalization of Burmester’s determination of points in a b
that lie on a circle for five planar positions. We focus on seven surfaces that we
‘‘reachable’’ because they correspond to serial chains with two degree-of-freedom
tioning structures combined with a three degree-of-freedom spherical wrist. A homo
algorithm based on generalized linear products is used to provide a convenient est
of the number of solutions of these polynomial systems. A parallelized version o
algorithm was then used to numerically determine all of the solutions.
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1 Introduction
The problem that we consider originates with the determina

by Burmester@1# of those points in a body that lie on a circle fo
a given set of five planar positions. He used these so-calledBur-
mester pointsto design a linkage to guide a body through t
given positions. His result was a graphical solution to a set
five quadratic equations in five unknown parameters, see@2–4#.

Chen and Roth@5# generalized this problem by seeking poin
and lines in a moving body that take positions on surfaces a
ciated with articulated serial chains, in order to design robot m
nipulators. A subset of these serial chains consists of two jo
that support a spherical wrist, and we consider the surfaces
are reachable by the wrist center of these chains. Considering
various ways of assembling these articulated chains, we ob
seven reachable algebraic surfaces. The equations of these
faces can be evaluated on the displacement positions of a ge
point in order to define a set of polynomial equations. The so
tion of these equations define the surface and the dimension
the associated chains that guide the end-effector through the g
displacements.

To illustrate this problem, consider the set of points,Pi

5(Xi ,Yi ,Zi)
T, i 51, . . . ,n, that are the images of a pointp

5(x,y,z)T in a moving body defined by a set of spatial displac
ments Ti5@Ai ,di # i 51, . . . ,n, which means
Pi5@Ai #p1di—note @Ai # is a 333 rotation matrix anddi is a
331 translation vector@6,7#. We now ask if there is a pointp in
the moving body that has the property that the image pointsPi lie
on a sphere, such that

~Pi2B!22R250, i 51, . . . ,n, (1)

whereR is the radius of the sphere andB5(u,v,w) is its center.
This sphere is defined by the seven parametersp5(x,y,z), B
5(u,v,w) and R. Thus n57 spatial displacements yield seve
quadratic polynomials Eq.~1! that determine these paramete
The system of polynomials has a total degree of 275128, but it is
known to have only 20 solutions@5,8#.

Contributed by the Computer-Aided Product Development~CAPD! Committee
for publication in the JOURNAL OF COMPUTING AND INFORMATION SCIENCE IN
ENGINEERING. Manuscript received September 2003; Revised April 2004. Assoc
Editor: K. Lee.
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In what follows, we study the cases of the plane, sphere, cir
lar cylinder, circular hyperboloid, elliptic cylinder, circular toru
and general torus~Fig. 1!. These are the surfaces reachable by
PPS, TS, CS, RPS, PRS, right RRS, and RRS serial chains.
interesting how quickly the complexity of the problem increas
with the number of dimensional parameters and the degree o
surface. The total degree of the polynomial systems that we c
sider range from 32 for the simplest to over 4 million for the mo
complex.

We show that these polynomial systems have a generalized
ear product structure@9# that yields a bound on the number o
solutions that ranges from 10 to over 800,000. In addition, t
generalized linear product structure provides a convenient s
system for a homotopy algorithm POLSYS–GLP developed for
this application to numerically determine all of the solutions
these polynomial systems@10,11#.

Our results are summarized in Table 3 which compares the t
degree of each polynomial system, the bound obtained using
generalized linear product structure of these polynomials, and
number of solutions obtained using the homotopy algorit
POLSYS–GLP.

2 Homotopy Algorithms
Our concern is finding all of the solutions of a set ofn polyno-

mial equations inn unknowns that arise in finding surfaces reac
able by articulated chains. For the cases of the plane and sp
the systems of polynomials can be solved by direct elimination
the unknown parameters to obtain a univariate polynomial. N
merical solution of this polynomial, combined with back
substitution yields the desired solutions. However, the remain
surfaces yield systems of polynomials that are simply too com
cated to solve by direct parameter elimination, therefore we u
numerical method called a homotopy algorithm.

Consider the array of polynomials Eq.~2! obtained from
Eq. ~1!,

P~z!5H S1~z!

S2~z!

]

S7~z!
J 50, (2)

where z5(p,B,R) is the vector of parameters that define t
sphere. If we start with a polynomial systemQ(z)50 that has the

ate
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same structure asP(z)50 but witha known set of solutions, the
we can continuously transformQ(z) into P(z) and track its roots
in order to find the solutions ofP(z)50. This continuous trans
formation ofQ(z) into P(z) is called ahomotopymap.

A numerical homotopy technique was used by Tsai and Mor
@12# to solve the inverse kinematics equations of a general
robot manipulator. Wampler et al.@13# and Sommese et al.@14#
describe the use of numerical homotopy for applications in
kinematics of linkages and robots. Our focus on the design
serial chain robots follows@15#, who used numerical homotopy t
solve the design equations for an RRR manipulator.

For our purposes, we use the convex combination homot
map Eq.~3!

H~l,z!5~12l!Q~z!1lP~z!, (3)

wherelP@0,1) is the real-valued homotopy parameter. The co
ficients of our polynomial systemP(z)50 are real, however, its
roots z need not be. Therefore, the homotopyH(l,z) must be
viewed as an array ofn complex functions inn complex variables
z together with a single real variablel.

For each root of the start systemQ(z)50, denotedz5aj , j
51, . . . ,N, the homotopy equationH(l,z)50 has an associate
zero curvega , which is the connected component ofH21(0)
containing the start point (0,aj ). The zero curve leads either to
point (1,za) whereP(za)50, or diverges to a root ‘‘at infinity.’’

Each zero curve can be parameterized by its arc lengths, soga
has the form (l(s),z(s)). Tracking this curve involves numerica
computation of pointsyi'(l(si),z(si)), where$si% is an increas-
ing sequence of arc lengths. This can be done using a predi
corrector strategy described in@11,16#.

Along the zero curvega , we haveH(l(s),z(s))50, therefore
we can compute Eq.~4!

d

ds
H~l,z!5F Hl HzG Hdl/ds

dz/dsJ 50, (4)

where@JH#5@Hl ,Hz# is then3(n11) matrix of partial deriva-
tives of the homotopyH(l,z). Notice that the vectorv
5(dl/ds,dz/ds)T tangent to the zero curvega is in the nullspace
of the Jacobian matrix@JH#. This null space has dimension one b
the theory of polynomial homotopy maps@11,13#.

The unit tangent vectorvi , in the direction of increasing arc
length, at a pointyi on ga is used to predict a value for the ne
point yi 11

0 , that is Eq.~5!

yi 11
0 5yi1~si 112si !vi , (5)

Fig. 1 A sphere traced by a point at the wrist center of a TS
serial chain
Journal of Computing and Information Science in Engineering
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wheresi 112si is a chosen arc length step. The predicted value
yi 11

0 is corrected using the Taylor series expansion of the hom
topy given by Eq.~6!

H~yi 11
0 !1@JH~yi 11

0 !#~yi 11
1 2yi 11

0 !'0, (6)

which yields the correction formula Eq.~7!

yi 11
1 5yi 11

0 2@JH~yi 11
0 !#†H~yi 11

0 !. (7)

The dagger denotes the Moore-Penrose pseudoinverse of tn
3(n11) Jacobian matrix. Geometrically, iteration of the corre
tion formula movesyi 11

k toward the zero curvega along a normal
direction, and is termed the ‘‘normal flow algorithm.’’

The predictor can be improved by interpolation at previo
computed points along the zero curve, and a projective trans
mation can be used to bound the arc length of all of the path
that none diverge to infinity. Finally, an ‘‘end-game’’ strategy c
improve the calculation ofy nearl51. See@11# for details.

Fundamental to this approach to solving the equationsP(z)
50 is the determination ofa start systemQ(z)50 with a known
set of solutions. A general purpose homotopy algorithm must s
tematically construct a start system with known roots that is
propriate for the given set of polynomials. In the next section,
show how to construct a start system using a generalized lin
product representation of the system of polynomials.

3 Linear Product Decomposition
The fundamental theorem of algebra states that the numbe

roots of a polynomial is equal to or less than its degree, which
the integer value of its highest power—equality is obtained
roots are counted with the appropriate multiplicity. This has be
generalized to Bezout’s theorem which states that the numbe
roots of a system of polynomials is less than or equal to
product of the degrees of the individual polynomials, called
total degreeof the system. This fact leads to a relatively simp
start systemQ(z)50, wheredi , i 51, . . . ,n is the degree of the
i th polynomial in the target systemP(z)50, given by Eq.~8!

Q~z!55
a1z1

d12b1

a2z2
d22b2

]

anzn
dn2bn

6 50. (8)

The coefficientsai and bi are randomly selected complex num
bers. The solutions to this start system are easy to determine
provide the starting coordinates for tracing thed5d1d2 . . . dn
zero curves to the solutions ofP(z)50.

In the problems that we consider in this paper, the total deg
over-estimates the number of roots in the target polynomialP(z)
by a significant amount. For example in order to solve our
ample problem Eq.~1! the polynomial homotopy algorithm with
the start system Eq.~8! would track 128 paths to find 20 roots
which means over 80% of the computation is spent tracing pa
that are extraneous.

The problem of extraneous paths arises from the fact that
polynomials we wish to solve are not general, but instead h
internal structure that reduces the number of solutions. Mor
et al. @9# show that a ‘‘generic’’ system of polynomials that in
cludes every monomial of a particular system of polynomials w
have as many or more solutions as any version obtained by sp
fying values for the coefficients. This leads to the construction
the linear product decompositionof a system of polynomials. As-
sociated with a linear product decomposition is a start sys
that is easy to construct and solve called thegeneralized linear
product.

In order to illustrate the linear product decomposition, we a
lyze the example Eq.~1! in more details. Write these polynomial
in vector form to obtain Eq.~9!

~Pi2B!•~Pi2B!5R2, i 51, . . . ,7, (9)
SEPTEMBER 2004, Vol. 4 Õ 227
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where the dot denotes the vector dot product. Now subtract
first equation from the rest in order to eliminateR2. This reduces
the problem to six equations in the unknownsz
5(x,y,z,u,v,w), given by Eq.~10!

S~z!5H ~P2
•P22P1

•P1!22B•~P22P1!

]

~P7
•P72P1

•P1!22B•~P72P1!
J 50. (10)

Realizing the fact thatPj
•Pj2P1

•P1 ( j 52, . . . ,7) islinear in
terms ofx,y and z, it is not hard to verify that a generic set o
polynomials that contains our system as a special case ca
constructed as a product of linear factors, as

Q~z!5H ~a1x1b1y1c1z1d1!~e1u1 f 1v1g1w1h1!

]

~a6x1b6y1c6z1d6!~e6u1 f 6v1g6w1h6!
J 50,

(11)

where the coefficients are known complex constants. This st
ture is called thelinear product decompositionof the target sys-
tem.

Solutions to a linear product decomposition of a set of poly
mials are easily determined by assembling all combinations
factors, one from each equation, that can be set to zero and so
for the unknown parameters@17#. In our example, select thre
factors aix1biy1ciz1di50 from the six equations, and com
bine with the three factorseiu1 f iv1giw1hi50 in the remain-
ing equations. A solution of this set of six linear equations is a r
of Eq. ~11!. Thus, we find that this system has (3

6)520 solutions,
which matches the known result for Eq.~10!.

For the problems we consider the linear product decomposi
provides a bound on the number of solutions that is significa
less than the total degree.

4 Generalized Linear Product
The ‘‘generalized linear product’’ is a start system construc

from the linear product decomposition of a polynomial system
is an extended version of the ‘‘partitioned linear product’’ used
constructm-homogeneous start systems@11#.

We begin with a linear product decomposition for each of
polynomials Pi , i 51, . . . ,n in the unknownszi , i 51, . . . ,n.
Augment each factor in this decomposition with a constant te
if it is not already present. This means that a factor of the fo
^z1 ,z2 ,z3& is replaced bŷ z1 ,z2 ,z3 ,1&. Now for notational con-
venience we introduce the ‘‘mask’’Si j 5(si j 1 , . . . ,si jn) con-
structed fromn 1s and 0s in order to identify the unknowns
z5(z1 ,z2 , . . . ,zn) that appear in a specific linear factor. Th
allows us to write a general linear product decomposition
Eq. ~12!

PiP)
j 51

mi

^si j 1z1 , . . . ,si jnzn ,1&di j , (12)

where mi is the number of different factors in polynomialPi .
Notice thatdi5( j 51

mi di j is the degree ofPi . This decomposition
is specified by identifying the masksSi j and the associated de
greesdi j .

We now construct the start system by introducing the poly
mial Eq. ~13!

Gi j 5S (
k51

n

ci jksi jkzkD di j

21, (13)

for each factor in the augmented linear product decomposit
The coefficientsci jk are randomly specified complex number
Thus, the generalized linear product start system is given
Eq. ~14!
228 Õ Vol. 4, SEPTEMBER 2004
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Q~z!55 )
j 51

m1

G1 j

]

)
j 51

mn

Gn j
6 . (14)

In order to determine the roots of this start system, we foll
@11# and introduce the factor lexicographic vector F
5(F1 ,F2 , . . . ,Fn) which is the lexicographically ordered com
binations of factors taken one from each polynomial in the s
tem. Notice that F ranges from (1,1, . . . ,1)<F
<(m1 ,m2 , . . . ,mn). Next, we introduce thedegree lexico-
graphic vectorD5(D1 ,D2 , . . . ,Dn) which is the lexicographi-
cally ordered combinations of the count of the roots of unity
sociated with the degree of the factor. The setD ranges from
(0,0, . . . ,0)<D<(d1F1

21,d2F2
21, . . . ,dnFn

21), where 1
<diF i

by definition of our linear product decomposition.
Given a combination of factorsF, we have one or more array

D depending on the degrees of the specific factors identified byF.
These two vectors specify the linear system of equations Eq.~15!

@AF#z55
(
k51

m1

c1F1ks1F1kzk

(
k51

m2

c2F2ks2F2kzk

]

(
k51

mn

cnFnksnFnkzk

6 5H eiD1 /d1F1

eiD2 /d2F2

]

eiDn /dnFn

J 5bD . (15)

If @AF# is non-singular then the solution of this equation contr
utes a root to the start system for every root of unity in the ar
D. Wise et al.@11# provide an efficient algorithm for computing
the solutions to linear systems that are organized in this w
which was implemented in the polynomial homotopy softwa
POLSYS–PLP. We use the same algorithm to determine the ro
of our generalized linear product start systems. For this reason
term our algorithm POLSYS–GLP.

5 Verifying the Linear Product Decomposition
In order to execute POLSYS–GLP, the user provides both th

target polynomials and their associated linear product decomp
tions, which are used to construct the start system. If there is
error and the polynomial does not actually lie in the span of
specified generic linear products, then the homotopy is mean
less. Therefore, it is imperative to verify the linear product deco
position as follows.

For each polynomialPi , we check that each monomia
z1

a1z2
a2
¯zn

an is contained in the associated linear product deco

position) j 51
mi ^si j 1z1 , . . . ,si jnzn ,1&di j . Our approach is to create

‘‘set structure table’’ that has the linear terms
^si j 1z1 , . . . ,si jnzn ,1& as its column headings, and the factors
the expanded monomialz1

a1z2
a2
¯zn

an as its rows. This set structur
table has as many columns as the total degreedi of Pi , and as
many rows as the total degree of the monomial, which must
less than or equal todi .

The defining characteristic of a linear product decomposition
that each factor of the expanded monomial arises from a diffe
linear term in the decomposition. This means that each row of
set structure table must be assignable to a separate column. I
assignment does not exist then the linear decomposition is inv

We begin with the first row and search the columns left to rig
to find a linear term~column! that contains the associated mon
mial factor ~row!. This column number is saved in a list tha
Transactions of the ASME
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denotes the linear terms that have been taken. The row is in
mented and the search applied to the columns that have not
taken. When the final row is assigned to an available linear t
the verification for the monomial is complete.

If a row is found to have a factor that cannot be assigned
linear term, then the assignment of the factor in the previous
is advanced to the next linear term~column! in which it is con-
tained. This step continues until either all of the factors are
signed to separate columns, or there is no available assignme
the factor in the first row. If this occurs then the monomial is n
contained in the span of the linear product decomposition.

6 Parallelizing the Path Tracking Step
Each solution of the GLP start system Eq.~15! defines a start-

ing point to begin tracing an individual zero curve. The zero cu
for every root must be traced to determine whether it leads
root of the target system or to a point at infinity. Because th
calculations are independent, they can be distributed among
ferent processors in a parallel computing cluster. See@18–21#.

We use MPI-2~Message Passing Interface! described by Gropp
et al.@22# to distribute an identical set of POLSYS–GLP routines
among each ofn21 slave processing nodes, numberedr
51, . . . ,n21. The numberr is called therank of the processor.
The processor of rank 0 is the master node. Each of the s
nodes executes a loop consisting of a request to the master
for a path index. This index identifies the root that begins a p
ticular zero curve. The slave node traces the zero curve, rep
the results and requests another path index. The master nod
ceives the requests by the slave nodes, identifies the rank o
requesting node, distributes the next path index, and sends a
code when all the paths are traced.

Recall that the start system is constructed using random va
for the coefficients in the polynomialsGi j . We generate these
coefficients separately and provided them to the slave routines
a data file. In this way each slave node has the same start sy
with the same array of roots. This reduces the need for in
processor communication. The result is a convenient parallel c
putation of the homotopy zero curves leading from the roots of
start system to the roots of the target polynomial system.

7 Computation of Reachable Surfaces
We now consider the problem of finding surfaces that conta

set of points generated by a displaced rigid body. Our focus is
the surfaces reachable by the wrist center of an articulated s
chain. In general, each joint of an articulated serial chain is
signed to allow either pure rotation about, or a linear slide alo
the joint axis, and is termed a revolute or prismatic joint, deno
R and P, respectively. See@23# for an introduction to the kinemat
ics of articulated serial chains.

Revolute and prismatic joints can be combined to define o
specialized joints. In particular, the sequence of two revol
joints that have axes that intersect at right angles is called a g
bal, or universal joint, denoted by a T. Similarly, the sequence
a revolute and a prismatic joint constructed so their axes are
allel is called a cylindric~C! joint. Finally, a three revolute chain
with concurrent joint axes form a spherical~S!, or ball, joint. See
Table 1.

A spherical wrist is an S-joint that allows full orientation of th
gripper about its wrist center,P, therefore our reachable surface
by P under the control of two other joints in the articulated cha
The combinations available for revolute and prismatic joi
yields four basic chains: PPS, RPS, PRS, and RRS. The reac
surfaces defined by these chains are the plane, the circular h
boloid, the elliptic cylinder and the general torus.

We can obtain additional reachable surfaces by specializing
dimensional parameters that characterize the first two joints
particular, the RR chain has two defining parameters the dista
r, between the joint axes along their common normal line, and
anglea between them measured around this common normal.
Journal of Computing and Information Science in Engineering
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a5 p/2 we have the chain ‘‘right’’ RRS that traces a circul
torus. For the casea50, the ‘‘parallel’’ RRS traces a plane and i
equivalent to the PPS chain. If the parameterr50, then the sur-
face is part of a sphere, and fills the sphere fora5 p/2 which
characterizes a TS chain.

For RP and PR chains, only the anglea is important because
this joint ensures that all points to travel on lines parallel to
direction. We can identify the special cases of the RPS and P
for which this angle isa50, which in both cases become the C
chain that traces a circular cylinder. If this angle isa5 p/2, called
a ‘‘right’’ RPS, then the surface is again a plane equivalent to t
traced by the PPS chain.

Finally, all PP chains are essentially the same as long as
directions of the two joints are not parallel, so that some com
nent of movement perpendicular to the first prismatic joint
available by sliding along the second joint.

The result is a set of seven algebraic surfaces that are reach
by the wrist centers of a set of articulated chains. See Table

In what follows, we let matrices@Ti #5@Ai ,di #, i 51, . . . ,n
denote then given spatial displacements which the end-effec
must reach,@Ai # is a 333 rotation matrix anddi is a 331 trans-
lation vector. And we consider a pointp5(x,y,z)T in a moving
body. The images of this point on the spatial displacements de
the set of pointsPi5(Xi ,Yi ,Zi)

T5@Ai #p1di . The sets of poly-
nomial equations are formulated by requiring these image po
Pi lie on the seven reachable surfaces. We then provide a lin
product decomposition and the results of our polynomial hom
topy solution. Once the reachable surfaces are determined, we
compute the dimensions of corresponding serial chains.

7.1 The Plane. The PPS serial chain has the property th
the wrist centerPi5(X,Y,Z) is constrained to lie on a plane wit
normalG5(a,b,c) ~Fig. 2!, that is

G"Pi2d50, i 51, . . . ,6. (16)

Table 1 The five basic joints

Table 2 The basic serial chains and their associated reachable
surfaces

Case Chain angle length Surface

1 PPS – – plane
2 TS p/2 0 sphere
3 CS 0 – circular cylinder
4 RPS a – circular hyperboloid
5 PRS a – elliptic cylinder
6 right RRS p/2 r circular torus
7 RRS a r general torus
SEPTEMBER 2004, Vol. 4 Õ 229



m

-

e
e

i
e

o

i

m

w

as
on
sso-

t

int
-
line

e

-
the

ne.

q.
-

ly-
root

tial
ody
or

ain.
The parameterd is the product of the magnitudeuGu and the
signed normal distance to the plane. We setn56 because there
are only six independent unknowns in Eq.~16!, two coordinates of
G, the three coordinates ofp, andd. Notice, the components ofG
are not independent because only the direction ofG matters, not
its magnitude. A convenient way to constrain this magnitude is
choose a vectorm and scalare, and require thatG"m5e.

Subtract the first of Eq.~16! from the remaining to eliminated
and assemble the constraint equation, we obtain the polyno
system

P~z!5H G•~P22P1!

]

G•~P62P1!

G"m2e
J 50. (17)

This is a set of five quadratic equations and one linear equatio
the six unknownsz5(a,b,c,x,y,z). The total degree of this sys
tem is 25532.

It is easy to see that this polynomial system has a bilin
structure with the LPD bound (2

5)510, which means that may b
as many as 10 points in the moving body that lie on a plane for
specified positions of the end-effector. This system of polynom
Eq. ~17! is small enough that direct elimination of the paramet
can be used to obtain a univariate polynomial, which is found
be of degree 10.

Once the planeP and pointp are defined, then it is possible t
determine a PPS chain, a parallel RRS or a right RPS chain
guides this point through the specified positions.

7.2 The Sphere. We now return to our opening example
which n pointsPi5(Xi ,Yi ,Zi) constrained to lie on a sphere o
radiusR around the pointB5(u,v,w), Fig. 1. This problem has
seven parameters, the three components each ofp andB and the
radius R. Therefore we can evaluate Eq.~1! on n57 displace-
ments,

~Pi2B!22R250, i 51, . . . ,7. (18)

Subtract the first equation from the remainder in order to eli
nateR, and obtain Eq.~10! wherez5(x,y,z,u,v,w).

System Eq.~18! has the linear product decomposition as sho
in Eq. ~11!, from which we can compute the LPD bound (3

6)
520. Parameter elimination yields a univariate polynomial of d
gree 20, which means that this bound is exact. Innocenti@24#
presents an example that results in 20 real roots.

Fig. 2 A plane as traced by a point at the wrist center of a PPS
serial chain
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Thus, given seven arbitrary spatial positions there can be
many as 20 points in the moving body that have positions lying
a sphere. For each real point, it is possible to determine an a
ciated TS chain.

7.3 The Circular Cylinder. In order to define the equation
of a circular cylinder, let the lineL(t)5B1tG be its axis. A
general pointP on the cylinder lies on a circle about the pointQ
closest to it on the axisL(t). See Fig. 3.

By the geometry, the image pointsPi of the spherical wrist
must satisfy the circular cylinder equation

~~Pi2B!3G!22R2G250, i 51, . . . ,8. (19)

See@25# for the details on deriving the cylinder equation.
We set n58 because Eq.~19! have only eight independen

parameters, the radiusR, three for P5(X,Y,Z), two for B
5(u,v,w) and two forG5(a,b,c). Notice only the direction of
G matters not its magnitude, we choose an arbitrary vectorm and
scalare and require the components of G satisfy the constra
G"m2e50. The components of the pointB are also not indepen
dent, but for a different reason. It is because any point on the
L(t) can be selected as the reference pointB. We identify this
point by requiringB to lie on a specific planeU:(n, f ), that is
B"n2 f 50, wheren and f are chosen arbitrarily to avoid th
possibility that the lineL(t) may lie entirely onU.

Subtract the first of Eq.~19! from the remaining seven to elimi
nateR and assemble with two constraint equations to define
system of polynomials

C~z!55
~P23G!22~P13G!222~~P22P1!3G!•~B3G!

]

~P83G!22~P13G!222~~P82P1!3G!•~B3G!

G"m2e
B"n2 f

6 50.

(20)

Notice we have expanded the dot products in Eq.~19!. This is a
set of seven polynomials of degree four and two of degree o
The total degree is 47516,384. See@25,26# for additional details
about this problem.

A linear product decomposition for the polynomial system E
~20! is provided in@25#. The LPD bound is 2184 which is signifi
cantly less than the total degree. We use our POLSYS–GLP ho-
motopy algorithm to determine the roots for this system of po
nomials for a random set of test cases and obtain the exact
count for this problem as 804. Thus, for eight arbitrary spa
positions we can find as many as 804 points in the moving b
each of which has all eight positions on a circular cylinder. F
each of these points, we can determine an associated CS ch

Fig. 3 The circular cylinder reachable by a CS serial chain
Transactions of the ASME
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7.4 The Circular Hyperboloid. A circular hyperboloid is
generated by rotating one line around another so that every p
on the moving line traces a circle around the fixed line,G, which
is the axis of the hyperboloid, Fig. 4. Of all of these circles the

Fig. 4 The circular hyperboloid traced by the wrist center of
an RPS serial chain
n

’

e

0

c
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is one with the smallest radius,R, and its centerB5(u,v,w) is
the center of the hyperboloid.

By the geometry, a pointP on the circular hyperboloid mus
satisfy the following equation

~P2B!22~~P2B!•G!2S 11tan2 a

G"G D2R250. (21)

See@27# for details deriving the hyperboloid equation.
Expand Eq.~21! and collect terms to obtain

k0P"P12K "P2~P"G!22z50, (22)

where we have introduced the parametersk0 , K5(k1 ,k2 ,k3) and
z defined by

k05
G"G

11tan2 a
, K5~B"G!G2k0B, z5~B"G!22k0B"B1k0R2.

Thus, the 11 dimensional parametersz, k0 , K , G, andP define a
circular hyperboloid.

As we have seen previously, it is the direction ofG and not its
magnitude that is required, so this magnitude can be set usin
arbitrary vectorm and scalare in the constraint equationG"m
2e50.

Evaluating Eq.~22! with the image pointsPi( i 51, . . . ,10)
yields 10 polynomial equations. Subtract the first of these eq
tions from the remaining in order to eliminatez and assemble with
the constraint equationG"m2e50, we can obtain the system o
polynomial equations
H~z!5H k0~P2
•P22P1

•P1!12K•~P22P1!2~P2
•G!21~P1

•G!2

]

k0~P10
•P102P1

•P1!12K•~P102P1!2~P10
•G!21~P1

•G!2

G"m2e
J 50. (23)
q.
les,
Equation~23! is a system of nine fourth degree polynomials a
one linear equation which has a total degree of 495262,144. See
@26,28# for other formulations of this problem.

A linear product decomposition for this polynomial system
provided in @27#. The LPD bound is 9216. Our POLSYS–GLP
algorithm yielded a generic root count of 1024 among the 92
homotopy paths. This calculation took approximately 24 hours
a single 2.4GHz PC~384 paths/processor-hour!. The parallel ver-
sion of POLSYS–GLP was run on 8 64-bit processors of UCI
Beowulf cluster, and required 30 minutes~2304 paths/processor
hour!. This particular problem has a structure that is conveni
for polyhedral homotopy algorithms, which yield the same so
tions in minutes on a single processor by tracking only 1024 pa
@29#.

Thus, for ten spatial positions, we can find as many as 1
points that have all 10 positions on a circular hyperboloid. F
each of these points we can find an associated RPS chain.

7.5 The Elliptic Cylinder. An elliptic cylinder is generated
by a circle that has its center swept along a lineL(t)5B1tS1
such that the vector through the center normal to the plane of
circle maintains a constant directionS2 at an anglea relative to
the directionS1 of L(t), see Fig. 5. The major axis of the ellipti
cross-section is the radiusR of the circle and the minor axis is
R cosa. This surface is generated by the wrist center of a P
chain that has its P-joint aligned with the axisL(t) and its R-joint
positioned so its axis is alongS2 .

A point P on the elliptic cylinder must satisfy

~S23~~P2B!3S1!!22R2~S1•S2!250. (24)
d

is

16
on

s
-
nt

lu-
ths

24
or

the

RS

See@25# for details on the derivation. To reduce the degree of E
~24!, we expand the triple product and introduce new variab
that is Eq.~25!

S23~~P2B!3S1!5~S1•S2!~P2B!2~~P2B!•S2!S1

5~S1•S2!~P2~P"K !S11Q!, (25)

where

K5
S2

S1•S2
, and Q5~B"K !S12B.

Fig. 5 The elliptic cylinder reachable by a PRS serial chain
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We then add the constraints

S1•S151, K "S151, and Q"K50. (26)

Notice that these definitions reduce the degree of the polynom
Eq. ~24! from six to four after canceling (S1•S2)2, that is

~P2~P"K !S11Q!)22R250. (27)

Equation~27! have 13 unknowns the radiusR, three for each of
the vectorsP, K , Q, S1 . However only 10 of them are indepen
dent because of the constraints Eq.~26!.

Evaluating Eq.~27! on the ten image pointsPi( i 51, . . .,10)
yields ten polynomial equation of degree four. We then subtr
the first of these equations from the remaining and assemble
constraints Eq.~26! to obtain the polynomial system

E~z!55
~P22~P2

•K !S11Q!22~P12~P1
•K !S11Q!2

]

~P102~P10
•K !S11Q!22~P12~P1

•K !S11Q!2

S1•S121
K "S121

Q"K
6 50,

(28)

which has the total degree 492352,097,152.
The best linear product decomposition of Eq.~28! we have

found yields the LPD bound of 247,968, which is large. See
tails on the LPD structure in@30#. This system was solved usin
our parallelized POLSYS–GLP on 128 nodes of the Blue Horizo
supercomputer at the San Diego Supercomputer Center. The r
was 18,120 solutions in almost 33 minutes. Because each no
Blue Horizon has eight processors, this corresponds to 563
hours, or approximately 440 paths/processor-hour.

7.6 The Circular Torus. A circular torus is generated b
sweeping a circle around an axis so its center traces a se
circle. Let the axis beL(t)5B1tG, with Plucker coordinatesG
5(G,B3G). See Fig. 6. Introduce a unit vectorv perpendicular
to this axis so the center of the generating circle is given byQ
2B5rv. Now defineu to be the unit vector in the directionG,
then a pointP on the torus is defined by the vector equation,

P2B5rv1R~cosfv1sinfu!, (29)
n

o
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wheref is the angle measured fromv to the radius vector of the
generating circle.

An algebraic equation of the torus is obtained from Eq.~29! by
first computing the magnitude Eq.~30!

~P2B!25r21R212rR cosf. (30)

Next compute the dot product withu, to obtain Eq.~31!

~P2B!•u5R sinf. (31)

Finally, eliminate cosf and sinf from these equations, and th
result is

G2~~P2B!22r22R2!214r2~~P2B!•G!254r2G2R2.
(32)

This is the equation of a circular torus. It has 11 parameters,
scalarsr andR and the three vectorsG, P andB.

In order to simplify this system of polynomials we introduc
the parameters

H52rG and k15B22r22R2,

which yields the identity Eq.~33!

4r2R25H2S B22
H2

4
2k1D . (33)

Substitute these relations into Eq.~32! which eliminatesR2 and
we obtain the system of 10 polynomials

Fig. 6 The circular torus traced by the wrist center of a ‘‘right’’
RRS serial chain
T~z!55
~~P1!222P1

•B1k1!21~~P12B!•H!22H2S B22
H2

4
2k1D

]

~~P10!222P10
•B1k1!21~~P102B!•H!22H2S B22

H2

4
2k1D 6 50, (34)
le,
nor-

d
nor-

ows
s

which has the total degree 41051,048,576.
It is difficult to find a simplified formulation for these equa

tions, even if we subtract the first equation from the remaining
order to cancel terms. The best linear product decompositio
Eq. ~34! we have found yields the LPD bound of 868,352 which
not much different to the total degree. See@30# for the details on
the LPD structure. The computation of these homotopy paths t
72 minutes on 128 nodes of the Blue Horizon supercomputer. T
means the over 800,000 paths were tracked on 1024 process
a rate of approximately 707 paths per hour.

7.7 The General Torus. A general torus is defined by
sweeping a circle that has a general orientation in space aroun
arbitrary axis. See Fig. 7. LetS15(S1 ,B3S1) be the Plucker
coordinates of the line that forms the axis of the torus, andS2
-
in
of

is

ook
his
rs at

d an

5(S2 ,Q3S2) be the through the center of the sweeping circ
perpendicular to its plane. These two lines define a common
mal N and we choose its intersection withS1 and S2 to be the
reference pointsB and Q, respectively. The normal angle an
distance between these lines around and along their common
mal are denoteda and r. Finally, we identify the center of the
sweeping circle as lying a distanced alongS2 measured fromQ.

In this derivation, we constrainS1 andS2 to be unit vectors, in
order to reduce the degree of the resulting equation. This all
us to define the unit vector in the common normal direction an
5(S13S2)/sina, so we obtain a general pointP on the torus from
the vector Eq.~35!,

P2B5rn1dS21R~cosfn1sinf~S23n!!. (35)
Transactions of the ASME
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The algebraic equation for the torus is obtained by first compu
Eq. ~36!

~P2B!25r21d21R212rR cosf, (36)

and Eq.~37!

~P2B!•~S23n!5R sinf. (37)

Notice thatS23n is

S23
S13S2

sina
5

1

sina
~S12cosaS2!.

Now, eliminatef between these two equations to obtain

~~P2B!22r22d22R2!21
4r2

sin2 a
~~P2B!•S12d cosa!2

24r2R250. (38)

This equation has four scalar parametersr, a, d andR, and three
vector parametersP, B andS1 which combine with the constraint
uS1u51, to yield 12 independent parameters.

Fig. 7 The general torus reachable by the wrist center of an
RRS serial chain
S

v

i
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In order to simplify the use of Eq.~38!, we introduce the new
parameters

k15B"B2r22R22d2,

k25~B"S11d cosa!
2r

sina
,

k354r2R2,

H5
2r

sina
S1 ,

This allow us to write Eq.~38! in the form

~P"P22P"B1k1!21~P"H2k2!22k350. (39)

This is a quartic polynomial in the 12 unknowns, consisting
k1 ,k2 ,k3 and the componentsP, B andH.

We then evaluate Eq.~39! on the image pointsPi( i
51, . . . ,12) andobtain 12 polynomials of degree four. Subtra
the first of these equations from the remaining to cancelk3 and
obtain

Table 3 Summary of the total degree, LPD bound, and number
of solutions of the polynomial equations that define each
reachable surface

Case Surface Total degree LPD bound Number of ro

1 plane 32 10 10
2 sphere 64 20 20
3 circular cylinder 16,384 2184 804
4 circular hyperboloid 262,144 9216 1024
5 elliptic cylinder 2,097,152 247,968 18,120
6 circular torus 2,097,152 868,352 94,622
7 general torus 4,194,304 448,702 42,615
G~z!5H ~P2
•P222P2

•B1k1!22~P1
•P122P1

•B1k1!21~P2
•H2k2!22~P1

•H2k2!2

]

~P12
•P1222P12

•B1k1!22~P1
•P122P1

•B1k1!21~P12
•H2k2!22~P1

•H2k2!2
J 50. (40)
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The total degree of polynomials system Eq.~40! is 411

54,194,304 with 11 unknownsk1 , k2 , P, B andH.
We can refine the estimate of the number of roots of this po

nomial system by using the linear product decomposition. T
best linear product decomposition we have found yields the L
bound of 448,702 which is much lower than the total degree.
@30#. Our parallel POLSYS–GLP algorithm computed 42,615 so
lutions in 42 minutes using 128 nodes of Blue Horizon. This
approximately 626 paths/processor-hour. Each real solution ca
used to design an RRS chain to reach the specified displacem
The distribution and utility of these solutions requires furth
study.

8 Conclusion
In this paper, we seek points in a moving body that lie on se

algebraic surfaces that are reachable by an articulated chain w
spherical wrist, see Table 2. The algebraic equations of th
reachable surfacesare evaluated for a specified set of spatial d
placements, in order to define a system of polynomial equat
that are solved to determine the surface.
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The complexity of this problem increases with degree of
surface and the number of parameters that define it, and for al
the simplest cases we use a numerical homotopy algorithm to
all of the roots. Vector operations in the derivation of these eq
tions yield a general linear product structure that allows us
show the number of roots is~often! less than the total degree o
the system. This linear product bound defines the number of p
that we must track using our homotopy algorithm POLSYS–GLP
to find these roots. Table 3 summarizes the results of our anal
Note that the task positions are chosen to be generic eno
to allow the resulted polynomial systems havefinite number
solutions.

Except for the plane and sphere, this is the first computation
the solutions for these polynomial systems. The three most c
lenging cases were the elliptic cylinder, right circular torus and
general torus, which correspond to the PRS, the right RRS,
general RRS chains. In these cases, our algorithm required
Blue Horizon supercomputer in order to compute tens of th
sands of solutions. More research is required to increase
efficiency of the calculation and to evaluate the utility of ea
solution.
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