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ABSTRACT

In this work, we propose a new semi-supervised classification algo-
rithm for remotely sensed hyperspectral images. The main contribu-
tion of this work is the development of new soft sparse multinomial
logistic regression (S2MLR) model which exploits both hard and
soft labels. In our terminology, these labels respectively corre-
spond to labeled and unlabeled training samples. In order to obtain
the soft labels, we use a recently proposed subspace-based MLR
algorithm (MLRsub). The proposed semi-supervised algorithm
represents an innovative contribution with regards to conventional
semi-supervised learning algorithms that only assign hard labels to
unlabeled samples. The effectiveness of our proposed method is
evaluated via experiments with a widely used hyperspectral image
collected by the Airborne Visible Infra-Red Imaging Spectrometer
(AVIRIS) over the Indian Pines region in Indiana. Our results indi-
cate that the proposed method provides state-of-the-art performance
when compared to other methods.

Index Terms— Hyperspectral image classification, semi-
supervised learning, soft labels, unlabeled training samples, sparse
multinomial logistic regression.

1. INTRODUCTION

Remotely sensed hyperspectral image classification is an active area
of research [1]. It amounts at taking advantage of the detailed in-
formation contained in hyperspectral pixel vectors (spectral signa-
tures) to generate thematic maps. A relevant challenge for super-
vised classification techniques (which assume prior knowledge in
the form of class labels for some spectral signatures) is the limited
size of labeled training sets, since their collection generally involves
expensive ground campaigns. While the collection of labeled sam-
ples is generally difficult, expensive and time-consuming, unlabeled
samples can be generated in a much easier way. This observation
fostered the idea of semi-supervised learning techniques, in which
the main assumption is that new (unlabeled) training samples can
be obtained from the (limited) set of available labeled samples with-
out significant effort/cost, and without the need to design a ground
campaign.

Semi-supervised learning has evolved into more complex gener-
ative models [2–5], self-learning models [6, 7], multi-view learning
models [8,9], transductive support vector machines (SVMs) [10,11],
and graph-based methods [12, 13]. A survey of semi-supervised
learning algorithms is available in [14]. Most semi-supervised learn-
ing algorithms use some type of regularization which encourages
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that “similar” features belong to the same class. The effect of this
regularization is to push the boundaries between classes towards re-
gions of low data density [15], where a rather usual way of building
such regularizer is to associate the vertices of a graph to the complete
set of samples and then build the regularizer depending on variables
defined on the vertices. This trend has been successfully adopted in
several remote sensing image classification studies [16–21].

In general, these algorithms usually add hard labels to the set of
unlabeled samples, then use jointly the labeled and unlabeled train-
ing set to perform classification [18, 22]. Although these methods
exhibit very good performance, difficulties may arise from the view-
point of the complexity of the model and its high computational cost.
Furthermore, when a hard label is inappropriately estimated (which
may often happen when limited training samples are available) the
learning process is driven by unlabeled samples. It is well-known
that hyperspectral images are dominated by mixed pixels, and hence
assigning a hard label to a pixel as a whole may be a potential source
of errors if several spectral constituents participate in the spectral sig-
nature associated to the pixel [20]. This calls for new developments
in the area of semi-supervised learning, which could exploit unla-
beled information (e.g. by means of soft labels) in a more effective
way. The use of soft classification labels has been very rarely studied
in semi-supervised learning. In [23] soft labels are combined with
harmonic energy minimization into an external classifier based on
the graph strategy. In [24], posterior marginals are considered as soft
labels which lead to good performance. In [25], a novel fuzzy-input
fuzzy-output SVM classifier (F2SVM) was designed to address sub-
pixel classification problems. The proposed F2SVM algorithm uses
an input fuzzy membership function to model the sub-pixel abun-
dances of unknown patterns in the learning process.

In this work, we develop a soft sparse multinomial logistic
regression (S2MLR) model which belongs to the family of self-
learning algorithms. Compared with the original model in which it
is inspired [26,27], the S2MLRmakes use of both hard and soft clas-
sification labels. As opposed to other self-learning methods which
expand the training set by using unlabeled samples with hard labels,
the proposed semi-supervised algorithm exploits the concept of soft
labels generating unlabeled training samples, where the soft labels
are obtained by using a recently proposed subspace-based MLR
algorithm (MLRsub) [28]. This algorithm is specifically designed
to address the problem of mixed pixels and provides high confidence
for the posterior probabilities estimates for such pixels.

The remainder of the paper is organized as follows. Section
2 introduces the S2MLR model and presents the proposed semi-
supervised learning strategy. Section 3 evaluates the effectiveness
of the proposed method via experiments with a widely used hyper-
spectral image, collected by the Airborne Visible Infra-Red Imag-



ing Spectrometer (AVIRIS), over the Indian Pines region in Indiana.
Section 4 concludes the paper with some remarks and hints at plau-
sible future research lines.

2. SOFT SPARSEMULTINOMIAL LOGISTIC
REGRESSION (S2MLR) MODEL

First, we briefly define the notations used in this paper. Let K ≡
{1, . . . ,K} denote a set of K class labels; S ≡ {1, . . . , n} a set
of integers indexing the n pixels of an image; x ≡ (x1, . . . ,xn) an
image of d-dimensional feature vectors, y ≡ (y1, . . . , yn) an image
of labels, and yi = [y

(1)
i , ..., y

(K)
i ]T denote a “1-of-K” encoding

of the K classes, where
∑K

k=1 y
(k)
i = 1, y(k)

i ∈ {0, 1} for hard
labels and y(k)

i ∈ [0, 1] for soft labels; L be the number of labeled
training samples; U be the number of unlabeled training samples.
In the following, we describe the classic sparse multinomial logistic
regression (SMLR) model and our proposed variation (S2MLR).

2.1. The original SMLR

The original SMLR [26] models the posterior class probabilities as

p(y
(k)
i = 1|xi,ω) ≡

exp
(
ω

(k)h(xi)
)∑K

k=1 exp
(
ω

(k)h(xi)
) , (1)

where h(xi) ≡ [h1(xi), ..., hl(xi)]
T is a vector of l fixed func-

tions of the input, often termed features; ω denotes the regressors
and ω ≡ [ω(1)T , ...,ω(K−1)T ]T . Since the density (1) does not de-
pend on translations on the regressors ω(k), in this work we take
ω

(K) = 0. It should be noted that the function h may be lin-
ear (i.e., h(xi) = [1, xi,1, ..., xi,d]

T , where xi,j is the j-th com-
ponent of xi) or nonlinear. A kernel function is some symmetric
function which offers a mechanism to deal with the nonlinear case,
i.e., h(xi) = [1, Kxi,x1

, ..., Kxi,xl
]T , where Kxi,xj

= K(xi,xj)
and K(·, ·). Kernels have been largely used in this context since
they tend to improve data separability in the transformed space. In
this work, we use the Gaussian Radial Basis Function (RBF) kernel:
K(x, z) ≡ − exp(‖x − z‖2/(2σ2)) kernel, which is widely used
in hyperspectral image classification [29].

In order to control the machine complexity and, thus, its general-
ization capacity, following the SMLR algorithm introduced in [27],
we model ω as a random vector with Laplacian density p(ω) ∝
exp(−λ‖ω‖1), where λ is the regularization parameter controlling
the degree of sparsity of ω. Under the present setting, learning
the class densities amounts to estimating the logistic regressors ω
[21, 27, 30]. Adopting the maximum a posteriori (MAP) estimation
criterium, we have

ω̂MAP = argmax
ω

�L(ω) + log p(ω), (2)

where �L(ω) is the log-likelihood function on the labeled informa-
tion and

�L(ω) =
L∑

i=1

( K∑
k=1

y
(k)
i ω

(k)
xi − log

K∑
k=1

exp(ω(k)
xi)

)
. (3)

Notice that, y(k)
i are hard labels, i.e., y(k)

i ∈ {0, 1}.

2.2. Soft Sparse Multinomial Logistic Regression (S2MLR)

Let {(yi,xi) : i = 1, . . . , L} and {(yi,xi) : i = L+1, . . . , L+U},
respectively, the labeled the unlabeled data sets. Since our approach
is semi-supervised, we will learn the classifier from the labeled data,
usually a set of small size, and from the unlabeled data sets, usually
a larger set. The usual way to do inference with unobserved data
is the expectation maximization (EM) algorithm. In the present
context, the E-step and M-step this algorithm are given by

E-step: Q(ω|ω̂t) ≡ �L(ω) + �U (ω) + log p(ω),
M-step: ω̂t+1 ≡ argmaxQ(ω|ω̂t),

where �L(ω) is given by (3) and

�U (ω) =

L+U∑
i=L+1

(
K∑

k=1

ŷ
(k)
i ω

(k)
xi − log

K∑
k=1

exp(ω(k)
xi)

)
, (4)

where ŷ(k)
i ≡ E[y

(k)
i | XU , ω̂t] = p(yi = k|XU , ω̂t); i.e., �U (ω)

has the same structure of (3) but now ŷ
(k)
i denotes probabilities, of-

ten called soft labels to contrast with the hard labels supplied with
the training set.

In this work, we heuristically replace the soft labels ŷ(k)
i ≡

E[y
(k)
i | XU , ω̂t] = p(yi = k|XU , ω̂t) with the probabilities given

by the MLRsub algorithm [28]. This is because the MLRsub algo-
rithm [28] is very well suited to mixed pixels, i.e., pixels with mate-
rials appearing in more than one class and thus difficult to classify.
More details about the MLRsub algorithm can be found in [28].

It should be noted that, if the features are given by kernels,
then the original SMLR is limited to data sets with products L ×
K not larger than, say, 1000. Therefore, most hyperspectral data
sets are beyond the reach of this algorithm. This difficulty was re-
cently removed by the introduction of the logistic regression via vari-
able splitting and augmented Lagrangian (LORSAL) algorithm [31],
which is able to deal with training sets with a few thousands train-
ing samples, regardless of the number of classes. LORSAL plays a
central role, for example, in [21, 30]. In this paper, following our
previous work, we resort to the LORSAL algorithm to estimate the
regressors.

3. EXPERIMENTAL RESULTS

The well-known AVIRIS Indian Pines scene was used in our exper-
iments. The data were collected over Northwestern Indiana in June
of 1992 [1], and contains 145×145 pixels and 220 spectral bands. A
total of 20 bands were removed prior to experiments due to noise and
water absorption in those channels. The ground-truth data contains
16 mutually exclusive classes, and a total of 10366 labeled pixels.
This image is a classic benchmark to validate the accuracy of hy-
perspectral image analysis algorithms and constitutes a challenging
problem due to the significant presence of mixed pixels in all avail-
able classes, and also because of the unbalanced number of available
labeled pixels per class. In our experiments, labeled training sam-
ples are randomly selected from the ground-truth data, whereas the
remaining samples are used as the validation set. In order to increase
the statistical significance of the results, each value of overall accu-
racy (OA), kappa statistic (κ) and average accuracy (AA) reported in
this work is obtained as the average of 10 Monte Carlo (MC) runs.

Fig. 1 illustrates the obtained OA, κ and AA results as a func-
tion of the number of unlabeled training samples with 160 labeled
samples (10 samples per class). This constitutes a very low num-
ber of samples, thus leading to a very difficult classification problem



regardless of whether a supervised or a semi-supervised technique
is adopted. In the former case, poor generalization capability is ex-
pected. In the latter case, the trade-off between a large number of
unlabeled samples versus a small number of labeled samples could
bias the learning process. To address these problems, we resort to
the following iterative scheme:

1. The posterior probabilities of unlabeled samples are esti-
mated by the MLRsub algorithm [28].

2. A set of U unlabeled samples (with U ≤ L) are selected and
incorporated to the set of L labeled samples for joint consid-
eration by the proposed S2MLR-based classifier.

3. Steps 1-2 are repeated in iterative fashion until some stopping
criterion is met. The criterion considered in this work is a
maximum number of unlabeled samples.

The proposed iterative scheme offers two main advantages. First
and foremost, the MLRsub classifier can be trained jointly with la-
beled and unlabeled samples by means of the S2MLR model, thus
leading to better posterior probability estimates which will can be
used as soft labels in the proposed framework. Second, with the
setting of U ≤ L, the influence of unlabeled training samples can
be more balanced in the case of poor generalization capability by
simply expanding the set of unlabeled samples iteratively.

Fig. 1 reports the classification accuracies obtained by the
proposed semi-supervised method as the number of unlabeled sam-
ples is increased. It can be observed that the proposed algorithm
leads to very good performance in terms of OA, κ and AA scores.
For instance, with 160 labeled samples and no unlabeled sam-
ples, the proposed algorithm obtained OA=61.70%, κ = 57.22
and AA=73.04%. However, by including 1577 unlabeled samples
(which come at very low cost) the proposed algorithm increased
the classification accuracy to OA=69.37%, κ = 65.45% and
AA=79.13%. Note that all the aforementioned metrics were sig-
nificantly improved with 7.67%, 8.23% and 6.09% improvement,
respectively. Another important observation is that the classification
results increase as the number of unlabeled samples increases.

For illustrative purposes, Table 1 shows the classification results
obtained for each of the 10 conducted MC runs. The table reveals
that the classification results are improved in all cases by using un-
labeled samples which are very easy to generate in our proposed
framework. From these results we can also conclude that the per-
formance of the proposed semi-supervised algorithm is relevant to
the size of the unlabeled samples. Furthermore, in the case of poor
generalization (see MC4 in Table 1), the proposed semi-supervised
algorithm still highly improved the accuracies. This is because the
S2MLR model allows using unlabeled samples in conjunction with
labeled samples to better optimize the class boundaries and associate
together all of the samples sharing common properties in the same
region, while preserving the relevance of labeled samples in the pro-
cess thus allowing a better balance between labeled and unlabeled
samples in the classification process.

For illustrative purposes, Fig. 2 shows the classification maps
obtained in one of the conducted Monte Carlo runs (MC10 in Table
1) along with the respective ground-truth map. The improvements
in classification obtained by means of the proposed strategy can be
graphically observed in the results reported in this figure.

4. CONCLUSION

In this work, we have developed a new soft sparse multinomial
logistic regression model (S2MLR) which uses both hard and soft
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Fig. 1. OA [%], κ [%] and AA [%] results as a function of the
number of unlabeled samples obtained after 10 Monte Carlo (MC)
runs using the proposed semi-supervised algorithm with 160 labeled
samples (10 per class).

classification labels as opposed to other semi-supervised learning
algorithm which are usually based on hard labels when deriving un-
labeled training samples. Our proposed strategy allows us to model
better the phenomenon of mixed pixels present in hyperspectral
images by accepting soft labels from many different sources. In
this work, we use the posterior probabilities obtained by a recently
proposed subspace-based multinomial logistic regression algorithm
(MLRsub) as soft labels, mainly because these probabilities ex-
hibit high confidence in the estimates provided for mixed pixels.
The effectiveness of the proposed method has been evaluated via
experiments with a widely used hyperspectral image, collected by
the Airborne Visible Infra-Red Imaging Spectrometer (AVIRIS)
over the Indian Pines region in Indiana. Our results indicate that
the proposed semi-supervised algorithm provides state-of-the-art
performance with very limited training samples. In the future, addi-
tional sources for the generation of soft labels (e.g., the abundances
obtained after classic spectral unmixing) as well as additional hyper-
spectral data sets will be used to fully substantiate the contributions
of our newly introduced framework. Additional studies will also be
conducted on the influence of the size of set of unlabeled samples
available at each algorithm iteration. In future work, we will also tar-
get additional mechanisms for exploiting the unlabeled information
in a more efficiently way, e.g., by means of active learning.
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