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ABSTRACT

In this paper, we develop a new algorithm for hyperspectral
unmixing which can provide suitable endmembers (and their
corresponding abundances) in a single step. Hence, the algo-
rithm does not require a previous subspace identification step
to estimate the number of endmembers as it can cope with
the two most likely scenarios in practice (i.e., the number
of endmembers is correctly determined or overestimated a
priori). The proposed approach, termed collaborative NMF
(CoNMF), uses a collaborative regularization prior which
forces the abundances corresponding to the overestimated
endmembers to zero, such that it is guaranteed that only the
true endmembers have fractional abundance contributions and
the estimation of the number of endmembers is not required
in advance. The obtained experimental results demonstrate
that the proposed method exhibits very good performance in
case the number of endmember is not available a priori.

Index Terms—Hyperspectral imaging, spectral unmix-
ing, collaborativity.

1. INTRODUCTION

Spectral unmixing is an important task for remotely sensed
hyperspectral data exploitation [1]. It amounts at estimating
the abundance of spectrally pure components (called end-
members in hyperspectral imaging literature). In the last few
years, several techniques have been developed for automatic
endmember identification, with and without assuming the
presence of pure spectral signatures in the input hyperspec-
tral data [2–4]. However, the estimation of the number of
endmembes (generally assumed to be known as prior infor-
mation) remains a more elusive goal, despite the availability
of subspace identification algorithms specifically designed for
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this purpose [5, 6]. Let p denote the true number of endmem-
bers in a hyperspectral image and let p̂ denote the number of
endmembers estimated by a certain algorithm. In general, p̂
fluctuates around p but three situations are possible:

• If p̂ = p, we have an ideal situation and most exist-
ing endmember identification algorithms rely on this
assumption [1].

• If p̂ < p, then the number of endmembers is underes-
timated. This situation is generally easy to identify as
the reconstruction of the original hyperspectral image
based, for instance, on the well-known linear mixture
model [7] should provide a very high reconstruction er-
ror, thus allowing a trained analyst to identify that more
endmembers are needed for the model to work properly.

• If p̂ > p, then the number of endmembers is overes-
timated. This is a difficult problem as compared with
the underestimation situation, since the reconstruction
error using more endmembers than needed would pro-
vide similar values than those obtained when p̂ = p.
This is particularly critical for endmember identifica-
tion algorithms designed without assuming that the true
endmembers are present in the input hyperspectral data
[8–14].

In this paper, we develop a new algorithm for hyperspec-
tral unmixing which can provide suitable endmembers (and
their corresponding abundances) when p̂ = p and p̂ > p.
Hence, the algorithm does not require a previous subspace
identification step to estimate the number of endmembers as
it can cope with the two most likely scenarios in practice
(i.e., the number of endmembers is correctly determined or
overestimated a priori). The algorithm addresses a limita-
tion observed, for instance, in nonnegative matrix factoriza-
tion (NMF) algorithms for endmember identification [9, 13],
which tend to assign abundances to all obtained endmembers,
such that overestimated endmembers (i.e., those resulting in
the case that p̂ > p) will have abundance contributions which
is not true in reality. On the other hand, minimum volume
enclosing algorithms for endmember identification will fail

3078978-1-4673-1159-5/12/$31.00 ©2012 IEEE IGARSS 2012



in the case that p̂ > p due to the determinant calculation in-
volved in those algorithms. The proposed approach, termed
collaborativeNMF (CoNMF), uses a collaborative regulariza-
tion prior [15] which forces the abundances corresponding to
the overestimated endmembers to zero, such that it is guaran-
teed that only the true endmembers have fractional abundance
contributions and the estimation of the number of endmem-
bers is not required in advance. The obtained experimental
results demonstrate that the proposed method exhibits very
good performance in case the number of endmember is not
available a priori.

2. PROPOSED APPROACH

LetY ≡ [y1, . . . ,yn] ∈ R
d×n be a hyperspectral image with

n spectral vectors and d spectral bands. The hyperspectral
image is represented as a matrix, holding in its columns the
spectral vectors yi ∈ R

d, for i = 1, . . . , n. Under the linear
mixing model [7], we have:

Y = MS+ n

s.t. : S ≥ 0, 1T
p S = 1T

n ,
(1)

whereM ≡ [m1, . . . ,mp] ∈ R
d×p is a so-called mixing ma-

trix containing p endmembers,mi denotes the i-th endmem-
ber signature, and S = [s1, . . . , sp]

T ∈ R
p×n is the abun-

dance matrix containing the endmember fractions for every
pixel in the hyperspectral scene. Finally, n collects the errors
that affect the measurement process (e.g., noise). For each
pixel, the abundance fractions should be no less than zero and
sum to one, which are known as the non-negativity and sum-
to-one constraints. These are represented in Eq. (1), where 1p

is a column vector containing p ones. In this work, we solve
the optimization problem in Eq. (1) using NMF as follows:

(M̂, Ŝ) = argmin
M,S

1

2
‖Y −MS‖22 + α

p̂∑
i=1

‖si‖
q
2

+β
2

∑p̂

i=1 ‖mi − y‖22
s.t. : S ≥ 0, 1T

p S = 1T
n ,

(2)
where α and β are regularization parameters and y is the
mean value of the data. The regularization term on the abun-
dance matrix is a collaborative prior which promotes com-
plete lines of zeros, where 0 < q ≤ 1 is a parameter con-
trolling the degree of collaborativity. The regularization term
on the right hand side, similar to those introduced in [16, 17],
pushes the endmembers towards the data set mass center, thus
promoting minimum size of the convex hull defined by the
endmembers. Contrarily to the widely used determinant reg-
ularizer, the proposedminimum size regularizer is convex and
well defined for any number of endmembers, even when p is
overestimated.

The optimization problem in Eq. (2) is nonconvex and,

hence, very difficult to solve. In this work, we adopt a greedy
iterative scheme to obtain local minima. At the t+1-th itera-
tion, we solve the following optimizations with respect to M

and S:

M̂(t+1) = argmin
M

1

2
‖Y −MŜ(t)‖

2
2 +

β

2

p̂∑
i=1

‖mi − y‖22︸ ︷︷ ︸
fM|S(M|S(t))

,

(3)
and

Ŝ(t+1) = argmin
S

1

2
‖Y − M̂(t)S‖

2
2 +

α× q

2

p̂∑
i=1

‖si‖
2
2

‖si(t)‖
2−q
2︸ ︷︷ ︸

fS|M(S|M(t+1))

s.t. : S ≥ 0, 1T
p S = 1T

n .
(4)

The right hand side term in (4) is a quadratic lower bound
for the sparsity inducing regularizer

∑p̂
i=1 ‖si‖

q
2. Thus the

minimization (4) decreases the objective function (2).

Problem (3) is quadratic. Its solution is given by

M̂(t+1) = (YST
(t) + βYp̂)(S(t)S

T
(t) + βIp̂)

−1, (5)

where Ip̂ ∈ R
p̂×p̂ is the identity matrix andYp̂ = [y, . . . ,y]p̂ ∈

R
l×p̂.

Problem (4) is quadratic with convex constraints. We
solve it using the projected gradient method. That is, at
iteration t, we run the iterative procedure

Ŝ(i+1) = P
(
Ŝ(i) − λ(i)∇Sf(S

(i) |M(t+1))
)
, (6)

where P denotes successive projection onto the nonnegative
orhant and onto the unit simplex. From expression (4) we
compute∇S|M:

∇S|Mf(S|M(t+1)) = M̂T
(t+1)(M̂(t+1)S−Y)

+α× q

[
sij

‖si(t)‖
2−q

2

]
,

(7)

where sij is denotes the abundance fraction of material mi

at the j-th pixel, and
[
c
]
is a matrix with the i-th line and

the j-th column element equal to c. If ‖si(t)‖2=0, we take
its gradient to zero. Parameters λ(i) is chosen such that
f(S(i+1)|M(t+1)) ≤ (S(i)|M(t+1)).

To lighten the computational complexity of the unmix-
ing algorithm, we project the data onto an overestimated sub-
space. This is a simple procedure because real hyperspectral
data belongs, very often, to a low dimensional subspace.
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3. EXPERIMENTAL RESULTS

In this section, we evaluate the proposed CoNMF method us-
ing synthetic hyperspectral data in comparison with the min-
imum volume constrained NMF (MVC-NMF) [9]. The sim-
ulated images are generated according to the linear mixture
model in Eq. (1), following the procedure described in the
work of MVC-NMF [9]. The simulated images comprise
58 × 58 pixels and p = 4 endmembers, and the spectral sig-
natures are selected from the United States Geological Survey
(USGS) library1. To ensure that no pure pixel is present in the
simulated images, we discard all pixels with abundance frac-
tions larger than 0.8. Zero-mean Gaussian noise is added to
the simulated images with signal-to-noise ratio (SNR) given
by SNR = 10 log10(E[(MS)T (MS)]/[nTn]). In this work,
we set the SNR in the simulated images to 20 dB. In all exper-
iments, we projected the data into a p̂-dimensional subspace
and set q = 1/4.

Table 1 shows an evaluation of the performance of
CoNMF and MVC-NMF in the unmixing of simulated hy-
perspectral data with SNR=20dB. Both algorithms shared
the same initialization condition, given by the endmembers
produced by the vertex component analysis (VCA) algorithm
in [18]. As this algorithm starts with a random initialization
condition, each value in Table 1 is obtained by averaging 10
random tests. In the table, several performance discrimina-
tors are reported, namely the root mean reconstruction error
(RMSE), the spectral angle distance (SAD) [7] and two error
metrics focused on the quality of the estimated endmembers,
‖M̂−M‖F , and on the quality of the estimated abundances,
1

n×p
‖Ŝ − S‖F , where F denotes the Frobenius norm of a

given matrixX, such that ‖X‖F ≡
√
trace{XXT }. Finally,

ξc = 1
p̂−p

∑p̂−p

i=1 n0(i)/n is a new metric introduced to mea-
sure the effectiveness of the collaborativity, which measures
the number of zeros in si –denoted by n0(i)–. Several con-
clusions can be obtained from Table 1. First and foremost, it
can be seen that the CoNMF algorithm is quite robust in the
case that p̂ ≥ p. Second, when the number of endmembers
is underestimated (p̂ < p) the RMSE metric provides a very
high value and should allow a trained analyst in detecting that
the value of p̂ should be increased. Finally, it is important to
note that the collaborative term introduced in the proposed
CoNMF enforces that the abundance values associated to the
overestimated endmembers to zero in the case that p̂ > p, as
indicated by the values of ξc reported in Table 1.

To conclude this paper, Fig. 1 illustrates graphically the
performance of the two compared unmixing methods by pro-
jecting the simulated data on a two-dimensional subspace. In
Fig. 1, we show the true endmembers in black color, the ini-
tial condition in cyan color (this corresponds to the endmem-
bers provided by VCA which are used to initialize both algo-
rithms: CoNMF and MVC-NMF, and the iterative process for

1http://speclab.cr.usgs.gov/spectral-lib.html

CoNMF (in red color) and MVC-NMF (in blue color) from
the initial to the final condition. As shown by Fig. 1, the pro-
posed CoNMF always provides endmembers which are very
close to the true ones when p̂ ≥ p. Although these results are
quite encouraging, further experimentation with real hyper-
spectral data sets is highly desirable. These will be provided
in the final version of this paper.
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Table 1. Evaluation of the performance of CoNMF and MVC-NMF in the unmixing of simulated hyperspectral data with
SNR=20dB for different p̂. The true number of endmembers in this experiment is p = 4.

Number of estimated CoNMF MVC-NMF

endmembers (p̂) RMSE SAD ‖M̂ − M‖F
1

n×p
‖Ŝ− S‖F ξc RMSE SAD ‖M̂ − M‖F

1
n×p

‖Ŝ − S‖F

3 0.0346 - - - - 0.0315 - - -

4 0.0012 1.2770 0.2880 0.0009 - 0.0012 0.6444 0.1446 0.0005

5 0.0020 1.8887 0.4005 0.0026 0.3287 0.0015 7.0552 1.4857 0.0215

6 0.0026 2.2472 0.4391 0.0065 0.3899 0.0024 6.5750 1.3948 0.0376

7 0.0026 2.9030 0.6006 0.0087 0.3657 0.0031 6.5163 1.7264 0.0486
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Fig. 1. Graphical assessment of the performance of CoNMF and MVC-NMF in the unmixing of simulated hyperspectral data
with SNR=20dB for cases in which p̂ ≥ p. The p = 4 true endmembers are displayed in black color, the initial condition
used for both algorithms (endmembers produced by the VCA algorithm) is displayed in cyan color, and the iterative process
for CoNMF (in red color) and MVC-NMF (in blue color), from the initial to the final condition, is also represented in graphical
form.
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