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ABSTRACT
Sparse unmixing aims at estimating the constituent materi-

als (endmembers) and their respective fractional abundances

in each pixel of a hyperspectral image by assuming that the

endmembers are present in a large collection of pure spectral

signatures (spectral library), known a priori. In this paper,

we propose a refinement of the sparse unmixing approach by

taking into account the fact that all the pixels of the image

share the same set of endmembers, thus lying in a lower di-

mensional subspace. Our idea is based on the collaborative

lasso, which enforces sparsity across the pixels. The goal of

this line of attack is to obtain higher accuracy of the estimated

fractional abundances, at the same time with a decrease in the

number of endmembers used to explain the observed data.

The experimental results, obtained with both simulated and

real data, confirm the potential of the proposed approach in

the unmixing problem.

Index Terms— Spectral unmixing, sparse regression,

collaborative sparse coding, spectral library

1. INTRODUCTION

Spectral unmixing is an important tool for remotely sensed

hyperspectral data exploitation. Recently, a new sparse un-

mixing approach [1] has been developed which assumes that

the pixel spectra collected by the hyperspectral imager can

be expressed in the form of linear combinations of a num-

ber of pure spectral signatures known in advance (e.g., spec-

tra collected on the ground by a field spectroradiometer) and

available in a library. Unmixing then amounts to finding the

optimal subset of signatures in such (potentially very large)

library that can best model each mixed pixel in the scene. Al-

though the original sparse unmixing approach was proposed
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in order to take into account the fact that the number of end-

members participating in a given pixel is usually low, an im-

portant property not considered in the original formulation is

that the hyperspectral images themselves generally only con-

tain a few endmembers. In this paper, we present a refine-

ment of the sparse unmixing methodology in [1] which takes

advantage of the aforementioned property. Specifically, we

study the impact of a newly developed collaborative sparse

modeling framework in order to exploit this property and im-

prove the sparse unmixing process. Our introspection is that

the collaborative lasso is able to significantly improve the un-

mixing results by assuming that only a few endmembers will

be likely present in the hyperspectral image. Experimental

results using both synthetic and real hyperspectral data sets

are performed in order to confirm the aforementioned obser-

vations.

The remainder of the paper is organized as follows: Sec-

tion 2 formulates the sparse unmixing problem. Section 3

introduces a refinement of the sparse unmixing problem and

briefly describes other spectral unmixing techniques used for

comparative purposes in this work. Section 4 shows the per-

formances of the of the aforementioned algorithms in a sim-

ulated environment, while section 5 exemplifies the results of

the new methodology in a real case study, using hyperspec-

tral data collected by NASA Jet Propulsion Laboratory’s Air-

borne Visible Infra-Red Imaging Spectrometer (AVIRIS) [2]

and concludes with some summarizing remarks.

2. SPARSE UNMIXING FORMULATION

In a typical hyperspectral unmixing scenario, we are given a

set Y = [y1,y2, · · ·yn] of n observed L-dimensional spec-

tral vectors representing the reflectance values acquired by a

hyperspectral sensor in different spectral bands. Here, we ap-

proach the unmixing problem by using a spectral library, i.e.,

a collection of spectra of pure materials acquired in the labo-

ratory. Let these spectra be represented as an L × m matrix

A, where L is the number of bands and m is the number of

pure spectra. Thus, for one pixel we can formulate a linear
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mixture model in terms of the spectral library A as follows:

y = Ax+ n, (1)

where x is the vector of fractional abundances and n is a vec-

tor collecting the errors that affect the measurement process

(e.g., noise). Due to the fact that only a few of the signa-

tures contained in A are actually contributing to the observed

spectrum, x is a sparse vector. An important indicator regard-

ing the difficulty to infer correct solutions for a linear system

of equations is the so-called mutual coherence [3, 4], defined

as the largest cosine between any two columns of A. It was

shown in [5] that the quality of the solution of a linear system

of equations decreases when the mutual coherence increases.

For a fat matrix (which is the case here), the mutual coher-

ence μ is always high (close to one), which makes the prob-

lem difficult to solve. Nevertheless, by imposing sparsity this

difficulty is alleviated as we show further.

3. COLLABORATIVE SPARSE UNMIXING

Let assume that our spectral library is represented as an

L × m matrix which with m. The notations Ai and xi

denote, respectively, the spectral signature and the frac-

tional abundances corresponding to the ith member. Let

‖X‖F ≡
√

trace{XXT } be the Frobenius norm and λ de-

note a regularization parameter. With these definitions in

mind, we propose to solve the following optimization prob-

lem

min
X

‖Y −AX‖2F + λ
m∑

k=1

‖xk‖2 (2)

subject to: X ≥ 0.

which is similar to the Collaborative (also called “multitask”
or “simultaneos”) Sparse Coding problem [6], [7], [8], [9].

The only difference is the introduction of the constraint X ≥
0. Accordingly, we term (2) the Constrained Collaborative
Sparse Regression (CCSR) problem. Notice that the clas-

sical non-negative constrained least squares (NCLS) solution

corresponds to setting λ = 0. As it can be seen in Fig. 1,

which shows the action of the proposed regularizer over the

unmixing result, the optimization problem in Eq. (2) has the

role of obtaining sparse solutions, while the pixels share the

same endmembers. In other words, CCSR aims at imposing

sparsity across the pixels.

To solve the optimization problem in Eq. 2, we use the

collaborative sparse unmixing algorithm via variable split-

ting and augmented Lagrangian (CLSUnSAL) [10], which is

an ellaboration of the SUnSAL algorithm introduced in [11].

CLSUnSAL accounts for the �2,1 regularizer in addition to

the abundance non-negativity regularizer. CLSUnSAL is an

instance of the methodology introduced in [12] for solving

�2 plus a linear combination of convex regularizers, based

on the alternative direction method of multipliers (ADMM)

[13]. In this paper, the performance of CLSUnSAL will be

compared to that obtained with SUnSAL (which solves an

�2 − �1 norm objective function on a per-pixel basis, sub-

ject to a non-negativity constraint), and to the non-negative

constrained least-squares (NCLS) [1], which solves a least-

squares problem (also subject to a non-negativity constraint)

on a per-pixel basis.

4. EXPERIMENTS WITH SYNTHETIC IMAGE DATA

The library that we use in our synthetic image experiments

is a dictionary of minerals extracted from the United States

Geological Survey (USGS) library1. The library is denoted

by A, with L = 224 bands and m = 240 members. The

mutual coherence of the library is μ ≈ 1. Using the library

A, we generated various synthetic hyperspectral datacubes of

500 pixels each, containing a different number of endmem-

bers k1 = 2 (generically denoted by data cube one or DC1),

k2 = 4 (DC2) and k3 = 6 (DC3). The endmembers were

randomly chosen from the library A. In each simulated pixel,

the fractional abundances of the endmembers follow a Dirich-

let distribution. The obtained datacubes were then contami-

nated both with i.i.d Gaussian noise having different levels of

signal-to-noise ratio (SNR(dB) = E‖Af‖2/E‖n‖2), which

in our experiments were set to 20, 30 and 40dB, respectively.

In order to evaluate the unmixing performance of the com-

pared techniques, we used two different performance discrim-

inators. The quality of the reconstruction of a spectral mix-

ture was measured using the signal to reconstruction error:

SRE ≡ E[‖x‖22]/E[‖x− x̂‖22], measured in dB: SRE(dB) ≡
10 log10(SRE). We use this error measure, instead of the clas-

sical root-mean-squared error (RMSE), as it gives more infor-

mation regarding the power of the error in relation with the

power of the signal. The second performance discriminator

used in this work is the average number of endmembers (with

fractional abundances higher than 0.01) per pixel, used to ex-

plain the data. Table 1 shows the SRE(dB) and the average

number of endmembers achieved by the methods described

in Section 3 for the generated datacubes. From Table 1 it

can be seen that, although SUnSAL improves the NCLS so-

lutions, CLSUnSAL outperforms both approaches. For all the

methods, the accuracy decreases when the cardinality of the

solution increases and, as expected, when the noise in the sim-

ulated data is higher. Table 1 also reveals that the quantitative

improvements obtained with CLSUnSAL in comparison to

SUnSAL and NCLS are obtained with a dramatical decrease

in the number of endmembers used to explain the data, which

is a very relevant contribution in the framework of sparse un-

mixing due to the high dimensionality of the spectral library

used to characterize the data. Despite the experiments with

synthetic data are very encouraging, further experimentation

1http://speclab.cr.usgs.gov/spectral-lib.html
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Fig. 1. Graphical example of the performance of our newly developed constrained collaborative sparse regression (CCSR)

regularizer over the inferred abundance matrices. The colors have the following meaning: blue (active member); white (non-

active member).

SRE(dB) Average number of endmembers
Synthetic data cube SNR NCLS SUnSAL CLSUnSAL NCLS SUnSAL CLSUnSAL

DC1 20dB 0.69 2.37 4.85 60.1 42.64 12.6
(k1 = 2) 30dB 7.75 8.76 11.48 40.8 37.5 17.72

40dB 16.80 18.22 21.47 30.8 37.5 9.62

DC2 20dB 0.08 2.16 3.81 75.06 40.86 20.84
(k2 = 4) 30dB 5.2 5.22 5.93 41.72 41.62 20.7

40dB 10.62 11.06 13.96 34.88 34.7 12.56

DC3 20dB -2.59 1.06 2.22 92.66 39.56 18.56
(k3 = 6) 30dB 2.87 3.26 5.31 43.74 31.76 12.5

40dB 3.14 5.63 8.79 40.82 26.32 10.18

Table 1. Performance of different unmixing algorithms when the observations are affected by noise

with real scenes is desirable.

5. EXPERIMENTS WITH REAL HYPERSPECTRAL
DATA

The scene used in our real data experiments is the well-known

AVIRIS Cuprite2 data set. The portion used in experiments

corresponds to a 204× 151-pixel subset of the sector labeled

as f970619t01p02 r02 sc03.a.rfl in the online data. The scene

comprises 224 spectral bands between 0.4 and 2.5 μm, with

nominal spectral resolution of 10 nm. Prior to the analysis,

bands 1–2, 105–115, 150–170, and 223–224 were removed

due to water absorption and low SNR in those bands, leav-

ing a total of 188 spectral bands. The spectral library used

in this experiment is the same library A described in the pre-

vious section. As for the considered image, we removed the

(same) noisy bands prior to the unmixing process. For com-

parative purposes, we use a mineral map produced in 1995

by USGS, in which the Tetracorder 3.3 software product [14]

was used to map different minerals present in the Cuprite

mining district3. The USGS Tetracorder map is only avail-

able for hyperspectral data collected in 1995, while the pub-

licly available AVIRIS Cuprite data was collected in 1997.

Therefore, a direct comparison between the 1995 USGS map

2http://aviris.jpl.nasa.gov/html/aviris.freedata.html
3http://speclab.cr.usgs.gov/PAPERS/tetracorder/FIGURES/

fig9b.cuprite95.tgif.2.2um map.gif

and the 1997 AVIRIS data is not possible. However, the

USGS map is a good indicator for qualitative assessment. Fig.

2 shows a qualitative comparison between the classification

maps produced by the USGS Tetracorder 3.3 software product

and abundance maps produced by CLSUnSAL for different

minerals (alunite, buddingtonite, chalcedony and montmoril-
lonite) which appear prominently in the Cuprite mining dis-

trict. The parameter used in this experiment was empirically

set to λ = 0.001. As it can be seen in Fig. 2, the unmixing

results produced by the proposed CLSUnSAL show a good

distribution of the minerals of interest. The fractional abun-

dances obtained with CLSUnSAL are generally higher in the

regions assigned to the respective materials. Additionally, in

the case of CLSUnSAL the average number of endmembers

with abundances higher than 0.05 is 5.07 (per pixel). This

result is in line with the information provided by the USGS

Tetracorder 3.3 software product, in which the four selected

endmembers are quite dominant in the scene. Overall, these

results suggest that CLSUnSAL can provide abundance maps

which are highly correlated with the maps produced by the

USGS Tetracorder 3.3 software product, which are consid-

ered as a reference in this work.

6. CONCLUSIONS AND FUTURE WORK

In this paper, a refinement of the sparse unmixing method-

ology was proposed, based on a collaborative approach. It
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Fig. 2. Qualitative comparison between the fractional abundance maps estimated by CLSUnSAL and the classification maps

produced by USGS Tetracorder 3.3 software product for the considered AVIRIS Cuprite scene.

was shown that, by imposing sparsity across the pixels, the

sparse unmixing results improve and the number of endmem-

bers used to explain the data is significantly reduced. Fu-

ture work include comparisons with other algorithms which

exploit the collaborative lasso. Despite the fact that the al-

gorithms are fast compared to other methods, another pos-

sible direction in our future research is the computationally

efficient implementation of these algorithms on high perfor-

mance computing infrastructures.
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