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ABSTRACT

Hyperspectral unmixing is a complex process in which several steps
are consecutively executed to derive the desired results: the image
endmembers and their corresponding fractional abundance maps.
Each of these unmixing stages benefits nowadays from a plethora of
algorithms, continuously developed and improved. In this paper, we
analyze three of the general unmixing steps: band selection (data di-
mensionality reduction), endmember extraction and fractional abun-
dance inference (inversion) from a multi-measurement vector prob-
lem point of view. We show that these particular steps can be ex-
pressed as a convex optimization problem in which the concept of
data collaborativity is exploited and one single algorithm can be ef-
ficiently used to solve them. Our experimental results obtained in an
urban dataset acquired over Berlin, Germany, show the potential of
this approach in remote sensing applications.

Index Terms— Unmixing, sparse regression, MMV, data col-
laborativity

1. INTRODUCTION

In hyperspectral unmixing, several processing steps are performed in
order to derive the pure materials in the scene (endmember extrac-
tion) and the area they occupy inside each pixel of the image (frac-
tional abundances inference) [1–3]. For computational purposes,
a data dimensionality reduction method is sometimes applied as a
pre-processing step to the data expressed in reflectance units (see,
e.g., [4]). Many methods and algorithms are available in the litera-
ture for each of the aforementioned tasks. The data dimensionality
reduction mainly relies on the fact that the number of available bands
is much larger than the dimensionality of the space spanned by the
data, which is one less than equal to the number of endmembers.
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Endmember extraction can be tackled through geometrical, statisti-
cal or sparse regression methods. The inversion step estimates the
fractional abundances of the endmembers and it is performed nor-
mally by solving convex optimization problems in which constrained
solutions are derived. For a comprehensible overview of the afore-
mentioned methods, the reader might refer to [5].

In this work, we tackle three specific unmixing tasks (band se-
lection - which is a dimensionality reduction step, endmember ex-
traction and inversion) from a multi–measurement vector (MMV)
point of view. Our approach is inspired by the sparse regression un-
mixing approach, in which only a few atoms out of a large spectral
library contribute to the observed data.

2. COLLABORATIVE SPARSE REGRESSION

In this paper, we assume that the observed spectra are modeled by the
linear mixing model, such that each vector can be expressed as a lin-
ear combination of the spectra of constituent endmembers, weighted
by their corresponding fractional abundances. In the recent years,
the unmixing problem was tackled in a semi-supervised fashion, by
assuming that the endmembers spectra are present in a large collec-
tion of pure spectra (spectral library or dictionary) [6].

Let L be the number of spectral bands and A := [a1, . . . , am] ∈
RL×m a spectral library with m spectral signatures available a pri-
ori. Assuming that the data set contains n ≫ L pixels organized in
the matrix Y := [y1, . . . ,yn], we can write

Y = AX+N, (1)

where X := [x1, . . . ,xn] is the abundance fraction matrix and
N := [n1, . . . ,nn] is the noise matrix. The fractional abundances
should be non-negative (ANC) and sum to one (ASC) in each pixel,
due to physical constraints. Herein, we do not use the ASC as, due
to various factors, such as topographic modulation and spectral vari-
ability, it is often violated. See [5] for details. We can formulate the
unmixing as a multi-measurement vector (MMV) problem (see [7–9]
and references therein), which, formally, corresponds to finding the
solution of the optimization

min
X

∥X∥0 subject to: Y = AX, (2)



Fig. 1. Data collaborativity when a spectral library is available.

where ∥X∥0 := |S|, S := supp(X) := {1 ≤ i ≤ m : xi ̸= 0},
and xi is the ith row of X.

In other words, the solution of the optimization problem (2) is
the matrix of fractional abundances X which perfectly explains the
observed data by using the minimum number of active library spectra
(i.e., library atoms which have at least one non-zero value in the
corresponding row from X). An illustration is given in Fig. 1.

However, the optimization problem (2) is non-convex and a per-
fect reconstruction of the observed data is not possible due to the
existence of noise (as shown in (1)). It was shown [10] that the
solution of (2) can be recovered with high accuracy by solving the
following equivalent convex optimization problem:

min
X

∥Y −AX∥2F + λ∥X∥2,1 (3)

subject to: X ≥ 0,

where ∥X∥2,1 :=
∑m

i=1 ∥x
i∥2 is the mixed ℓ2,1 norm, which pro-

motes sparsity among the rows of X, λ is a regularization parameter
setting the relative weight between the data term and the ℓ2,1 mixed
norm, and the ANC is enforced. Problem (3) is similar to the col-
laborative sparse coding problem described in [9, 11–13]. The main
difference is the introduction of the constraint X ≥ 0 (see [10] for
more details). In this paper, we use the Collaborative Sparse Unmix-
ing via variable Splitting and Augmented Lagrangian (CLSUnSAL)
algorithm [10] to solve optimization problem (3).

Next, we show how the convex optimization problem (3) can
be employed in three major unmixing steps: endmember extraction,
band selection (data dimensionality reduction) and inversion.

2.1. Collaborative endmember extraction

Fig. 1 suggests that, from the available spectral library, only a few
atoms contribute to the observed data. We deduce that these atoms
can only be the endmembers. However, we can easily imagine a
situation in which we do not have a spectral library at our disposal.
In this case, we use the image Y as a self–dictionary. It was shown
in [14] that, in this case, the problem (2) in data uncontaminated
with noise can be solved through greedy approaches, equivalent to
other well-known methods. Here, we will use CLSUnSAL to solve
the optimization problem (3) when the library A is replaced with the
self–dictionary Y (the image itself).

2.2. Collaborative band selection

The sparse collaborative model can be used to select representa-
tive bands from a datacube by transposing the input image in the
convex optimization problem (3), which can be thus rewritten as:
minX ∥Y′ −Y′X∥2F + λ∥X∥2,1 subject to: X ≥ 0. Each col-
umn of the transposed matrix (Y′) contains the reflectance values of
all the image pixels at the corrresponding spectral band. CLSUnSAL
was used in [15] to refine selected bands obtained by an N-FINDR
with band linear prediction (N-FINDR+LP) [16] approach. In this

Fig. 2. HyMap subset and reference polygons for validation.

paper, we apply CLSUnSAL to directly reduce the number of bands
from the observed data.

2.3. Collaborative sparse regression (inversion)

CLSUnSAL was originally designed to perform hyperspectral un-
mixing when a spectral library is available. Here, the algorithm input
in the inversion stage consists of the reference library and the matrix
of selected endmembers, in turn.

3. EXPERIMENTAL RESULTS IN REAL DATA

The dataset used in our experiments is a 516 × 514 subset of a hy-
perspectral image covering the city of Berlin, Germany (see Fig. 2
– left). The scene was acquired by the HyMap sensor in 125 spec-
tral bands, with a spatial resolution of 3.6m. A total number of 41
spectra from a comprehensive spectral library were selected as pure
signatures of endmembers on the ground. The spectral library was
developed from the image on the basis of expert knowledge and aux-
iliary information (field mapping data, Google Street View). The
library spectra are categorized into four spectrally complex and sim-
ilar urban land cover classes, i.e. roof and pavement as well as grass
and tree. An extensive overview of the characteristics of the image,
image-preprocessing and library development can be found in [17].

The ground-truth abundance fractions corresponding to the ur-
ban land cover classes are known in the considered image at a block
level, as shown in Fig. 2 (left – positioning of the polygons in the im-
age; right – dominant classes inside the polygons; for more details,
see [17]).

Next, we report the performances achieved by CLSUnSAL for
the different unmixing stages. For clarity, the regularization param-
eter λ will be respectively reported as: λb for band selection, λe for
endmember extraction and λi for inversion.

3.1. Band selection

The methodology described in Section 2.2 is applied to the in-
put image using several values of the regularization parameter
λb in CLSUnSAL objective function: 5, 10, 15, 20, 25. Us-
ing the retained spectral bands and the corresponding coeffi-
cients, we then reconstruct the original datacube and we mea-
sure the quality of the reconstruction by means of the signal-to-
reconstruction error: SRE ≡ E[∥y∥22]/E[∥y − ŷ∥22], measured in
dB: SRE(dB) ≡ 10 log10(SRE).

Table 1 shows the number of retained spectral bands and the
SRE(dB) for the considered values of λb. As expected, the quality
of the reconstruction decreases when less spectral bands are retained
(with increasing λb). However, even for a significant reduction of the
number of bands, the reconstruction of the dataset has a good quality
performance, as exemplified in Fig. 3. In this figure, the plot at the



Table 1. Number of retained bands and SRE(dB) for different values
of the parameter λb.

λ 5 10 15 20 25
# bands 114 87 63 60 57
SRE(dB) 36.43 31.61 29.89 29.86 28.77

(a) Original (continuous) and reconstructed (dashed) spectra

(b) Original band (c) Reconstructed band

Fig. 3. Comparison between original and reconstructed data after
band selection (λb = 20).

top (Fig. 3.(a)) shows the signatures of three random pixels from the
original image (continuous line) and their reconstructed correspon-
dents, while the bottom part (Figs. 3.(b)–(c)) displays a randomly
chosen (and not selected) band of the dataset when only 60 bands
are retained (i.e., for λb = 20) and its reconstructed correspondent.
Note the high similarity between the reconstructed data and the orig-
inal one, which was expected, given that previous work [6] reports
that a level of 5dB for SRE(dB) (computed there on real and esti-
mated fractional abundances) leads to a useful reconstruction of the
observed spectrum. Note that the values in Table 1 are much above
this limit.

3.2. Endmember extraction

In our previous work [14], we have reported endmember extraction
results in the considered dataset for two values of the regulariza-
tion parameter λe: 1 and 5. CLSUnSAL was applied at sub-image
level (the image being split in 100 sub-images of 2500 pixels ap-
proximatively each), due to memory usage constraints, and all the
extracted spectra were put together to build the inferred mixing ma-
trix. As a result, a large number of spectra was selected, due to
the fact that most of the endmembers are repeated in several sub-
sets. We follow here the same strategy by applying the endmember
extraction methodology on the reduced dataset with 63 bands, ob-
tained after band selection when λb = 15. As in [14], we do not
investigate methods to refine this matrix, but we rely on the avail-
able ground-truth spectra to select the most correlated three extracted
endmembers to each library member in terms of spectral angle dis-
tance (SAD). Thus, a new library containing 123 spectra is created.

In Fig. 4, we display the following: left – ground-truth (red) and
most similar extracted spectra (blue) without band selection; right –
the corresponding plots after using band selection and reconstruct-
ing the spectra, for the four considered classes of endmembers. In all
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Fig. 4. Quality of the extracted endmembers without (left) and with
(right) band selection when λe = 1.

plots, the thick line corresponds to the mean spectrum (red – ground-
truth, blue – extracted). The regularization parameter for endmem-
ber extraction is set to λe = 1 for all subsets, in both cases. Note
the high correlation between the reference and extracted spectra in
both cases. Also, there are no significant differences between the ex-
tracted spectra when the full and the reduced datasets are employed.
A slight change is visible only for the pavement signatures. How-
ever, previous work [17] shows that this class is unmixed with less
accuracy than other classes in the given dataset, due to spectral simi-
larities to other classes, ambiguities and shadowing. In the following
subsection, devoted to the inversion step, we report unmixing acura-
cies obtained when the reference and the extracted spectra are used
in turn as input to CLSUnSAL.

3.3. Inversion

We compare here the unmixing accuracies of CLSUnSAL when the
reference and the extracted libraries are employed. The extracted li-
brary consists of a set of 123 spectra in which each signature from
the reference library corresponds to the three most similar extracted
signatures in terms of spectral angle distance (SAD). The regular-
ization parameter λi was empirically set to 0.01 for the original li-
brary and 0.05 for the extracted library. Fig 5 shows the accuracy
of fraction maps evaluated by comparing modeled versus reference



(a) Original library (from left to right: roof, pavement, grass, tree)

(b) Extracted library (from left to right: roof, pavement, grass, tree)

Fig. 5. CLSUnSAL performance when using as input: a) original library (λi = 0.01) and b) extracted library (λi = 0.05).

fractions using polygonwise averages. Reference data is shown in
Fig. 2. Reference fractions per polygon were available for 35 poly-
gons, including building blocks (black squares), streets (with trian-
gles) and green spaces (black triangles). In Fig. 5, note that, despite
a slight degradation of the unmixing quality when the extracted li-
brary is used instead of the reference library, the results follow the
same trend, in line with the ones reported in [17].

4. CONCLUSIONS AND FUTURE WORK

In this paper, we have formulated the three typical steps of spectral
unmixing (data dimensionality reduction, endmember extraction, in-
version) under an MMV approach. One unique algorithm, CLSUn-
SAL, was applied using different configurations of the input matri-
ces to solve, based on data collaborativity, the resulting convex opti-
mization problems. The results obtained in a real dataset show that
the proposed approach can be successfully applied in remote sensing
applications. A more indepth analysis of the complete hyperspectral
unmixing chain based on one single algorithm is part our future re-
search directions. The implementation of the employed algorithm in
other programming environments is also desirable, such that com-
plete images (or larger image parts) could be used as input.
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