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ABSTRACT

Sparse unmixing and sparse representation are known to be effec-
tive for improving the interpretation of remotely sensed hyperspec-
tral images. Classic methods for incorporating spatial information
into spectral unmixing assume that the abundances of the pixels are
smooth and fall into a homogeneous region shared by the same end-
members and their corresponding fractional abundances. Sometimes
this assumption does not hold in practice, as images contain abrup-
t changes in endmember abundances, i.e., abundance maps are of-
ten spatially heterogeneous. To address this limitation, in this work
we propose a novel sparse unmixing framework with discontinu-
ity preservation which aims at preserving the spatial heterogeneity
present in abundance maps. In the proposed framework, the Sobel
operator is used to characterize such discontinuities. Our experimen-
tal results, conducted using both simulated and real hyperspectral
data sets, indicate that the introduction of a discontinuity preserving
strategy on sparse unmixing formulations is beneficial to preserve
the spatial heterogeneity present in the abundance maps. We exploit
this information effectively to improve abundance estimation.

Index Terms— Discontinuity preserving, spatial heterogeneity,
sparse unmixing, hyperspectral imaging.

1. INTRODUCTION

Due to the insufficient spatial resolution of imaging spectrome-
ters and the spatial complexity of natural scenes, pixels in remotely
sensed hyperspectral images are likely to be formed by a mixture
of pure spectral constituents (endmembers) rather than a single sub-
stance [1]. Spectral unmixing was proposed to deal with the prob-
lem. It aims at estimating the fractional abundances of the pure spec-
tral signatures (endmembers) in each mixed pixel of the scene [2].
Under the linear spectral mixture model (LSMM), techniques based
on extracting the endmembers directly from the scene have faced
difficulties related with the unavailability of pure signatures in the
image data. To overcome this limitation, sparse unmixing [3] has
been developed as a semi-supervised approach in which mixed pix-
els are expressed in the form of linear combinations of a number of
pure spectral signatures from a large spectral library that is known
in advance. Sparse unmixing aims at finding the optimal subset of
endmembers to represent the pixels in a hyperspectral image.

During the last decade, the integration of spatial-contextual in-
formation has proved to be an effective way to improve unmixing ac-
curacy in spectral unmixing formulations [4]. The proposed methods
for incorporating spatial information in abundance estimation, such
as SUnSAL-TV [5] and ESC [6], assume that the abundances of the
pixels are smooth and fall into a homogeneous region. Such uniform

smoothness assumption implies that smooth abundance transitions
happen everywhere in the scene. However, this assumption rarely
holds in practice. Specifically, hyperspectral data are often charac-
terized by low spatial resolution and high spectral resolution. As a
result, endmember abundances smoothly are expected to exhibit spa-
tial discontinuities [7]. Moreover, abrupt changes of abundances are
similar to region edges in image segmentation, which are known to
happen naturally in remotely sensed scenes [8]. Furthermore, even in
the spatial neighborhood of pixels, most of the endmember fraction-
al abundance values are expected to be different. This indicates that
abundance maps are largely heterogeneous. As a result, the princi-
ple of uniform smoothness is violated as discontinuities related with
abrupt endmember abundance changes are present in the scene. It is
necessary to develop new strategies to preserve the heterogeneity of
pixels in abundance maps for spectral unmixing purposes.

Recently, edge preserving filtering [9] has become a very ac-
tive research topic in hyperspectral image processing. This strategy
has been successfully applied for image classification [10, 11] and
superresolution [12]. In [10] and [11], it was shown that classifica-
tion methods can improve their accuracy significantly by the incor-
poration of edge preserving filtering. Inspired by edge preserving
strategies in which textures can be smoothed while retaining sharp
edges, and assuming that abundance maps are heterogeneous (es-
pecially in the object boundaries) we develop a new strategy for
sparse hyperspectral unmixing which introduces spatial relaxation
to accurately preserve the edges of abundance maps. In our newly
developed method, edge detection is performed by means of a So-
bel operator, which is used to characterize the discontinuities of the
abundance maps. As demonstrated by our experimental results with
both synthetic and real hyperspectral data sets, the proposed strategy
can preserve the heterogeneity of abundance maps by including edge
information into the sparse unmixing process.

2. SPARSE UNMIXING

The linear model assumes that the spectral response of a pixel
is given by a linear combination of the endmembers present in the
pixel. Sparse unmixing finds a linear combination of endmembers
for an observed pixel from a large spectral library:

y = Ax+ n (1)

where y denotes a L× 1 pixel vector of the observed hyperspectral
data, L denotes the number of bands, A ∈ RL×m is a large spec-
tral library, m is the number of spectral signatures in A, x denotes
the abundance vector corresponding to library A, and n is an L× 1
vector collecting the errors affecting the measurements at each spec-
tral band. As the number of endmembers involved in a mixed pixel



is usually very small when compared with the size of the spectral
library, the vector of fractional abundances x is sparse. Due to the
physical meaning of the fractional abundances, the vector x is sub-
ject to nonnegativity ANC) and sum-to-one constraint (ASC). With
these considerations in mind, the unmixing problem can be formu-
lated as an ℓ2−ℓ0 norm optimization problem. However, the ℓ2−ℓ0
norm optimization problem is nonconvex and difficult to solve [13].
The sparse unmixing algorithm via variable splitting and augment-
ed Lagrangian (SUnSAL) [3] was proposed to address this problem,
it uses the ℓ2 − ℓ1 norm to replace the ℓ2 − ℓ0 norm. Then the
collaborative SUnSAL (CLSUnSAL) [14] was developed under the
assumption that all pixels in a hyperspectral image share the same
active set of endmembers.

To improve the unmixing results further, some methods have
been proposed to exploit spatial-contextual information under the s-
parse regression framework. For example, SUnSAL-TV [5] includes
a total variation (TV) regularizer to promote spatial homogeneity a-
mong neighboring pixels. However, SUnSAL-TV may lead to over-
smoothness and blurred boundaries. In real scenarios, fractional
abundances exhibit heterogeneity and sharp transitions (especially
in the object boundaries). According to this, if the results obtained
are over-smoothed, they would lead to inaccurate proportion estima-
tions. In the following we present a methodology to address this
issue by introducing the concept of discontinuity preservation in s-
parse unmixing.

3. A NEW DISCONTINUITY PRESERVING STRATEGY
FOR SPARSE UNMIXING

In order to illustrate the heterogeneity of abundance maps, we
use an urban hyperspectral data set with ground-truth [8], which
contains 307 × 307 pixels with a spatial resolution of 2m. In this
image, there are 210 spectral bands ranging from 400 to 2500 nm,
resulting in spectral resolution of 10nm. The ground-truth contains
four endmembers and their corresponding true fractional abundances
are known, as shown in Fig. 1. From a statistical point of view,
the nonzero numbers of the four abundance maps are 56501,74892,
60582 and 59289, respectively. We set up four different thresholds
(0.001, 0.01, 0.05, 0.1) for the difference between two adjacent pix-
els. Fig. 2 shows the difference values between two adjacent pixels
that are greater than 0.001, 0.01, 0.05, 0.1, respectively. It can be
seen from Fig. 2 that, no matter the scenario considered, the num-
ber of adjacent pixels that exhibit a significant difference in abun-
dance values is very high. This reveals that there are significant dif-
ferences between adjacent pixels, which confirms our introspection
that abundance maps are largely heterogeneous. Based on aforemen-
tioned observation, it is very important to preserve the heterogeneity
of abundance maps, especially in the boundaries of image objects. In
this work, we integrate spatial information into the sparse unmixing
formulation to preserve the heterogeneity of abundance maps via a
discontinuity preserving method.

Here, we introduce a discontinuity preserving strategy which s-
mooths textures while retaining sharp edges in the estimated abun-
dances by means of sparse unmixing. There are many approaches
that have been developed in the literature for detecting edges, such
as the cross operator by Roberts, the Prewitt operator, the Sobel op-
erator, the Laplacian operator and the Canny operator. In this paper,
the Sobel operator was used to detect the discontinuities in an image.
The edge image ε is given by

ε = exp(−sobel(x)), (2)

Fig. 1. True abundance maps of the four endmembers in the data.

(a) (b)

(c) (d)

Fig. 2. A quantitative indication of the heterogeneity of abundance
maps can be obtained by counting the number of times that the dif-
ference between two adjacent pixels in the abundance maps for the
considered urban hyperspectral image is greater than: (a) 0.001, (b)
0.01, (c) 0.05, (d) 0.1. In all cases, the obtained numbers are high,
suggesting abrupt transitions in the abundance values of adjacen-
t pixels.

where x denotes the abundance matrix, sobel() denotes the Sobel
filter, which detects the discontinuities in an image. The output at
each pixel is either 0 or 1. In addition, to have a better interpretation
of the edges, we considered the average of the results obtained by
applying sobel() in two vertical and horizontal directions. By inte-
grating ε into the sparse unmixing (e.g. SUnSAL, CLSUnSAL and
SUnSAL-TV), we therefore can ensure the heterogeneity preserva-
tion of abundance maps.

4. RESULTS WITH SYNTHETIC DATA

The library that we use in our synthetic image experiments is a
dictionary of minerals extracted from the United States Geological
Survey (USGS) library. The library A contains m = 240 materials
with L = 224 bands. We have simulated a 100×100-pixel synthetic
datacube by randomly choosing nine signatures from A. The frac-
tional abundances are piecewise smooth, i.e., they are smooth with



sharp transitions, especially in the boundaries of image objects (a de-
tailed description of the simulated data cube is available from [5]).
After generating the datacube, it was contaminated with i.i.d. Gaus-
sian noise, using three levels of the signal-to-noise ratio (SNR): 30,
40 and 50dB.

The signal-to-reconstruction error (SRE, measured in dB ) is
used to evaluate the unmixing accuracy. Let x̂ be the estimated
abundance of x, and let x be the true abundance. The SRE can be
computed as follows:

SRE(x) = 10 · log10(E(||x||22)/E(||x− x̂||22)), (3)

where E(·) denotes the expectation function. The larger the SRE,
the more accurate the unmixing. Furthermore, we use another in-
dicator, i.e., the probability of success ps, which is an estimate of
the probability that the relative error power be smaller than a cer-
tain threshold. It is formally defined as follows: ps ≡ P (∥x̂ −
x∥2/∥x∥2 ≤ threshold). In our case, the estimation result is con-
sidered successful when ∥x̂−x∥2/∥x∥2 ≤ 3.16 (5 dB). This thresh-
old was demonstrated in [3].

Table 1 shows the SRE(dB) and ps results achieved by the differ-
ent tested algorithms, where DP denotes the discontinuity preserving
strategy under different SNR levels. For all the tested algorithms, the
input parameters have been carefully tuned for optimal performance.
From Table 1, we can conclude that the inclusion of the discontinu-
ity preserving strategy can improve unmixing performance in three
different analysis scenarios. This reveals that the proposed strategy
can preserve the heterogeneity of abundances for sparse unmixing
purposes.

For illustrative purposes, Fig. 3 shows a graphical comparison of
the performances of the considered unmixing algorithms. In this ex-
periment, the datacube was contaminated with i.i.d. Gaussian noise
having SNR of 40 dB. Since the abundance maps estimated for other
endmembers exhibited similar behavior, we only report the results
observed for abundance of one of them. The abundance maps dis-
played in Fig. 3 were obtained using optimal values for parame-
ters λ (see Tables 1). The differences of the fractional abundances
estimated by SUnSAL and SUnSAL-DP were calculated (also for
CLSUnSAL and CLSUnSAL-DP, SUnSAL-TV and SUnSAL-TV-
DP). From Fig. 3, it can be seen that the main differences can be
observed at the edges of the abundance maps. This also reveals that
the inclusion of a spatial term based on discontinuity preserving im-
proves both the SUnSAL and the CLSUnSAL solutions. Further-
more, compared with SUnSAL-TV, the inclusion of the discontinu-
ity preserving strategy which can relax the boundaries from over-
smoothness or blurring. Despite the experiments with synthetic data
are very encouraging, further experiments with real scenes are desir-
able. These will be reported in the following section.

5. RESULTS WITH REAL HYPERSPECTRAL DATA

As there is no spectral library for the aforementioned urban hy-
perspectral data, in this section, we resort to the well-known Air-
borne Visible Infrared Imaging Spectrometer (AVIRIS) Cuprite data
set for evaluation of the proposed approach, which is available online
in reflectance units 1. The portion used in experiments corresponds
to a 250× 191-pixel subset of the scene, with 224 spectral bands in
the range 0.4-2.5 µm and nominal spectral resolution of 10 nm. Pri-
or to the analysis, bands 1-2, 105-115, 150-170, and 223-224 were
removed due to water absorption and low SNR, leaving a total of
188 spectral bands. The spectral library used in this experiment is

1http://aviris.jpl.nasa.gov/html/aviris.freedata.html

SUnSAL SUnSAL-DP Difference map

CLSUnSAL CLSUnSAL-DP Difference map

SUnSAL-TV SUnSAL-TV-DP Difference map

Fig. 3. The data set is contaminated with noise having SNR of 40
dB. Abundance maps obtained by different unmixing methods for
endmember 9 and their difference maps.

the same library A used in our simulated experiments and the noisy
bands are also removed from A. For comparative purposes, we use
a mineral map produced in 1995 by USGS, in which the Tricorder
3.3 software product [15] was used to map different minerals present
in the Cuprite mining district. The USGS map serves as a good in-
dicator for qualitative assessment of the fractional abundance maps
produced by the different unmixing algorithms.

Fig.4 conducts a qualitative comparison between the classifica-
tion maps produced by the USGS Tricorder algorithm and the frac-
tional abundances estimated by CLSUnSAL, CLSUnSAL-DP and
SUnSAL-TV, SUnSAL-TV-DP algorithms for three highly represen-
tative minerals in the Cuprite mining district (Alunite, Buddingtonite
and Chalcedony). The differences of fractional abundances estimat-
ed by CLSUnSAL and CLSUnSAL-DP were calculated (same for
SUnSAL-TV and SUnSAL-TV-DP). As shown in Fig. 4, both the
CLSUnSAL-DP and SUnSAL-TV-DP exploit the proposed discon-
tinuity preserving strategy to obtain better abundances at the edges of
image objects. It is worth noting that the fractional abundance map-
s estimated by CLSUnSAL-DP, SUnSAL-TV-DP provide a higher
similarity to the Tricorder maps. Thus, from a qualitatively perspec-
tive we can conclude that heterogeneity preservation exhibits the po-
tential to improve the results obtained by sparse unmixing in real
scenarios.

6. CONCLUSIONS AND FUTURE WORK

A new discontinuity preserving strategy has been developed to
improve the accuracy of sparse unmixing by accounting for the s-
patial heterogeneity of endmember abundances (particularly at the
edges of image objects). Our experimental results consistently show
that the newly developed discontinuity preserving strategy for s-
parse unmixing can provide a better characterization of hyperspec-
tral scenes by preserving the heterogeneity of abundance maps. Al-
though the experimental results obtained in this paper are very en-
couraging, further experiments are required to fully substantiate our
approach.



Table 1. SRE(dB) and ps values(in brackets) achieved after applying different unmixing methods to the simulated data sets. The optimal
parameters are reported.

SNR SUnSAL SUnSAL-DP CLSUnSAL CLSUnSAL-DP SUnSAL-TV SUnSAL-TV-DP
30 8.4007 (0.7905) 9.5427 (0.8725) 8.6458 (0.8029) 9.6777 (0.8923) 11.5332 (0.9608) 15.3295 (0.9988)

λ = 2e-2 λ = 2e-2 λ = 4e-1 λ = 4e-1 λ = 1e-2 λ = 1e-2
λTV = 4e-3 λTV = 4e-3

40 15.1565 (0.9882) 16.1805 (0.9914) 15.7865 (0.9888) 17.7295 (0.9990) 17.8147(1.0000) 21.4134 (1.0000)
λ = 5e-3 λ = 5e-3 λ = 3e-2 λ = 3e-2 λ = 5e-3 λ = 5e-3

λTV = 1e-3 λTV = 1e-3
50 23.1321 (1.0000) 24.4618 (1.0000) 26.0032 (1.0000) 28.5284(1.000) 26.1521 (1.0000) 28.3508 (1.000)

λ = 1e-3 λ = 1e-3 λ = 2e-2 λ = 2e-2 λ = 2e-3 λ = 2e-3
λTV = 2e-4 λTV = 2e-4
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Fig. 4. Fractional abundance maps estimated by CLSUnSAL, SUnSAL-TV, CLSUnSAL-DP, and SUnSAL-TV-DP (as compared to the
classification maps produced by USGS Tricorder software) for the considered 250× 191 pixel subset of the AVIRIS Cuprite scene (and their
difference maps).
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