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Abstract—Spectral unmixing is an important task in remotely
sensed hyperspectral data exploitation. The linear mixture model
has beenwidely used to unmixhyperspectral images by identifying a
set of pure spectral signatures, called endmembers, and estimating
their respective abundances in each pixel of the scene. Several
algorithms have been proposed in the recent literature to automati-
cally identify endmembers, even if the original hyperspectral scene
does not contain any pure signatures. A popular strategy for end-
member identification in highly mixed hyperspectral scenes has
been theminimum volume simplex analysis (MVSA), known to be a
computationally very expensive algorithm. This algorithm calcu-
lates the minimum volume enclosing simplex, as opposed to other
algorithms that perform maximum simplex volume analysis
(MSVA). The high computational complexity of MVSA, together
with its very high memory requirements, has limited its adoption in
the hyperspectral imaging community. In this paper, we develop
several optimizations to the MVSA algorithm. The main computa-
tional task of MVSA is the solution of a quadratic optimization
problem with equality and inequality constraints, with the inequal-
ity constraints being in the order of the number of pixels multiplied
by the number of endmembers. As a result, storing and computing
the inequality constraint matrix is highly inefficient. The first
optimization presented in this paper uses algebra operations in
order to reduce the memory requirements of the algorithm. In the
second optimization, we use graphics processing units (GPUs) to
effectively solve (in parallel) the quadratic optimization problem
involved in the computation ofMVSA. In the third optimization, we
extend the single GPU implementation to a multi-GPU one, devel-
oping a hybrid strategy that distributes the computation while
taking advantage of GPU accelerators at each node. The presented
optimizations are tested in different analysis scenarios (using both
synthetic and real hyperspectral data) and shown to provide state-
of-the-art results from the viewpoint of unmixing accuracy and
computational performance. The speedup achieved using the full
GPU cluster compared to the CPU implementation in tenfold in a
real hyperspectral image.

Index Terms—Endmember identification, graphics processing
units (GPUs), hyperspectral imaging, minimum volume simplex
analysis (MVSA), spectral unmixing.

I. INTRODUCTION

H YPERSPECTRAL imaging instruments acquire hun-
dreds of images, at nearly contiguous wavelengths, for

the same area on the surface of the Earth [1]. This has led to
significant improvements in many applications, such as agricul-
ture, geography, geology, mineral identification, detection, and
classification of man-made targets [2]–[4]. The analysis and
interpretation of remotely sensed hyperspectral scenes has
become a very active research topic in recent years [5].

Spectral unmixing is a very important technique for hyper-
spectral image exploitation [6]. It decomposes the (possibly
mixed) pixel spectra into a collection of constituent spectra, or
spectral signatures, and their corresponding fractional abun-
dances that quantify the proportion of each pure material (also
termed endmember) in the pixel. Depending on the mixing
proportion at each pixel and on the geometry of the data set,
the observed mixture can be either linear or nonlinear [4]. In
linear mixing, the acquired spectral vectors are a linear combi-
nation of the endmember signatures present in the scene, weight-
ed by the respective fractional abundances. In nonlinear mixing,
the radiative transfer theory produces a model for the transfer of
energy as photons interact with the materials in the scene [7]. In
the literature, mostly the linear mixing model has been consid-
ered. The reason is that, despite its simplicity, it is an acceptable
approximation of the light scattering mechanisms in many real
scenarios. Furthermore, the linear mixing model constitutes the
basis of many effective unmixing algorithms. This is to be
contrasted with the nonlinear mixing model, where the inference
of the spectral signatures and of material densities based on
radiative transfer theory is a complex ill-posed problem, relying
on scene parameters which are often very hard to obtain. There
are particular situations in which a nonlinear model can be
transformed to a linear (or bilinear) one [6].

In this paper, we focus on the linear model and particularly
address a class of endmember identification algorithms that do
not assume the presence of pure pixels in the scene, refer to [6] for
a description of these algorithms. These algorithms generally
rely on minimum volume concepts to identify the endmember
signatures, without the need for such signatures to be present in
the image data. The concept used by these algorithms is opposite
to the one adopted by algorithms performing maximum simplex
volume analysis (MSVA) [8], in which the goal is to inflate a
simplex with maximum volume using real pixels in the data, and
the endmembers are found as the real image pixels that define the
simplex with maximum volume. Quite opposite, the concept
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adopted by the algorithms in the minimum volume category is
quite different, as they use aminimumvolume enclosing strategy
(meaning that the endmembers are found as the vertices of the
simplex with minimum volume that encloses all data observa-
tions). A popular algorithm in this category is the minimum
volume simplex analysis (MVSA) [9], which is characterized by
its high computational complexity. Until now, there has been no
effort to accelerate the MVSA algorithm using parallel techni-
ques. However, as we will show in this work, this algorithm is
quite suitable for parallel optimizations. Specifically, we will use
the interior point method to accelerate the quadratic optimiza-
tion, which is the most computationally demanding task of
MVSA. Such iterative methods, like the interior point, have
shown to be well suited for parallel optimizations [10], [11].
Moreover, we will optimize the interior-point algorithm for the
specific problem of MVSA, drastically reducing the memory
needed to solve the quadratic problem and also the computations,
by avoiding the use of sparse matrices which produce memory
bandwidth bounded operations. In this work, we also further
explore the possibility of accelerating MVSA using multiple
graphics processing units (GPUs), a low cost but massively
parallel platform that has experienced great success in the
implementation of hyperspectral imaging algorithms (see [12],
and references therein). As a result, GPUs have become a
relevant and inexpensive computing platform in order to accel-
erate hyperspectral-related computations. For instance, in [13],
the role of GPUs in remote sensing missions is discussed,
together with other high-performance computing architectures
such as clusters, heterogeneous networks of workstations, or
field programmable gate arrays (FPGAs). In [14], a similar study
is conducted specifically for hyperspectral missions. In [15], a
general overview of the most recent developments in high-
performance computing applied to Earth observation applications
is given. In [16], several advances toward real-time processing
of remote sensing data are discussed. Finally, [17] gives a more
general perspective on the exploitation of high-performance
computing platforms in remote sensing studies, with a more
extensive discussion on specific case studies.

As mentioned above, the major computational task of MVSA
is the solution of a quadratic problem with linear equality and
inequality constraints. The inequality constraints are in the order
of , where is the number of pixels in the hyperspectral
image and is the number of endmembers, making the problem
very hard to solve and store inmemory. In this work, we solve the
quadratic problem using the interior point method [18] and
further present several optimizations. The first optimization
presented in this paper uses algebra operations in order to reduce
the memory requirements of the algorithm. In the second opti-
mization, we use GPUs to effectively solve (in parallel) the
quadratic optimization problem involved in the computation of
MVSA. In the third optimization, a multi-GPU implementation
for distributed environments is presented. In our experiments, we
report almost linear speedup and show that the proposed imple-
mentation is sublinearly scalable across multiple GPUs. The
parallel GPU implementation uses existing libraries provided by
the compute device unified architecture (CUDA)1 toolkit,

including a linear algebra library for CUDA (cuBLAS)2 and
Thrust.3 The additional GPU kernels that need to be constructed
are simple and also the memory consumption needed is well
within the range of commodity GPUs.

The remainder of the paper is organized as follows. Section II
presents related work in spectral unmixing, highlighting previ-
ous GPU implementations of unmixing algorithms available
in the literature. Section III describes the MVSA algorithm.
Section IV describes the parallel models used for the efficient
implementations of MVSA carried out in this work. Section V
presents several optimization of MVSA that constitute the main
contribution of this work. Section VI describes the experimental
results performed, using both synthetic and real hyperspectral
data sets and a variety of computing platforms. Finally,
Section VII concludes with some remarks and hints at plausible
future research.

II. RELATED WORK

This section provides an overview of existing developments in
spectral unmixing algorithms with particular focus on available
GPU implementations. The paper [6] categorizes existing
unmixing algorithms based on the linear mixture model in three
main categories.

1) In geometrical methods, techniques like the MSVA [8]
are used to determine the endmembers of the image. A
representative algorithm of this category is the N-FINDR
[19], which is based on the fact that the volume defined by
a simplex formed by the purest pixels of the hyperspectral
data is larger than any other volume defined by any other
combination of pixels. This algorithm finds the set of
pixels defining the largest volume by inflating a simplex
inside the data. N-FINDR has been recently parallelized
for GPUs in [20]. Most importantly, a GPU implementa-
tion of the general MSVA framework has been given in
[21]. Another relevant example is the vertex component
analysis (VCA) [22], which iteratively projects data onto
a direction orthogonal to the subspace spanned by the
endmembers already determined. The new endmember
signature corresponds to the extreme of the projection.
The algorithm iterates until all endmembers are exhausted.
VCA has been recently parallelized using GPUs in [23]
and [24].

2) Another category of algorithms is given by statistical
methods, inwhichBayesian theory is used tofind statistical
estimators of the endmembers and the corresponding
abundances [25]. Another family of statistical methods is
composed by spatial–spectral approaches, which combine
the spatial and the spectral information in the endmember
identification process. An example of this kind of algo-
rithms is the automated morphological endmember extrac-
tion (AMEE) algorithm [26], which has been implemented
in GPUs in [27].

3) A third category of algorithms is given by sparse regres-
sion methods, in which the spectral endmembers used to

1Available: http://www.nvidia.com/object/cuda_home_new.html

2Available: https://developer.nvidia.com/cuBLAS
3Available: https://code.google.com/p/thrust/
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solve the mixture problem are no longer extracted from
the original hyperspectral data, but instead selected
from a library containing a large number of spectral
samples available a priori [28]. In this case, unmixing is
transformed into the problem of finding the optimal
subset of samples in the library that can best model
each mixed pixel in the scene. A GPU implementation
of sparse unmixing methods has been recently presented
in [29].

It should be noted that the category of geometrical algo-
rithms has been by far the most widely explored in the
hyperspectral unmixing literature. In addition to algorithms
assuming the presence of pure pixels in the data such as
N-FINDR or VCA, another popular family of algorithms is
based on the assumption that spectrally pure signatures may
not be present in the data due to spatial resolution and other
phenomena [6]. As opposed to N-FINDR, which follows a
volume maximization strategy, these algorithms minimize the
volume of the simplex that encloses all the pixel observations
in the hyperspectral data. Some well-known algorithms in this
category include MVSA [9], which uses sequential quadratic
programming in order to minimize the volume of the simplex.
The simplex identification via variable splitting and augment-
ed lagrangian (SISAL), which uses the augmented lagrangian
minimization method. The minimum volume constrained
nonnegative matrix factorization (MVC-NMF) [30], which
uses the nonegative matrix factorization algorithm to mini-
mize the volume of the simplex. The minimum volume en-
closing simplex (MVES) [31], which finds a simplex by
minimizing the volume subject to the constraint that all the
dimension-reduced pixels are enclosed by the simplex. We
emphasize that, to the best of our knowledge, none of the
geometrical algorithms without the pure pixel assumption
have been implemented in GPUs in the past. In this work, we
take a necessary first step in this direction and propose a multi-
GPU implementation of MVSA, a popular algorithm in
this category.

III. MINIMUM VOLUME SIMPLEX ANALYSIS

In this section,we describe theMVSAalgorithm. For its initial
definition, please refer to [9]. For the sake of the comprehen-
siveness, we reproduce it here and interpret it according to our
needs for the parallel implementation.

We assume that the hyperspectral image is given by a
matrix , where is the number of pixels and
the number of spectral bands. The linear mixture model assumes

, where the matrix is the
endmember matrix and the matrix is
the abundance matrix, with being the number of endmembers.
The elements of belong in the -dimensional simplex
A R . If the vectors of are linearly
independent, then the vectors of belong in a -dimensional
simplex as Fig. 1 suggests.

The number of endmembers present in a given scene is,
very often, much smaller than the number of bands .
Therefore, it is common that spectral vectors lie in a lower
dimensional linear subspace. In MVSA, the subspace

dimension is assumed to be , and singular value decomposi-
tion (SVD) [32] provides the projection that best represents
the data in the maximum power sense. As a result, it is
assumed that the number of endmembers and the signal
subspace are known beforehand, and that the observed vec-
tors , , represent coordinates with respect to a
-dimensional basis of the signal subspace, where the basis is

acquired by the first eigenvectors of the empirical cor-
relation matrix [32], i.e., and , where

R , R , and R . MVSA finds the mini-
mum volume simplex that encloses by the following opti-
mization process:

where . This problem is in fact equivalent to

where , , , and
. Here, is the identity matrix of dimension

, is the -dimensional unit vector, is the Kronecker
product, and is the vector produced by in a column-
major order. So the problem consists of a minimization of
a nonlinear function under linear equality and inequality
constraints.

The optimization problem (2) is a nonconvex one, and the
nonlinear function can be approximated by its second order
Taylor approximation with a known feasible solution . If we
assume , then taking its second order
Taylor approximation with a feasible solution , the following
approximation holds:

where and . Thus, the
function is transformed into a quadratic function.

MVSA uses the work in [33] and transforms the minimization
problem (2) into a sequence of quadratic minimizations with

Fig. 1. Hyperspectral pixel vectors belong in the simplex formed by the end-
members: .
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linear equality and inequality constraints. Each quadratic prob-
lem has the form

Algorithm 1: Pseudocode of sequential quadratic
programming

1: INPUT: , , , ,

2:

3: repeat

4: Compute ,

5: solution of the quadratic optimization (4)

6: if < then

7: do line search until >

8: end if

9: if < < then

10:

11: end if

12:

13: until

The pseudocode of this sequence of quadratic programming
is shown in Algorithm 1, which is terminated in a finite number
of steps if convergence is not reached. The most demanding
process is to solve the nonlinear quadratic problem with linear
equality and inequality constraints (4). In the literature, there is a
plethora of algorithms that can solve this specific problem, see
[18] for a detailed description of these algorithms. In this work,
we have chosen to use the interior point algorithm for two
reasons.

1) First and foremost, the interior point algorithm uses the
Newton step for the approximation of the solution of the
nonlinear system of equations, thus converge quadratically
to the solution.

2) Second, we will show that our efficient implementation of
the interior point algorithm has much lower memory
consumption than a naive implementation of the interior
point which uses directly the constraint matrix .
becomes very large and sparse on real hyperspectral
images. In our implementation, we will show how to avoid
the use of and utilize instead nonsparse matrices of
much lower size. This makes the problem suitable for basic
linear algebra subroutine (BLAS) operations on GPUs,
which do not require very large memory and produce
memory bandwidth limited operations on sparse matrices.
Also, we will utilize the classical approach to relax the
linear system produced by the Jacobian matrix using the
interior-point algorithm.

The system of nonlinear equations that need to be solved
satisfies the first order Karush, Kuhn, Tucker (KKT) conditions
[18] and can be expressed by the following system:

� μ

�

�

where is a positive slack variable and � and μ the lagrangian
multipliers for the inequality and equality constraints, respec-
tively. This system of nonlinear equations can be solved by an
interior point algorithm with and � being the primal and dual
variables, respectively.

From the plethora of interior point algorithms available [18],
we use the predictor–corrector interior point algorithm. The
predictor–corrector is an iterative algorithm in which, at each
iteration, an initial Newton step is calculated and called affine
step, and then this step is corrected using two scalar parameters,
and , calculating the final Newton step. In our context, both of
these scalar parameters should converge to zero, so as to achieve
convergence to the correct solution of the quadratic problem.
These parameters have a significant meaning in our context, i.e.,
the convergence of to zero is essential to achieve strict
complementarity in the KKT conditions (see [34]), while the
convergence of to zero is also essential, since the Newton
method converges rapidly near the exact solution. Once conver-
gence is achieved, the solution is provably the correct solution
since the KKT conditions are satisfied. The affine Newton step is
given by the solution of the following linear system:

μ

�

where

� μ

� �

Using the affine step, now we calculate the following linear
system:

μ

�

where is the correction in the pre-

diction with � � ,

, �, and . The predictor–

corrector interior point algorithm for the solution of the quadratic
problem is shown in Algorithm 2.
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Algorithm 2: The predictor corrector interior point
algorithm

1: Initialize μ � with , � >

2:

3: while , not small enough do

4: μ � μ �

5: solve (6) and get μ �

6: �

7: � �

8: � �

9:

10: solve (7) and get μ �

11:

12: � � �

13: μ � μ �

μ �

14:

15: end while

16: return

In the case ofMVSA, the number of unknowns is , the number
of inequality constraints is and the number of equality
constraints is . As it can be seen fromAlgorithm 2, themain
computational task in the predictor–corrector interior point algo-
rithm is the calculation of the Newton steps, which involve the
solution of the linear systems (6) and (7). The size of the Jacobian
matrices of these two systems is

. This means that for a standard hyperspectral image with
common size of pixels and endmembers,
the size of the linear systems (6) and (7) is prohibitively large to
store and compute. However, by exploiting the structure of the
Jacobian matrices, the two linear systems can be solved progres-
sively by deriving the “normal equations” [18] as follows:

μ

�

where

Here, is the last right term of both systems (6) and (7). Now
the problem amounts to solving a linear
system for the computation of and μ, and then for the
successive computation of and � using just matrix to vector
multiplications. In the following, we present several different
optimizations for the algorithm described in this section.

IV. PARALLEL PROGRAMMING FRAMEWORKS

This section describes the parallel frameworks that will be
used to develop a distributed GPU implementation of theMVSA
algorithm described in the following section. For the distributed
part, we resort to the message passing interface (MPI).4 For the
GPU implementation, we use the CUDA5 by NVidia,6 the main
GPU vendor worldwide.

A. MPI Programming

MPI is the most widely used library for distributed parallel
programming. In a distributed computing environment, the
nodes have access only to their local memory and each node
may contain several processors, see Fig. 2. In order to access the
memory content of the other nodes, a message transfer through
the network needs to take place. A reduction operation among the
nodes is a collective process that applies an operator to the
memory contents of each node. InMPI, this operator is optimized
and implemented by the built-in functions MPI Reduce, where
the operator is applied in one node, and MPI Allreduce, where
the operator is applied in all nodes. Broadcast is a collective
operation where the memory pointed by one node is transferred
to all other nodes, and it is implemented by the function
MPI Bcast. Scatter is a collective operation where the memory
pointed by one node is evenly distributed to all nodes, e.g., this
operation is relevant if we wish to evenly distribute the contents
of a vector in one node. This operation is implemented by the
function MPI Scatter. These collective operations are de-
scribed in detail in [35]. The bottleneck in a distributed environ-
ment is generally the communication network, thus the design of
an effective distributed parallel program should avoid using
excessively the network.

Fig. 2. Simple distributed environment model.

4Available: http://www.mcs.anl.gov/research/projects/mpi
5Available: https://developer.nvidia.com/cuda
6Available: http://www.nvidia.com
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B. CUDA Programming

CUDA is the most commonly used programming framework
for GPUs. Today GPUs are capable to execute massively light-
weight threads of the sameprogram (kernel). Thus,GPUs follow a
single programmultiple data (SPMD)model. In the finest level of
a warp, GPUs follow the single instruction multiple data (SIMD)
model. The program that is executed in the GPU is called kernel,
and it is executed in parallel using up to thousands of threads.
When a kernel is launched, it creates a grid containing blocks. The
threads are executed inside the blocks. Threads and blocks can be
one, two, and three dimensional, and they have an index space, as
indicated in Fig. 3. In order to launch a kernel, there is a need to set
the number of blocks and the number of threads that will be
exectued inside the block. In our implementation ofMVSA, there
is a need to use two-dimensional blocks holding two-dimensional
threads for matrix multiplications (performed by the library
cuBLAS of NVIDIA) and also one dimensional blocks holding
one-dimensional threads for operations like dot products, vector
additions, pairwise vector multiplications, reduction operations,
and the functions we will present later on.

The memory architecture of CUDA consists of a global mem-
ory (the videomemory), which is connected via a high-bandwidth
bus to the chip of the GPU, a shared on-chipmemory (cache), and
registers in the GPU chip. The global memory can be accessed by
all threads in all blocks. The shared memory can be accessed only
by the threads in a block, and registers can be accessed only by one
thread in the block. A good programming practice is to have the
threads access consecutive elements in global memory (coalesc-
ing) and also to use the shared memory when data are reused by
threads. In our implementation of MVSA, we use this program-
ming practice in the construction of the kernels presented later on.
This means that consecutive threads in the kernels access conse-
cutivememory locations in global memory and also elements that
are reused are stored in the shared memory, which is significantly
faster than the global memory.

CUDA programming follows a host-device philosophy,
meaning that the programmer can code for the CPU and GPU
in the same program. In a simplified model, when programming
for theGPU, the contents of thememory accessible from theCPU
should be transferred to the memory accessible from the GPU
with aCPU-to-GPUmemory transfer, then the kernel is launched
and the result is copied back to the host memory with a device to
host memory transfer, as indicated in Fig. 4.We refer to [36] for a
detailed introduction to CUDA programming.

The memory transfer between the host and device is generally
performed via a relatively low bandwidth bus (such as PCI-
Express), so a good GPU programming practice is to keep the
data in theGPUmemory andminimizememory transfers between
the host and device. In a hybridMPI/CUDAenvironment, such as
the one that we will be using for our implementation, the memory
transfers between several GPUs constitute a multistep process.
First, a device to host memory transfer should take place. Then, a
memory transfer happens from one host to another through the
communication network, and then a host to device memory
transfer takes place.7 As a result, the memory exchange between
GPUs is an expensive process and needs to beminimized. A good
programming practice in this regard is to split the data across
multiple GPUs and then perform local computations.

Algorithm 3: Pseudocode of an optimized predictor–
corrector interior point algorithm

1: INPUT: , , , , ,

2: μ � ,

3: , ,

4: while ( > or > ) do

5: � �

6: μ

7:

8:

Fig. 4. CUDA execution model.

Fig. 3. Grid, block, and thread hierarchy in the CUDA model for GPU
programming.

7The new NVidia GPU-direct technology allows direct memory
communication between GPUs in MPI. Available: https://developer.nvidia.
com/gpudirect
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9: �

10:

11:

12:

13:

14: �

15:

16:

17:

18:

19:

20: � �

21: �

22:
<

23: �
� <

� �

24: �

25: � �

26:

27: � � �

28: �

29:

30:

31:

32:

33: μ

34:

35: � �

36:

37:
<

38:
� <

� �

39:

40: μ � μ � μ �

41:

42: end while

V. EFFICIENT IMPLEMENTATIONS OF MVSA

In this section, we describe several new strategies for efficient
implementation of MVSA. First, we describe an efficient imple-
mentation based on algebraic operations. Then, we describe a
single GPU implementation of MVSA. Finally, we present a
multi-GPU implementation.

Algorithm 4: CUDA pseudocode of the optimized predictor–
corrector interior point algorithm

1: INPUT: , , , , , //Y is kept in global

GPU memory since it is reused throughout MVSA

2: μ � , //All these

values are set with simple kernels where each thread

assigns a value

3: , ,

4: while ( > or > ) do

5: � � //the reciprocal and the pairwise

multiplication is done by simple kenels where each

thread computes the coreesponding value

6:

� μ

7:

8:

9: �

//Kernel to transpose �

10:

11: Transfer to host memory

12:

//host operation

13: //Host operation

14: //Host operation with MKL

15: Transfer Inv from host memory to GPU memory

16: � //Simple kernel

operations as line 5

17:

18: //cudaMemcpy from Device to Device
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19:

20: //Transfer the first

elements with cudaMemcpy

21:

22: � � //simple kernel

operations as line 5

23: �

24:

25: � � �

26: �

27: � �

28:

29: � � �

//Simple kernel operations as line 5

30: � //Simple kernel

operations as line 5

31:

32: //memory transfer with

cudaMemcpy from device to device

33:

34: //Transfer the first

elements with cudaMemcpy

35: μ //Transfer the last

elements with cudaMemcpy

36:

37: � � //Simple kernel

operations as line 5

38:

39:

40: � �

41:

42: μ � μ � μ �

//Update with simple kernels like line 5

43:

44: end while

A. Efficient Implementation Using Algebra Operations

The optimization described in this section is mainly related
with the management of matrix in (8). The size of this matrix
is , whichmeans that thematrix is very large to store and
make calculations. However, it is possible to replace the opera-
tions involving with operations using lower dimensional
matrices, making them very suitable for a GPU implementation.
As a result, a main goal in this section is to redefine the
pseudocode of Algorithm 2 using the optimizations described.
The first operation that needs to be replaced is . In
this operation, the first term to be computed is . It can be
easily shown that this multiplication can be expressed using the
following compact form:

� � �

� � �

� � �

� � �

which will be referred to hereinafter as . It
should be noted that without loss of generality, we can also write

. With these defi-
nitions in mind, the final form of the matrix can be
simply constructed using Algorithm 5.

Algorithm 5: Function ConstructMatrix

1: INPUT:

2:

3: for to p-1 do

4: for to p-1 do

5: for to p-1 do

6:

7: end for

8: end for

9: end for
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As it can be seen in the system of (8), thematrix is also used
to compute the terms , , , and . The ultimate goal is to
compute terms and . Here, the term can be
computed by (following Matlab notation) and the term

can be computed by , where is thematrix created
by the vector in a column-major order and the symbol is the
column vector created by a matrix in a column-major order also.
It can also be observed that thematrices and do not need to be
stored explicitly, only their diagonals are needed. As a result,
there is no need to store extremely largematrices since the largest
one that needs to be stored is of dimension . This is
extremely useful for our GPU implementation since GPUs
generally havemuch less memory than the host. The pseudocode
of the predictor–corrector interior point algorithm after the
aforementioned optimizations is given in Algorithm 3.

In Algorithm 3, lines 9–11 compute the matrix ,
lines 12–20 compute the affine Newton step, lines 21–26 com-
pute the parameters and , lines 27–35 compute the final
Newton step, and lines 35–40 compute the final feasible step of
the iteration. Notice that , , and denote the matrices
formed by the vectors�, , and . The notations “ ” and “ ”

represent member-wise multiplication and division, respective-
ly. The function � calculates the
matrix and will be described in the next
subsection which is devoted to the specific implementation of
the algorithm in GPU architectures.

B. GPU Implementation

Themain operations that need to be optimized for the efficient
implementation of MVSA in GPUs can be summarized as
follows (see Algorithm 3).

1) Member-wise operations involving vectors (addition, mul-
tiplication, and division). These operations can be effi-
ciently executed in the GPU by means of kernels.

2) Vector–vector operations (inner products), which can be
optimized by resorting to linear algebra libraries specifi-
cally developed for GPUs. In this work, we use the
cuBLAS library for this purpose.

3) Matrix–vector and matrix–matrix multiplications also op-
timized by using cuBLAS.

4) Reduction operations, which can be effectively implemen-
ted using the Thrust library.

5) Inverse matrix operations, which are more suitable for
implementation in the host (taking advantage of multicore
technology if available). For this purpose, here we use
Intel’s math kernel library (MKL),8 which has been shown
to be very effective in this kind of operations.

6) Finally, the vector transpose operation for computing (� )
can be accomplished in the GPU by means of a kernel
function.

It should be noted that the transfers fromdevice to hostmemory
that need to be performed in ourGPU implementationmostly take
place during the calculation of the final matrix .
However, the amount of data that needs to be transferred at each
algorithm iteration is on the order of , which makes the transfer

time practically negligible when compared with the other com-
putations.The inverse of thematrix can alsobe computedvery fast
since the size of the matrix is on the order of . In fact, this
computation can be carried out very efficiently using MKL. The
host to devicememory transfers that need to be performed are also
mainly related with the provision of the inverse to the GPU. Since
the inverse is on the order of , this transfer is also trivial. All
other involved operations do not require memory exchange
between the host and device since the data involved in the
operations reside only on the device memory.

Algorithm 6: Kernel CalculateCompact

1: INPUT: , �

2: Shared sY[1024]

3: ,

4:

5:

6: if < then

7:

8: end if

9: SynchronizeThreads

10:

11: for to p-1 do

12:

13: if < then

14:

�

15: end if

16: end for

The only remaining nontrivial kernel that needs to be con-
structed for theGPU implementation is the one that calculates the
matrix . For illustrative purposes, this kernel
(called CalculateCompact) is illustrated in Algorithm 6. The
kernel is initialized with threads and

blocks. An important component of this
kernel is that it uses shared memory to store the elements of ,
which are read in a coalesced manner. The elements of � and

in line 14 of Algorithm 6 are also read and
written in a coalesced manner, respectively. This makes the
kernel optimal for the calculation of .

For the sake of completeness, we present Algorithm 4 that
embeds on top of Algorithm 3 in a pseudocodemanner; the basic
CUDA operations needed to implement the later. Algorithm 4
shows the precise mapping to GPU functions and it can be
observed that the mapping to Algorithm 3 is exact. As it can be
observed, we efficiently use all the described functions to avoid
using the large matrix , thus reducing the amount of memory8Available: http://software.intel.com/en-us/intel-mkl
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needed on theGPU. The basic operations like addition of vectors,
subtraction, and multiplication with a constant and pairwise
multiplication can be achieved with simple kernels, and they
are similar with the very basic algorithms presented in the
introduction of [36].

Algorithm 7: Pseudocode of a distributed optimized
predictor–corrector interior point algorithm

1: INPUT: All nodes: , , , , , ,

2: �

3: μ

4: , ,

5: while ( > or > ) do

6: � �

7: �

8:

9:

10: �

11: � �

12:

13: �

14:

15:

16: � μ

17:

18:

19:

20:

21:

22:

23:

24:

25:

26: � �

27: �

28:

29:

30:
<

31:

32: �
� <

� �

33: � �

34: �

35: � �

36:

37:

38:

39: � �

�

40: �

41:

42:

43:

44:

45:

46:

47: μ

48:

49: � �

50:

51:
<

52:

53:
� <

� �

54:

55:

56: μ � μ �

μ �

57:

58: end while

C. Distributed GPU Implementation

This section describes the methodology followed in order to
make the GPU implementation Algorithm 3 distributed, using
the MPI library. The result is a hybrid MPI+CUDA implemen-
taion, which is not easy to design due to several additional
aspects that need to be managed, including the CPU-GPU
communication, multi-GPU memory transfers, and buffer trans-
fers happening between different nodes connected through a
high-speed communication network, as illustrated in Fig. 2.
Without careful handling of these transfers, the hybrid
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MPI+CUDA implementation could be slower than the single
GPU implementation. The general paradigm that we have
followed in the design of the hybrid version is to make calcula-
tions as local as possible, thus reducing the cost of communica-
tions as much as possible. For that purpose, we partition the
hyperspectral image in full pixel vectors, meaning that a single
pixel entity is never partitioned across different nodes in order to
reduce interprocessor communications [37].

Let the number of nodes (processes) available in the parallel
system be denoted as . In a first step, we partition in row-
wise fashion obtaining submatrices of size each. For
simplicity, we assume that is divisible by although this is
not an absolute requirement and the formulation can be easily
redefined when this is not the case. This operation is performed
by a simple MPI Scatter operation. Resulting from this, all the
nodes receive a part of , denoted as . Then each node
computes . With this strategy, the slack , the
inequality lagrangian, � and variables can be split in parts
holding elements each. Each node is then assigned one of
these parts, denoted as , � , and , respectively. is
also scattered to the nodes holding each a part of it with
elements, denoted as .With these ideas inmind,Algorithm7
presents a pseudocode for the distributed implementation of
Algorithm 3.

Although Algorithm 7 appears to be complex, it can be
systematically explained as follows (the algorithm runs on all
nodes). The first lines of Algorithm 7 are intended to parti-
tioning the data. Lines 10–12 in Algorithm 7 calculate

. It should be noted that the function
(presented in Section V-B) can still be used

with the proper parameters and � , and is replaced
by in the kernel input. Lines 19–32 in Algorithm 7 compute the
affine Newton step, which is distributed for the slack and
inequality lagrangian variables. Lines 33–43 of Algorithm 7
compute and . Lines 45–58 of Algorithm 7 compute the final
Newton step. Finally, lines 59–68 of Algorithm 7 compute the
corrected step of the iteration.

At this point, it is important to emphasize that only local
computations and collective communications are used in the
implementation of Algorithm 7. The most significant commu-
nication and memory transfers involved in Algorithm 7 are in
the order of , which is quite reasonable since the number of
endmembers in a standard hyperspectral scene is rarely
superior to 30. Collective communications (Allreduce) are
necessary to provide the nodes with the necessary elements to

compute the affine and final Newton steps. It is also worth
noting that the distributed Algorithm 7 bears a strong resem-
blance with regards to Algorithm 3, except for the fact that
Algorithm 7 resorts to local variables and matrices, and also
uses collective communications in order to obtain the necessary
elements. From the discussion above, we can conclude that the
communication needed in Algorithm 7 is minimized to the
absolute necessary.

In Section VI, we illustrate the parallel performance of our
newly developed, hybrid MPI+CUDA implementation. In terms
of GPU operations, the algorithm performs the same operations
in all the distributed GPUs as in the single GPU case. The only
difference is that in the collective MPI Allreduce operations,
additional host to GPU memory transfers should be made.
However, as mentioned before, these operations are in the order

TABLE I
COMPARISON OF ENDMEMBER IDENTIFICATION ALGORITHMS FOR A SYNTHETIC IMAGEWITHOUT PURE SIGNATURES, SIMULATED USING SPECTRAL SIGNATURES OBTAINED FROM THE

USGS SPECTRAL LIBRARY AND WITH DIFFERENT NOISE LEVELS

Fig. 5. USGS map showing the location of different minerals in the Cuprite
mining district in Nevada. The map is available online at: http://speclab.cr.usgs.
gov/cuprite95.tgif.2.2um_map.gif.
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of , which is quite low given the actual number of endmembers
in standard hyperspectral scenes. Also it should be noted that
all nodes have the same computational burden making our
computation and communications symmetric. An important
consideration at this point is that the memory used by each GPU
in the hybrid implementation is times lower than in the single
GPU case.

VI. EXPERIMENTAL RESULTS

In this section, we present an experimental assessment of the
efficient implementations of MVSA described in Section III.
The core of the MVSA algorithm is the sequential quadratic
programming procedure described in Algorithm 1 for which we
have developed several optimization strategies that will be
evaluated next from the viewpoint of both endmember identifi-
cation accuracy and parallel performance.

A. Evaluation of Endmember Identification Accuracy

As discussed in Section III, we first developed an optimized
version of MVSA in the C programming language, and then
obtained a GPU implementation using CUDA and a hybrid
MPI+CUDA distributed multi-GPU implementation. It should
be noted that the three versions produce exactly the same results.
Hence, the only difference between these versions is their
computational performance. For the sake of evaluating the
endmember identification accuracy of the three implemented
optimizations, we perform a comparison with other algorithms
such asN-FINDR [19] (taken here as a representative ofmethods
with the pure pixel assumption) and MVES [31], a state-of-the-
art method without the pure pixel assumption. The metrics used
in our comparison are the following ones:

1) Mean square error (MSE), denoted as ,
where stands for the Frobenius norm.

2) Reconstruction error, computed as
.

3) Spectral angle distance (SAD), expressed as

and measured in degrees as de-

fined in [4].
In order to perform a comparison of algorithms in a fully

controlled environment, we first use a synthetic hyperspectral
image consisting of pixels and constructed
using the linear mixture model, following the simulation proce-
dure described in [38] so that no pure pixels are present in the
simulated scenes, which is dominated by highly mixed pixels.
The spectral signatures used in the generation of the hyperspec-
tral scene are selected from the United States Geological Survey

(USGS) library denoted splib069 and released in September 2007
[39], and the number of signatures used for the simulation in our
experiments is set to and are set this low because we want
to test the precision on high levels of noise. Noise in different
proportions has been added to the simulated scene in order to
evaluate the impact of noise on algorithm performance. Table I
shows a comparison of MVSA, MVES, and N-FINDR using the
aforementioned metrics for the considered synthetic scene sim-
ulated with different noise levels (in dBs). As indicated by
Table I, the proposed implementations of MVSA outperform
the other tested algorithms in terms of , and, particularly,
SAD. This was expected in comparison with N-FINDR, since
the synthetic images are simulated without pure pixels and
N-FINDR belongs the the category of endmember identification
algorithms with the pure pixel assumption. However, it is
remarkable that the performance metrics obtained by MVSA
are slightly superior to those reported forMVES,which is a state-
of-the-art algorithm in the same category as MVSA, i.e., without
the pure pixel assumption.

In a second experiment, we evaluate the performance of the
implementations ofMVSAusing a real hyperspectral data set. The
scene used in our real data experiments is the well-known
Airborne Visible Infra-Red Imaging Spectrometer (AVIRIS)
Cuprite data set, available online in reflectance units.10 This scene
has been widely used to validate the performance of endmember
extraction algorithms. The portion used in experiments corre-
sponds to a -pixel subset of the sector labeled as
f970619t01p02_r02_sc03.a.rfl in the online data. The scene
comprises 224 spectral bands between 0.4 and μ , with
nominal spectral resolution of 10 nm. Prior to the analysis, bands
1–2, 105–115, 150–170, and 223–224were removed due towater
absorption and low SNR in those bands, leaving a total of 188
spectral bands for a total size of about 50 MB. The Cuprite site is
well understoodmineralogically andhas several exposedminerals
of interest, all included in the USGS library. In our experiments,
we use spectra obtained from this library in order to substantiate
the quality of the endmembers derived by MVSA and compare
them with those produced by other algorithms. For illustrative
purposes, Fig. 5 shows amineralmap produced in 1995 byUSGS,
in which the Tricorder 3.3 software product was used to map
different minerals present in the Cuprite mining district.11

Specifically, in this experiment, we used the spectral signa-
tures of the minerals: alunite (GDS84), buddingtonite (GDS85),
calcite (WS272), kaolinite (KGa-1), and muscovite (GDS107)
that are present in the Cuprite data set and computed the SAD
between the reflectance spectra for these minerals and the end-
members extracted by MVSA, MVES and N-FINDR. All algo-
rithms have been set to extract endmembers from the
data, which is a reasonable estimate according to previous
studies. The best matching extracted endmembers with regards
to the reference USGS mineral signatures in terms of SAD are
selected for comparison. The choice of these mineral signatures
was made based on recent works conducted with the AVIRIS
Cuprite data [40], [41]. In the MVSA experiments, we fix the

TABLE II
SAD BETWEEN FIVE USGS REFERENCE MINERAL SPECTRAL SIGNATURES AND THE

ENDMEMBERS EXTRACTED BYDIFFERENTMETHODS FROM THEAVIRISCUPRITE SCENE

9Available: http://speclab.cr.usgs.gov/spectral.lib06
10Available: http://aviris.jpl.nasa.gov/html/aviris.freedata.html
11Available: http://speclab.cr.usgs.gov/cuprite95.tgif.2.2um_map.gif
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number of iterations of the interior point algorithm empirically to
150. Table II shows the SAD between the endmembers identified
by MVSA, MVES, and N-FINDR and the reference spectral
signatures for the selected minerals. The SAD comparison
reveals that the performance of the algorithms tested depends
on the reference mineral considered. Finally, Fig. 6 shows the
MSE obtained in each pixel after approximating the original
image with a linear combination formed using the endmembers
derived by each method and the fractional abundances estimated
by fully constrained linear spectral unmixing [42]. As shown by
Fig. 6, the MVSA performs better than both MVES and
N-FINDR according to this metric.

B. Evaluation of Parallel Performance

In this subsection, we evaluate the computational performance
of our proposed optimizations for MVSA. Our test environment
consists of a parallel system made up of seven IBM blades, each
equipped with an NVIDIA Tesla M2070Q GPU and two Intel
Xeon processors having four cores each (hyper-threading was
disabled). Each M2070Q GPU features 448 cores, double preci-
sion floating point performance (peak) of 515 Gflops, single
precision floating point performance (peak) of 1.03 Tflops, total
dedicated memory of 6 GB (GDDR5) and maximum power
consumption of 225W TDP. All blades are connected with
Infiniband 40 Gbit/s network cards.

For comparative purposes, in addition to the proposed opti-
mizations, we have developed a multithreaded CPU version of
MVSA using the MKL library (thus taking advantage of the
eight cores of the system) and used this version as or reference in
order to calculate the acceleration factors (speedups). In this
version, all level-3 BLAS functions like matrix multiplication
are highly optimized, taking advantage of the processor caches,
while all level-2 BLAS functions are also multithreaded. It
should also be noted that our multi-GPU implementation allows
any kind of accelerator to be used, including recent platforms as
the Intel Xeon Phi. In this work, we have chosen GPU accel-
erators mainly because we have seen empirically observed that
the execution time scale linearly among multiple GPUs. More-
over, the new NVidia GPUs allow multiple MPI processes
(currently, up to 32) running on different queues with the

Fig. 6. MSE obtained in each pixel of the AVIRIS Cuprite scene after approximating the pixel in the original image with a linear combination formed using the
endmembers derived by each considered method. The total MSE in each case is reported in the parentheses. (a) MVSA (0.2172). (b) MVES (0.2265). (c) N-FINDR
(0.6257).

TABLE III
PROCESSING TIMES, MPI TIMES, I/O TIMES, AND SPEEDUPS WITH REGARDS TO: A) 1 GPU, B) A MULTI-THREADED, AND C) A SINGLE-THREADED MKL

IMPLEMENTATION OF MVSA THAT EXPLOITS THE 8 CORES AVAILABLE IN THE CONSIDERED SYSTEM

The Multi-threaded implementation took 52 s and the single-threaded implementation took 85 s to complete 150 iterations of the interior-point
algorithm.

TABLE IV
MPI TIMES IN EACH OF THE NODES FOR 150 ITERATIONS OF THE INTERIOR-POINT

ALGORITHM USING ALL SEVEN IBM BLADES
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Hyper-Q technology,12 thus significantly increasing the utili-
zation of the GPU.

The hyperspectral image used in our experiments is the
AVIRIS Cuprite scene described in the previous subsection,
with a size of approximately 50 MB, and the MVSA algorithm
was run using the same conditions described in the previous
experiment. It should be noted that, as mentioned before, there is
no parallel implementation of MVES available in the literature
while the GPU implementation of N-FINDR described in [20]
providesmuch higher processing times than the ones reported for
MVSA (there is no multi-GPU implementation of N-FINDR
currently available); hence we only report the computational
times measured for our proposed optimizations of MVSA.
Specifically, the multithreaded implementation of MVSA
(developed in MKL to exploit the 8 cores available in the
system) took 52 s to process the AVIRIS Cuprite scene, while
the single-threaded version took 85 s.

In our first experiment, we measured the execution time and
the I/O timings from host to device and from device to host, as
well as the MPI time for all collective operations as measured
from mpiP,13 a lightweight profiler for MPI. The latter reports
accurately the application time and theMPI time. The I/O time is
measured with the UNIX C function gettimeofday, which is
very accurate. TheCPUversion of the algorithm is alsomeasured
with the gettimeofday C function. Since the interior point
algorithm was made distributed and is the main computationally
demanding task ofMVSA, our first evaluation will be carried out
by running 150 iterations of the algorithm. Table III displays the
aforementioned timings. From Table III, we can make the
following observations.

1) The MPI time is below 10% of the whole interior-point
execution, and we can even observe that for 7 GPUs, it is
only 5%. This indicates that our algorithm manages to
minimize the communication time as much as possible.

2) The I/O time remains constant and below 10%of thewhole
application time, which means that over 90% of the time
the GPUs are performing computational work.

3) For 7 GPUs, we manage to achieve a speedup of 4x over
one GPU and more than 20x over the multithreaded CPU
version. This is a significant achievement, as the CPU
implementation used as reference efficiently exploits the 8
cores available in the system through a highly optimized
MKL implementation.

Another important consideration at this point is how the
computation is distributed across the nodes, and whether the
MPI usage is evenly distributed between the nodes. When

describing our multi-GPU implementation, we have claimed
that this is indeed the case. For illustrative purposes, Table IV
shows this distribution. It can be observed that the MPI timings
are close to the mean value (0.13 s) which means that the MPI
workload is evenly distributed across the nodes.

In a last experiment, we evaluated the sensitivity of our multi-
GPU implementation of the interior-point algorithm to the
number of iterations taken. As indicated by Table V, we consid-
ered the timings for 50, 100, and 150 iterations. The results
reported on Table V indicate that theMPI%, I/O%, and speedups
measured are insensitive to the number of iterations, i.e., the
MPI% and I/0% and speedup remain roughly the same across
the number of iterations. We used all of the 7 IBM blades for
this experiment.

From the above performance evaluations, we have shown
that our multi-GPU is optimal following all good principles and
guidelines in distributed programming and we were successful
in accelerating MVSA dramatically. This represents a very
significant improvement with regards to previous implementa-
tions of MVSA, in which it was already very difficult to process
a full hyperspectral scene due to memory requirements and the
algorithm requiredmuch higher computation time tofinish, e.g.,
a Matlab implementation of MVSAwas reported in [43] to take
more than 25 000 s (416min) to process the considered AVIRIS
Cuprite scene in a desktop PC with Intel Core I7 920 CPU at
2.67 GHz CPU at 2.65 HHz with 4 GB of RAM memory.
Although the CPU platforms are not comparable, the serial
(52 s), GPU (9.91 s), and multi-GPU (2.47 s) processing times
reported in this paper make the MVSA algorithm a near real-
time one and readily available for fast processing of large
hyperpectral images in affordable computing architectures.
These results are expected to enhance the popularity of MVSA
in the hyperspectral imaging community, as the endmember
identification accuracy results obtained by this algorithm are
equal or slightly superior than those obtained by other state-of-
the-art methods.

VII. CONCLUSION AND FUTURE RESEARCH LINES

In this work, we have presented several optimizations for the
MVSA algorithm, a popular strategy for endmember identifica-
tion in the difficult case in which it is assumed that the original
hyperspectral scene does not contain any spectrally pure signa-
tures. Specifically, we have developed three optimizations. In the
first one, we used algebra operations in order to reduce the very
high memory requirements of the algorithm. In the second one,
we have taken advantage of graphics processing units (GPUs) to
effectively solve (in parallel) the quadratic optimization problem
involved in the computation ofMVSA. For this purpose, we used

TABLE V
PROCESSING TIMES, MPI TIMES, I/O TIMES, AND SPEEDUP FOR 50, 100, AND 150 ITERATIONS

12Available: http://www.nvidia.com/object/nvidia-kepler.html
13Available: http://mpip.sourceforge.net/
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an optimized interior point method. In the third optimization, we
extended the single GPU implementation to a multi-GPU one,
developing a hybrid strategy that distributes the computation
while taking advantage of GPU accelerators at each node. Our
experimental results, conducted using both synthetic and real
hyperspectral scenes, indicate that the proposed optimizations
provide significant improvements in the computation time (and
also in the memory requirements) of the MVSA algorithm.
Although the reported processing times represent a very signifi-
cant improvement with regards to previously available imple-
mentations of the algorithm, in future work we will continue
exploring additional strategies for optimization, such as splitting
the original hyperspectral image into subimages and applying
the multi-GPU impelmentation to each of them. Other high-
performance computing architectures such as digital signal
processors (DSPs) or FPGAs will be also explored due to their
capacity to be used as onboard processing modules in airborne
and (particularly) spaceborne Earth observation missions.
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