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Abstract—The normal compositional model (NCM) has been
introduced to characterize mixed pixels in hyperspectral images,
particularly when endmember variability needs to be considered
in the unmixing process. Each pixel is modeled as a linear com-
bination of endmembers, which are treated as Gaussian random
variables in order to capture such spectral variability. Since the
combination coefficients (i.e., abundances) and the endmembers
are unknown variables at the same time in the NCM, the parame-
ter estimation is more difficult in comparison with conventional
approaches. In order to address this issue, we propose a new
Bayesian method, termed normal endmember spectral unmixing
(NESU), for improved parameter estimation in this context. It con-
siders the endmembers as known variables (resulting from the
extraction of endmember bundles), then performs optimal estima-
tions of the remaining unknown parameters, i.e., the abundances,
using Bayesian inference. The particle swarm optimization (PSO)
technique is adopted to estimate the optimal values of abundances
according to their posterior probabilities. The performance of the
proposed algorithm is evaluated using both synthetic and real
hyperspectral data. The obtained results demonstrate that the
proposed method leads to significant improvements in terms of
unmixing accuracies.

Index Terms—Endmember variability, hyperspectral imaging,
normal compositional model (NCM), normal endmember spectral
unmixing (NESU), particle swarm optimization (PSO), spectral
unmixing.

I. INTRODUCTION

S PECTRAL UNMIXING is an important technique for
hyperspectral data exploitation [1]. The linear mixture

model (LMM) has been the most popular tool used to unmix
remotely sensed hyperspectral data [2]. The LMM assumes
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that each pixel can be interpreted as a linear combination
of a given number of pure materials (i.e., endmembers) with
their corresponding fractions referred to as abundances [3].
However, the lack of ability to account for temporal and spatial
variability between and among endmembers has been acknowl-
edged as a major shortcoming of LMM with fixed endmembers
[4]. Actually, endmember variability has received consider-
able attention in the last decade [5], [6]. Several models and
algorithms have been developed for considering the effect of
endmember variability in spectral unmixing [4], including the
multiple endmember spectral mixture analysis (MESMA) [7],
[8], Monte Carlo spectral unmixing model (AutoMCU) [9],
endmember bundles [10], [11], or Bayesian spectral mixture
analysis (BSMA) [12], among several others [4].

The aforementioned methods intend to use endmembers in a
more flexible way, possibly incorporating multiple instances of
a given endmember, but are still based on LMM. On the other
hand, there are also two models which transcend the LMM in
the goal of including the inherent endmember variance, i.e., the
stochastic mixture (SMM) [13] and the normal compositional
model (NCM) [14], which is a continuous version of the SMM.
It has been recognized that the abundance quantization step in
the SMM provides an inherent limitation from the viewpoint of
model fidelity [15]. Therefore, in the following, we just focus
on the NCM. In this model, a given pixel in the hyperspectral
image can be described as

x =

M∑
m=1

αmεm (1)

where εmis the mth Gaussian distributed endmember and αm is
the abundance coefficient of εm, which is subject to the conven-
tional abundance nonnegativity constraint and to the abundance
sum to one constraint. The NCM model assumes that each
pixel in a hyperspectral image is stochastically mixed by several
high-dimensional Gaussian vectors, and such Gaussian vectors
correspond to pure ground features, referred to as endmem-
bers. It is assumed that the mean and covariance matrix of each
endmember are sufficient to capture its spectral variability.

However, a major challenge of NCM lies in the parame-
ter estimation [14]. The abundances and endmembers modeled
in NCM are considered as unknown variables simultaneously,
so there is no direct method to provide the analytic solutions
required to estimate the NCM parameters. To address this issue
in practice, the NCM has been considered as a two-stage hierar-
chical model [14]. A Bayesian inference and the Markov chain
Monte Carlo algorithm (MCMC) has been introduced in [15]
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for this purpose. The MCMC unmixing algorithm generates the
sample distribution of unknown parameters according to the
joint posterior of the abundances, the endmembers variances,
and one hyperparameter. Using such a statistical approach, the
parameters can be estimated successfully. However, in practice
we usually lack the prior knowledge regarding the hyperparam-
eter of endmember variance (a noninformation Jeffreys’ prior
was used in MCMC method). In fact, such lack of prior knowl-
edge may affect the estimation of the endmember variance.

In this paper, we focus on this particular problem and develop
a new Bayesian spectral unmixing algorithm, called normal
endmember spectral unmixing (NESU), whose crucial point
is allowing NCM to estimate the abundance coefficients while
considering the endmembers as known variables. In the conven-
tional assumption of NCM, abundances and endmembers are
both considered as unknown variables. However, our method
assumes that the endmember distributions are normal and can
be approximately represented by endmember bundles. In other
words, our assumption is that the mean and covariance matrix
of each endmember could be estimated directly from such
endmember bundles [11]. In this case, the NCM parameter esti-
mation problem is simplified since the NCM has less unknown
variables, i.e., only the abundance vectors. Such abundance vec-
tors can be estimated using a Bayesian analysis framework
aiming at maximum a posteriori (MAP) estimation. The prob-
lem to be addressed then becomes a combinational optimization
problem; in this work, we propose to adopt a particle swarm
optimization (PSO) technique [16] to solve it.

The remainder of this paper is organized as follows.
Section II describes our proposed NESU approach to solve the
NCM parameter estimation problem. Then, a simulated data
experiment and a real data experiment are given in Sections III
and IV, respectively. Finally, Section V concludes with some
remarks and hints at plausible future research lines.

II. NORMAL ENDMEMBER SPECTRAL UNMIXING

In this section, the proposed Bayesian NESU algorithm
is presented to estimate the NCM parameters. The Bayesian
framework of NESU includes the definition of three terms, i.e.,
the likelihood, the prior, and the posterior. The likelihood is
derived from NCM. The abundance prior distribution is defined
by the spatial correlations between the pixels, as presented
in [11]. The search for the MAP estimators of abundance is
defined as the objective function of NESU method, which can
be solved by PSO. In the following, we describe how the three
terms involved are defined and estimated.

A. Likelihood

The definition of each mixed spectrum x in NCM, in accor-
dance with (1), allows one to write

x |α ∼ N(μ(α),C(α)) (2)

where μ(α) =
M∑

m=1
αmμm, C(α) =

M∑
m=1

α2
mCm, and

{μm,Cm} is the mean and covariance matrix of the mth
endmember. The {μm,Cm} was considered as unknown

parameters in previous studies [15]. In this work, we propose
to regard them as known variables which are given by the first-
and second-order statistical moments of endmember bundles.
Here, the fully automated method in [11] is employed to extract
a set of image-based endmember bundles. Taking this into
consideration, the conditional distribution of mixed spectra can
be now formulated as indicated in (2).

Therefore, the likelihood function of x derived from the
NCM is

f(x |α) =
1

(2π)
L/2|C(α)|1/2

× exp

{
−1

2
[x− μ(α)]

T
C−1(α)[x− μ(α)]

}
.

(3)

By assuming independence between the observation noise
[17], the likelihood of the entire image X = (x1,x2, . . . ,xN )
is given by

f(X |α) =
N∏
i=1

f(xi |αi). (4)

At this point, it should be noted that the likelihood of the
hyperspectral image derived from NCM shows the ability to
incorporate endmember variability, where each endmember is
modeled using a normal distribution.

B. Abundance Prior

A noninformative abundance prior is usually adopted in
Bayesian unmixing due to the lack of prior information about
abundances. Recently, a new strategy to define the abundance
prior was introduced in [17]. It assumes that the image to be
unmixed can be partitioned into regions (or classes) where the
statistical properties of the abundance coefficients are homo-
geneous. In each class, the abundance vectors to be estimated
are assumed to share the same first- and second-order statisti-
cal moments. Namely, such an abundance prior strategy mainly
considers the influence of the possible spatial correlations
between the pixels.

In this work, we develop a new region-based prior for mod-
eling the information of abundances. Our proposed approach is
implemented by the following steps.

First, we use an unsupervised clustering technique such as
ISODATA [18] to partition the image into regions (or clusters),
and each pixel is assigned to a certain label {z1, . . . , zN}.

Then, we apply an automatic endmember extraction method,
i.e., the vertex component analysis (VCA) [19] algorithm and
apply a conventional fully constrained least squares (FCLS)
abundance estimation algorithm [20] to obtain a first estimation
of endmember abundances.

By considering the rough abundance estimates and region
properties obtained by the aforementioned steps, the mean and
variance of each region can be now calculated [17]. Therefore,
the prior distribution of αi is defined conditionally upon the
pixel label as follows

f(αi | zi = k) ∼ N(Ψk,Σk) (5)
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where Ψk and Σk are the mean and the variance of the abun-
dance αi, respectively, depending on the class k to which the
corresponding pixel belongs. By assuming prior independence
between the N vectors α1, . . . ,αN , the full distribution for the
entire abundance matrix α is

f(α | z) =
K∏

k=1

∏
i∈Ik

f(αi | zi = k) (6)

where Ik denotes the index set of pixels which belong to class k.

C. Posterior Distribution of Abundance

The posterior of the unknown parameter α is typically
defined using the hierarchical structure

f(α |X) ∝ f(X |α)f(α | z)f(z) (7)

where f(X |α) and f(α | z) have been defined in (4) and (6),
respectively. In order to simplify the parameter estimation pro-
cess, the pixel label information can be received directly from
the segmentation or unsupervised clustering techniques men-
tioned in Section II-B. Hence, note that the distribution over
label vector z is restricted to those in which a single value, i.e.,
the segmentation or clustering result, has probability one.

The posterior distribution in (7) is simplified while the pixel
label vector is given by classification result, and the mean and
covariance matrix of endmembers are given by the automated
endmember bundles extraction method in [11]. Then, search for
the MAP estimators of the unknown abundances turns to

α̂ = argmax
α

f(X |α)f(α | z)f(z) (8)

which can be considered as a combinational optimization prob-
lem. In the following section, we describe how to solve this
method using PSO [16].

D. Combinational Optimization Problem Solving by PSO

The well-known PSO is a global optimal searching algorithm
based on swarm intelligence theory [21]. It optimizes a problem
by having a population of candidate solutions, termed parti-
cles, and moving them around in the search-space. PSO is a
heuristical approach, as it does not require that the optimization
problem is differentiable. As a result, in this work, we use the
classical version of PSO [21] in order to find the abundances
that maximize the optimization fitness function in (8).

For this purpose, each particle (with its own position and
velocity) represents a candidate solution for the abundance
estimation. The PSO works by having a population of parti-
cles moved around in the searching space. The movements are
guided by their own best-known positions, as well as on the
entire swarm’s best-known position. Namely, the flying velocity
is dynamically fine-tuned based on the flying experience of each
individual and the group. More precisely, each particle updates
its flying velocity and position by two extreme values. The
first one is the best solution it has achieved so far, called local
extreme value pi, while the other is the best value obtained so

far by any particle in the entire population, referred to as global
extreme value pg . Given the two extreme values, each particle
can therefore update its flying velocity v and position s as

vi ← wivi + c1 × rand()× (pi − si) + c2 × rand()

× (pg − si) (9)

si ← si + vi (10)

where {vi, i = 1, 2, . . . , P} denotes the velocity of the ith
particle and P is the total number of particles, w means iner-
tia weight, c1 and c2 are both acceleration constants, usually
chosen in the interval [0, 2], then rand() ∼ U(0, 1) denotes
an independent uniform random variable. In our experiments,
these parameters are empirically set as follows: w = 0.1, c1 =
0.3, c2 = 0.6. In the PSO process, the velocity of each par-
ticle is iteratively adjusted so that the particle stochastically
oscillates around locations pi and pg .

At this point, it is important to note that, before using PSO,
the number of particles in the swarm and the condition of con-
vergence need to be established. However, these steps have
been subject to extensive research and still depend on empir-
ical results. In our unmixing context, the number of particles
is set to 30 empirically in all experiments since more particles
mean more possibility to find the best solution as well as higher
computing time. The influence of this empirical setting in the
unmixing process will be discussed in details in Section III-C.
On the other hand, we usually stop iterating after reaching
the convergence if all the particle positions are close enough
(below some small threshold), as suggested in [21]. In the fol-
lowing, we present experiments with synthetic images in order
to illustrate the aforementioned issues further.

III. SYNTHETIC IMAGE EXPERIMENTS

A. Construction of Synthetic Scenes

In our experiments, we consider simulated mixtures of
M = 4 endmembers following the work in [17]. The 50× 50
simulated image was synthetized using four spectral signatures
(i.e., Spruce Cellulose, Mormon Tea, Bigberry Manzanita, and
Sycamore) which were extracted from the spectral libraries dis-
tributed with the ENVI package. For purpose of a more realistic
evaluation, the library spectra (L = 826 spectral bands) were
resampled to match the wavelengths of the Airborne Visible
Infrared Imaging Spectrometer (AVIRIS) data (L = 224 spec-
tral bands). The four signature abundances follow the distri-
bution shown in Fig. 1. More precisely, the synthetic scenes
contain K = 8 different classes, as depicted in Fig. 2(a). A spe-
cific mean and variance of the abundance have been designed
for each class, as reported in Table I. The pure endmembers
are more present in Class 1, Class 2, Class 3, and Class 4 with
a common variance value of 0.005, whereas mixed pixels are
more present in Class 5, Class 6, Class 7, and Class 8, with a
larger variance value of 0.01 [17].

By considering two different types of noise (i.e., white noise
and colored noise), two simulated images were synthetized. The
white noise is band uncorrelated noise. However, in real appli-
cations, the correlated noise is a major concern. It was pointed



ZHUANG et al.: NORMAL ENDMEMBER SPECTRAL UNMIXING METHOD FOR HYPERSPECTRAL IMAGERY 2601

Fig. 1. Abundance maps for the computer-simulated scene.

Fig. 2. (a) True labels of the simulated data with white noise and colored noise.
(b) Estimated labels for the simulated data with white noise. (c) Estimated
labels for the simulated data with colored noise.

TABLE I
ABUNDANCE MEANS AND VARIANCES (×10−3) USED

IN SIMULATED DATA

out in [22] that the modeling errors related with deviations in
the spectral signatures resulting from atmospheric interferers or
nonlinearities in the observation mechanism yield band corre-
lated noise. In real scenarios, the noise is highly correlated as it
mainly represents the modeling noise and the spectral features
are of low-pass type with respect to the wavelength. Hence, in
our experiments, we also simulated the colored noise result-
ing from low-pass filtering at cutoff frequency radius of 20–80
randomly [22]. In this way, we obtain a colored noise image
with signal-to-noise ratio (SNR) about 14 dB and a white noise
image with SNR of 20 dB.

In our experiments, the ISODATA clustering technique [18]
was employed to derive the abundance prior information. The
estimated labels of the simulated data with white noise and col-
ored noise are shown in Fig. 2. The clustering result obtained
for the simulated data with white noise seems reasonable
appears also acceptable.

Our proposed unmixing algorithm uses endmember bundles
to simplify the NCM parameter estimation process, so it is
reasonable to consider several well-known methods using end-
member bundles or based on NCM for comparative purposes.
In our work, these methods used for comparison are: 1) the
conventional FCLS method [20] based on LMM assumption;
2) the MESMA method using endmember bundles proposed
in [11], which is also based on the LMM; and 3) the MCMC
method in [17], which is based on NCM. In our experiments
with this method, we have used the code available online from
https://notendur.hi.is/eches/research.html.

Fig. 3. Error maps obtained in absolute abundance estimation by FCLS
(a), (f); MESMA (b), (g); MCMC (c), (h); NESU without prior information
(d), (i); and NESU with prior information (e), (j). The top row corresponds to
the simulated images with white noise, while the bottom row corresponds to
those with colored noise.

On the other hand, we would also like to test the effect of the
abundance prior in the considered Bayesian framework. For this
purpose, we consider two algorithms: the NESU without prior
information and the NESU with prior information, both devel-
oped in this work. As evaluation metric, we use the global root
mean squares error (RMSE) between the true and estimated
abundances, as proposed in [17].

B. Synthetic Image Results

The absolute abundance estimate error map of five methods
in two different simulated images with different noise condi-
tions are illustrated in Fig. 3. From the results reported in Fig. 3,
we can observe clear improvements in abundance estimation
accuracy for the proposed NESU approach.

From Fig. 3, we can observe that, when compared with
the version without prior information, the NESU with prior
information provides slightly better results. The use of a region-
based prior abundance information in Bayesian framework
seems to contribute little to the unmixing accuracy since the
spectral information alone has been found to be sufficient to
unmix the simulated data. The NESU is also shown to be more
robust and effective for different types of noise, as reported in
Table II. In white noise experiment, the three compared algo-
rithms show similar unmixing accuracy whereas the two NESU
strategies outperform them. The reason is that the NESU takes
advantage of endmember bundles. The mean of each endmem-
ber bundle used in NESU can significantly smooth out the white
noise. In the colored noise experiment, the NESU outperformed
MESMA. Although they have both employed endmember bun-
dles, the exploitation of the bundles is different. The MESMA
chooses the most appropriate bundle, i.e., the one which results
in the best-fit linear mixing model, whereas NESU takes advan-
tage of both the first- and second-order statistical moments
of endmember bundles. Hence, if the influence of endmember
variability needs to be considered in the unmixing process, the
NCM model would be a better choice. Furthermore, the NESU
outperforms MCMC which is also based on the NCM model.
This is due to a critical difference between NESU and MCMC
concerning how to estimate the endmember distributions. The
NESU directly learns from endmember bundles whereas the
MCMC uses a hyperparameter to describe the distribution
of each endmember variance. According to our experimental
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TABLE II
RMSE RESULTS OF FIVE UNMIXING METHODS APPLIED TO SIMULATED

IMAGE WITH DIFFERENT TYPES OF NOISE

Note: The number of particles in NESU is set to be 30. The endmember bundles
are automated extracted by the method proposed in [11], where two parameters
need to be adjusted. Here, different combinations of several parameter values
were set to reduce the influence of the adjustable parameters. The size of image
subsets was set to be 0.05, 0.1, and 0.2, and the number of subsets was set to
be 5, 10, and 20. The results reported in Table II were averaged for such nine
parameter combinations.

results, the NESU may be more appropriate for the parameter
estimation of NCM than MCMC.

C. Parameter Sensitivity Analysis

The NESU approach described in Section II involves several
adjustable parameters, i.e., the particle number P , the cluster
number K, inertia weight w, acceleration constants c1 and c2.
In fact, in our work, P and K are considered as input param-
eters whereas w, c1, and c2 are set to fixed values as follows:
w = 0.1, c1 = 0.3 , and c2 = 0.6 since the unmixing perfor-
mance of NESU is not sensitive to these parameter settings.
According to our experiments, we recommend that parameters
P and K are simply assigned to: P = 30, K = 2×M (i.e.,
twice the number of endmembers). In order to analyze the sen-
sitivity of our method to these parameters, experiments were
conducted using MATLAB R2010 on a desktop PC equipped
with four Intel Core i5-3470 CPU (at 3.20 GHz) and 8 GB of
RAM memory.

Generally, the number of particles requires hand-tuning. For
most applications of PSO, however, it has been recommended
that the choice from 20 to 50 particles is enough to achieve good
performance. In our synthetic image experiments, the choice
of the number of particles influenced more the computing time
rather than the abundance estimation error, as depicted in Fig. 4.
Obviously, when the number of particles is more than 20, the
unmixing error did not change a lot, and this means that the
particles are enough to search for a good solution. Since more
particles also lead to higher computing time, 30 particles were
adopted in our experiments in order to keep a good balance
between the computational complexity and the quality of the
obtained results.

On the other hand, the number of clusters K is also a param-
eter requiring hand-tuning if using the version of NESU with
prior information. Ideally, the number of clusters for the region-
based prior should be set according to the particular scenario

Fig. 4. Plot illustrating the performance (in terms of the quality of the unmixing
solutions and the time to obtain them) of NESU (with prior information) when
the number of particles is increased.

since the statistical properties of the abundance coefficients
are assumed to be homogeneous in the same region. However,
our unmixing approach is relatively insensitive to the number
of clusters. This is because the Bayesian inference integrates
both the likelihood and prior probability of abundances. In
this case, even if there is a little difference between the true
prior and the prior obtained from the region-based strategy,
the posterior probability of abundances can be refined by the
likelihood derived from observation data (i.e., hyperspectral
imagery).

Moreover, additional experiments were conducted in order to
analyze the impact of the number of clusters on the unmixing
results. The number of clusters K was set to 4, 6, 8, 10, 12,
14, 18, and 20, respectively, and the consequent unsupervised
clustering maps are shown in Fig. 5. The corresponding perfor-
mances of NESU (with prior information) are plotted in Fig. 6.
Overall, it can be seen that both the unmixing accuracies and
the computing times are not sensitive to the number of clusters.
So, in our work, we recommend that the number of clusters
can be simply assigned as twice the number of endmembers for
simplicity.

The parameters w, c1, and c2 are usually selected by the
practitioner and control the behavior and efficacy of the PSO
method. As for hyperspectral unmixing applications, actually
there is no need to tune these parameters due to the fact that
the unmixing accuracy is not sensitive to these parameters.
As demonstrated in Fig. 7, the fluctuations of RMSE of abun-
dances around 0.036 were very small, while it was mainly the
computing time that changed. Therefore, parameters w, c1, and
c2 are suggested to be set to reasonably fixed values while
avoiding their hand-tuning.

IV. REAL IMAGE EXPERIMENTS

This section considers a subset image of size 50× 50,
extracted from an AVIRIS collected over Moffett Field, as
depicted in Fig. 8. These data were the same used in previ-
ous studies [14], [15]. The number of endmembers is estimated
as 3 by the HySime algorithm in [23]. Obviously, the sub-
set image includes three materials, i.e., vegetation, water, and
soil. The endmembers used in LMM could be extracted by the
VCA method in [19]. Furthermore, the endmember distribu-
tions modeled by NCM could be learned from the endmember
bundles obtained by the automatic method proposed in [11].
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Fig. 5. Unsupervised clustering results while the number of clusters (denoted by K) was set to 4, 6, 8, 10, 12, 14, 18, and 20, respectively. The top row corresponds
to the simulated images with white noise, while the bottom row corresponds to those with colored noise.

Fig. 6. Performance (in terms of the quality of the unmixing solutions and the
time to obtain them) of NESU (with prior information) applied to simulated
image with white noise (a) and image with colored noise (b) when the number
of clusters is increased.

Fig. 7. Performance (in terms of the quality of the unmixing solutions and the
time to obtain them) of NESU (with prior information) applied to simulated
image with white noise when the one of the factors [i.e., w (a), c1 (b), and
c2 (c)] changes independently.

As shown in Fig. 9, the endmember spectra obtained by the
VCA algorithm (red) and the mean of endmember bundles
(blue) are similar. The blue one is considered as the more rep-
resentative endmember [1], [11]. The endmember bundles can
also provide the second-order statistical moments of endmem-
bers, which is an important parameter for NCM and would be
helpful for unmixing purposes. As depicted in Fig. 10, the veg-
etation endmember shows considerable variability whereas the
water contains small variation. Such a result fits our intuition.

Fig. 8. Real hyperspectral data: Moffett field (left) and subset image (right).

Fig. 9. Endmember spectra obtained by the VCA algorithm (red) and the mean
of endmember bundles (blue).

Fig. 10. Endmember variances obtained by the endmember bundles method
in [11].

As recommended in Section III-C, the number of classes can
be simply set as twice the number of endmember. Hence, in
this experiment, it was set to K = 6 [17].
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Fig. 11. Abundance maps estimated by the NESU (with prior information)
method.

TABLE III
ERRORS BETWEEN THE ORIGINAL AND THE RECONSTRUCTED

HYPERSPECTRAL SCENE AND COMPUTATIONAL TIMES OF UNMIXING

ALGORITHMS WITH THE MOFFETT FIELD DATA

Note: The number of particles in NESU is set to be 30. The endmember bundles
are automatically extracted by the method proposed in [11], where the size of
image subsets was set to be 0.1, and the number of subsets was set to be 10.

The five methods previously used in the simulation experi-
ments are also evaluated in this section. The abundance maps
estimated by the proposed NESU (with prior information)
algorithm are shown in Fig. 11. Actually, the five unmixing
results are visually very similar. Due to the lack of ground
truth, precise verification of inversion results with real data
is elusive. In the previous works, most of experiments use
the reconstruction error (RE) between the original and the
reconstructed hyperspectral scene [11] as the evaluation cri-
teria. In our experiment, the MESMA got the lowest recon-
struction error as reported in Table III. This is due to the
fact that MESMA used multiple endmembers for each mixed
pixel to find out the best-fit model (i.e., lowest reconstruc-
tion error), whereas the FCLS used fixed endmembers and
resulted in higher reconstruction error. Note that the MCMC
and NESU algorithms both aim at maximum a posteriori
estimation, so can reduce the reconstruction error. If we only
focus on the methods derived for the NCM, the unmixing
results of MCMC and NESU can be both considered as rea-
sonable and acceptable. However, the NESU has a lower recon-
struction error than MCMC. This implies the new parameter
estimation strategy adopted by NESU is promising.

To conclude this section, the computational times of the dif-
ferent unmixing algorithms tested in this work are also reported
in Table III. They were implemented using MATLAB R2010
on a desktop PC equipped with four Intel Core i5-3470 CPU
(at 3.20 GHz) and 8 GB of RAM memory. The NESU has high
computational cost mainly due to the optimization procedure
using PSO, but its computational complexity is also reasonable
in comparison to the one exhibited by MCMC. For these rea-
sons, it is felt that the proposed NESU method provides an

alternative to existing methods based on the NCM model for
spectral unmixing purposes.

V. CONCLUSION AND FUTURE LINES

In this work, we have developed a new Bayesian algorithm,
termed normal endmember spectral unmixing (NESU), which
enhances the parameter estimation conducted in the NCM by
considering the effect of endmember variability in the spectral
unmixing process. In our newly developed NESU, the endmem-
bers are considered as known variables whose distributions are
normal and can be learned directly from endmember bundles.
The optimal estimations of the remaining unknown parameters,
i.e., abundances, were obtained by Bayesian inference. Here, a
prior distribution of abundance was suggested by learning from
a region-based prior information of abundances which consid-
ers the spatial correlations between the pixels. Then, the PSO
method was adopted to search for the optimal abundance value
aiming at maximum a posteriori estimation.

The proposed Bayesian unmixing approach has several
advantages. First, it models the mixed spectral signatures using
the NCM, which can consider the influence of endmember
variability in the unmixing process as opposed to LMM-based
algorithms. Second, as compared with other NCM-based algo-
rithms, the proposed NESU introduces an easier way to learn
endmember distributions, which are the critical parameters of
NCM. Our experimental results obtained using both simu-
lated and real AVIRIS images are very promising. Third, the
proposed Bayesian framework could incorporate not only the
revising predictions of abundances in light of the relevant evi-
dence (i.e., mixed signatures and endmember distributions), but
also prior information about abundances. The prior expresses
our knowledge of abundance and a proper prior has the poten-
tial to significantly improve unmixing. In our experiments, the
abundance prior defined by the spatial correlations between the
pixels improves unmixing slightly. As a result, further work
on the definition of abundance priors should be carried out
in the future. Furthermore, the NESU approach is quite time
consuming (although within the same order of other NCM-
based methods). However, since the PSO is calculated pixel
by pixel as well as particle by particle, the NESU algorithm
has the potential to be highly parallelizable. In our future
developments, we will also explore parallel implementations of
NESU on high-performance computing architectures in order
to reduce its computational complexity.
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