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Abstract—Spectral unmixing is an important technique for ex-
ploiting hyperspectral data. The presence of nonlinear mixing ef-
fects poses an important problem when attempting to provide
accurate estimates of the abundance fractions of pure spectral
components (endmembers) in a scene. This problem complicates
the development of algorithms that can address all types of nonlin-
ear mixtures in the scene. In this paper, we develop a new strategy
to simultaneously estimate both the endmember signatures and
their corresponding abundances using a biswarm particle swarm
optimization (BiPSO) bilinear unmixing technique based on Fan’s
model. Our main motivation in this paper is to explore the poten-
tial of the newly proposed bilinearmixturemodel based on particle
swarm optimization (PSO) for nonlinear spectral unmixing pur-
poses. By taking advantage of the learning mechanism provided by
PSO,we embed amultiobjective optimization technique into the al-
gorithm to handle the more complex constraints in simplex volume
minimization algorithms for spectral unmixing, thus avoiding limi-
tations due to penalty factors. Our experimental results, conducted
using both synthetic and real hyperspectral data, demonstrate that
the proposed BiPSO algorithm can outperform other traditional
spectral unmixing techniques by accounting for nonlinearities in
the mixtures present in the scene.

Index Terms—Hyperspectral imaging, multiobjective optimiza-
tion (MO), particle swarm optimization (PSO), simplex volume
minimization, spectral unmixing.
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I. INTRODUCTION

S PECTRAL unmixing can be considered as a blind signal
separating problem that decomposes the pixel observations

in a hyperspectral scene into a combination of spectrally pure
(endmember) signatures weighted by their corresponding frac-
tional abundances. The linear mixture model (LMM) has been
widely applied in spectral unmixing studies [1]. Based on this
model, many representative algorithms including the pixel pu-
rity index [2], iterative error analysis [3], N-FINDR algorithm
[4], and vertex component analysis (VCA) [5] (among others
[1]) have been developed to identify endmember signatures for
spectral unmixing purposes. These algorithms are based on the
assumption that pure pixels (i.e., pixels in which the observation
is fully described by a single endmember signature) are present
in the scene.
However, due to spatial resolution and other phenomena, it

is very likely that hyperspectral scenes may not contain any
pure pixels at all. To address this issue, another class of algo-
rithms that do not rely on the pure pixel assumption have been
developed. These algorithms aim at solving a minimum sim-
plex volume optimization problem to address the mixed pixel
problem when no pure pixels are present in the input scenes
[6]. Some representative algorithms of this category include
minimum volume transform [7], iterative constrained endmem-
bers (ICE) [8], sparsity-promoting ICE [9], minimum volume
transform-nonnegative matrix factorization (NMF) [10], mini-
mum volume simplex analysis [11], and simplex identification
via split augmented Lagrangian [12]. Minimum volume algo-
rithms still rely on the LMM, which may not be valid in real
scenarios with multiple scattering phenomena, leading to non-
linear mixing effects.
Due to the complex 3-D structure of materials in natural

scenes, nonlinear effects still exist even at macroscopic scales.
Thus, nonlinear unmixing has become a very important tech-
nique for addressing spectral unmixing problems [13]. Many
physically inspired nonlinear mixing models (NMMs) have
been developed in recent years. For instance, the radiative trans-
fer theory based model (e.g., Hapke’s bidirectional reflectance
model [13], [14]) aims to describe photon scattering processes.
However, its complex solution of the inherent inverse prob-
lem hinders its application for practical applications. As a re-
sult, several approximate (but more manageable) NMMs have
been developed. A family of bilinear mixing models (bi-LMMs)
have received wide interest over the last few years, includ-
ing the Nascimento model [15], the Fan model (FM) [16], the
generalized bilinear model (GBM) [17], the linear-quadratic
mixing model [18], and the polynomial post-nonlinear mixing
model (PPNMM) [19]. These models aim at capturing the most
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important nonlinear effects contributed by secondary scatter-
ing. Based on the existence of bi-LMMs, developing effective
bilinear unmixing algorithms has become a challenge for spec-
tral unmixing algorithms. Many unmixing algorithms including
kernel methods [20], [21], semi-NMF algorithm [22], combi-
nation of polytope decomposition method with artificial neural
network-based learning [23], and constrained least squares al-
gorithms [24] have been presented. However, most unmixing
algorithms focus on estimating abundances and assume that the
endmembers are known in advance (i.e., these are usually su-
pervised algorithms). To mitigate this dilemma, two strategies
have been generally adopted in the literature. One is to develop
bi-LMM-based NMF algorithms [25], while the other is to use
Bayesian approaches [26].
In this paper,we develop a novel technique for bilinear unmix-

ing of hyperspectral scenes that exploits the concept of swarm
intelligence [27]. Specifically, we use a particle swarm opti-
mization (PSO) algorithm, which provides several advantages.
First and foremost, the algorithm makes no assumptions about
the problem being optimized and does not need any prior infor-
mation concerning the gradient, Hessian matrix, or probability
distributions. As a result, it can be easily applied to characterize
complex nonlinear mixtures. Furthermore, unlike classical La-
grange multipliers and penalty function methods, our proposed
PSO-based algorithm provides a more flexible mechanism to
handle constrained optimization problems, thus avoiding the
need to fine tune the penalty factors. In our previouswork,we ap-
plied the PSO technique successfully to find endmembers based
on LMM [28] and to estimate abundances based on the normal
compositional model [29], [30] (the latter study also addressed
the issue of endmember variability). Our new algorithm has
three substantial innovations. First, the new algorithm aims at bi-
linear unmixing (i.e., based on bi-LMM). Second, the new algo-
rithm is not constrained to the pure pixel assumption because it
handles the unmixing task as a nonlinear nonconvex continuous
numerical problem instead of a discrete combinational optimiza-
tion problem. Furthermore, the considered optimization strate-
gies are brand new. For example, our new technique employs
a biswarm PSO for bilinear unmixing, exploiting the biswarm
mechanism to simultaneously estimate endmembers and abun-
dances. We also use a multiobjective optimization (MO) tech-
nique for handling constrained optimization problems.
The remainder of this paper is organized as follows. Section II

presents the problem statement. Section III describes the pro-
posed biswarm particle swarm optimization (BiPSO) algorithm.
Section IV reports results from both experimental simulations
and real data to demonstrate the performance of the proposed al-
gorithm compared with other approaches. Section V concludes
the paper with some remarks and hints at plausible future re-
search lines.

II. PROBLEM FORMULATION

A. Nonnegative Matrix Factorization and Convex Geometry
Structure
Given a given hyperspectral image with N pixels, the LMM

is simply given by

y [n] = Ea [n] + ε,n = 1, . . . , N (1)

where y[n] = [y1[n], . . . , yB [n]]T , n = 1, . . . , N is the nth
pixel vector comprising B bands, E = [e1 , e2 , . . . , eM ] ∈
RB×M is the endmember matrix whose ith column ei =
[e1,i , . . . , eB ,i ]T ∈ RB represents the ith endmember signa-
ture vector, and M is the total number of endmembers. a[n] =
[a1 [1], a1 [2] · · · , aM [n]]T ∈ RM denotes the abundance frac-
tion for the nth pixel, and ε is a noise vector. The abundance
vector generally satisfies two constraints for every n= 1, . . . ,N

a [n] ≥ 0 and a[n]T1 = 1. (2)

Spectral unmixing aims at estimating E and a[n] for a given
image y[n], with n= 1, . . . ,N, given the abundance constraints
in (2). NMF can be used to solve this problem as follows:

min
E≥0,a[n ]∈Z

N∑

n=1

‖y [n] − Ea [n]‖2
2 (3)

where Z = {a ∈ RM |a � 0,aT · 1 = 1}.
However, this solution may not be unique [10]. A classical

method to solve this problem is to incorporate a convex geom-
etry (CG) structure into the NMF model. Thus, it becomes an
optimization problem related with simplex volume minimiza-
tion, expressed by

min
E≥0,a[n]∈Z

vol (E)

s.t.
N∑

n=1

‖y [n] − Ea [n]‖2
2 ≤ ε, (4)

where vol(E) represents the simplex volume measurement de-
termined by the endmembers contained in E. For more details,
we refer to [31], [32] and the references therein. Here, we used
a measurement based on the sum of the squared distances from
the vertices to the centroid [31]. Such a measurement can be
expressed as follows:

vol (E) =
M∑

i=1

‖ei − e‖2
2 (5)

where

e =
1
M

M∑

i=1

ei . (6)

B. Bilinear Mixing Model and Unmixing Problem
In this section, we introduce a bilinear term to model the sec-

ondary scattering effects between endmembers. The proposed
bilinear model can be summarized as

y [n] = Ea [n] + nl (E,a [n] , θ) + ε,n = 1, · · · , N, (7)

where nl(E,a[n], θ) represents the bilinear term, and θ is a
bilinear parameter. For additional details of the formulation of
the bilinear term, we refer to [33]–[35]. Here, we focus on Fan’s
model (FM) [16], in which θ is omitted and the bilinear term
can be simply expressed as follows:

nl (E,a [n]) =
M −1∑

i=1

M∑

j=i+1

ai [n] aj [n] ei � ej . (8)
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Thus, the unmixing problem based on a bilinear model can
be written as

min
E≥0,a[n]∈Z

N∑

n=1

‖y [n] − Ea [n] − nl (E,a [n])‖2
2 . (9)

Analogously to the problem already encountered for the stan-
dard NMF formulation above, the solution for (9) may not be
unique. Therefore, a CG structure needs to be introduced again
so that bilinear unmixing becomes a more complex constrained
optimization problem that can be completely formulated as
follows:

min
E≥0,a[n ]∈Z

vol (E)

s.t.
N∑

n=1

‖y [n] − Ea [n] − nl (E,a [n])‖2
2 ≤ ε (10)

Because the objective function and the constraint in (10) are
nonconvex, the corresponding optimization process is difficult
to handle. Although a nonconvex objective function can be ef-
fectively solved by iterative convex approximation [11], [12],
the bilinear term becomes an obstacle. Specifically, in these
methods, LMM is expressed by Y = EA, where E is assumed
to be square by using dimensional reduction in advance. The
abundance parameters can be eliminated by A=E−1Y for the
optimization problem. As a result, they rely on the condition
H = E–1 to construct a convex approximation. However, in bi-
LMM, the abundance parameters are difficult to eliminate due
to the nonlinear term. Consequently, the construction of a con-
vex approximation may be complicated. In addition, even if we
can find a convex approximation, nonlinear convex optimization
still represents a challenge. Another alternative is to apply NMF
methods by adding regularization constraints [25]. However, the
performance is influenced by regularization parameters such as
penalty factors, as mentioned in Section I. Consequently, the
regularization parameters must be fine-tuned in practice.

C. Multiobjective Optimization
For the sake of clarity, we highlight the aforementioned prob-

lem from a MO viewpoint. In MO, the problem in (10) can be
decomposed into two objective functions. Let A = {a[n]}N

n=1
and

f1 (E,A) =
N∑

n=1

‖y [n] − Ea [n] − nl (E,a [n])‖2
2 (11)

f2 (E) = vol (E) . (12)

The function value of f1 can be interpreted as the nonlinear
reconstruction error (NRE) for the estimation of parameters
E and A.
Fig. 1 graphically illustrates the objective function space of

MOwith ideal data (without noise). Theweak Pareto optimal set
w1 reveals that there are unlimited solutions for f1 , regardless of
f2 . These solutions construct a feasible region for f1 . Thus, the
global optimal solution should be the onewithminimumvolume
in w1 ; this solution is located at the intersection of the Pareto
front and w1 . The fact that the Pareto front is monotonously de-
creasing reveals that the simplex volume decreases as the NRE
increases. An extreme case may occur if a group of linearly

Fig. 1. Pareto optimal set and global optimum in the objective function space
associated with ideal data (no noise). The solid line w1 represents the weak
Pareto set of f1 (E, A) = 0 and w2 represents the weak Pareto optimal set of
f2 (E) = 0.

dependent or identical endmembers (depending on the volume
measurement used) bring the simplex volume to zero but still
greatly increase the NRE. This case constructs the weak Pareto
optimal set w2 , where the solutions contain linearly dependent
or identical endmembers. Unfortunately, the global optimum
cannot be found easily in this case, because it is difficult to
determine w1 for nonlinear problems. Another difficulty is that
f1 and f2 should be carefully balanced. Overemphasis on mini-
mizing f2 may result in the solution falling into the region of the
Pareto front. Conversely, an excessive emphasis on optimizing
f1 may lead to the region of w1 . Therefore, penalty function
methods require very careful fine tuning of the penalty factors.
This fine-tuning requirement constitutes their main limitation.

III. BILINEAR UNMIXING PARTICLE SWARM OPTIMIZATION
ALGORITHM

In this section, we develop a @@biswarm PSO bilinear un-
mixing algorithm to solve the spectral unmixing problem. Af-
ter briefly reviewing the standard PSO solutions, we describe
a biswarm mechanism for simultaneously estimating the spec-
tral endmembers and their corresponding fractional abundances.
Then,we introduce aMO technique to specifically solve the con-
strained optimization problem in (10). Furthermore, to make our
algorithm more suitable for hyperspectral images, we develop a
strategy to extend the algorithm to high-dimensional data. This
section concludes with a complete algorithmic description of
the proposed method.

A. Standard Particle Swarm Optimization Algorithm
PSO is a population-based optimization technique, in which

the population is called a swarm. Each particle in the swarm rep-
resents a possible solution to the optimization problem. Specif-
ically, each particle i has its own current position Xi , current
velocityVi , and a personal best positionPi in the search space,
where 1 � i � s and s is the size of the swarm (i.e., the number
of particles).
Let f denote the objective function. PSO adopts an iterative

procedure in which, at each step, it performs the so-called mov-
ing and updating operations alternately. Specifically, the opera-
tions at time step j can be summarized as follows. In the moving
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operation, the velocity of particle is determined by

V(j+1)
i = wV(j )

i + c1r
(j )
1

(
P(j )

i − X(j )
i

)

+ c2r
(j )
2

(
G(j ) − X(j )

i

)
(13)

for all i∈ 1, . . . ,s, where w is an inertial weight that varies
linearly from 1 to near 0 during the course of PSO optimization.
Similarly, c1 and c2 denote the acceleration coefficients; r1 and
r2 are elements from two uniform random sequences in the
range (0, 1), and G represents the global best position selected
from Pi , 1 ≤ i ≤ s in the current step. The particles move
according to

X(j+1)
i = X(j )

i + V(j+1)
i . (14)

The updating operation works as follows. First, the personal
best position of each particle is updated using

P(j+1)
i

⎧
⎪⎨

⎪⎩

P(j )
i , iff

(
X(j+1)

i

)
≥ f

(
P(j )

i

)

X(j+1)
i , iff

(
X(j+1)

i

)
< f

(
P(j )

i

) . (15)

Subsequently, the global best particle is updated by

G(j+1) = arg min
P ( j + 1 )

i

{
f

(
P(j+1)

i , for all i ∈ 1, · · · , s
)}

. (16)

These operations are repeated until a termination criterion
(e.g., a predefined number of iterations iend ) is met. At this
point, PSO yields a final solution G(ie n d ) .
We can see that PSO employs a fitness value that is deter-

mined directly by the objective function. Thus, the computation
is very simple and can be easily implemented for nonlinear un-
mixing compared to gradients or a Hessian matrix. Indeed, in
many applications [36]–[45], PSO has demonstrated its capacity
to solve both nonlinear and nonconvex optimization problems.
In this paper, we have used PSO to solve problem (10). Fur-
thermore, the operations performed by PSO provide a feasible
mechanism for employing multiobjective techniques to avoid
fine-tuning penalty factors, an aspect that will be discussed in
detail in Section C.

B. Biswarm Mechanism for Endmember Identification and
Abundance Estimation
Considering problem (10), the endmembers E and the cor-

responding abundances A need to be estimated. Because prob-
lem (10) is nonlinear, the traditional least squares method is
not appropriate in this context. Let us denote the swarm for
endmembers estimation by SE and the swarm for abundances
estimation by SA. Our algorithm finds a solution by alternately
minimizing the objective function in accordance with the two
aforementioned swarms as follows.
For brevity, we denote the optimization problem (10) as a

formulation ofOP(E,A)with respect to two groups of parameter
sets: A and E. The procedure is illustrated in Fig. 2. At the tth
step, SE particles update their velocities andmove to subsequent
positions. As a result, the personal best position of the particles
and the global best particle can be updated by evaluating OP(E,
A) with their positions as E, while another parameter set A is
fixed to the position of the global best particle of SA at the

Fig. 2. Operations implemented by the proposed biswarm method. The black
circle represents the global best position of the swarm; the white circles rep-
resent the current positions of the particles; and the gray circles represent the
personal best positions of the particles. The optimization problem (10), de-
noted by OP (E, A) with two groups of parameter sets E and A, is used to
evaluate the quality of the positions for the updating operation in (b) and (d).
(a) Moving operation of the SE focuses only on the ith particle, where the solid
arrow represents that the particle is moving to the next position, and the dashed
arrow represents the velocity component of the particle. (b) Updating operation
of the SE, where A in OP(E, A) is fixed to the global best position GA (t) in
the SA, and E is determined by the position being evaluated. (c) Illustration of
the moving operation of the SA. (d) Updating operation of the SA, where E in
OP(E, A) is fixed to the global best position GE (t + 1) in the SE, and A is
determined by the position being evaluated.

current step (we denote this as GA ). After the SE has finished
the updating operation, it stops and waits. Then, the SA begins
to perform its moving and updating operations. At this point, the
global best particle of the SE (denoted asGE ) is used as a fixed
parameter of E in OP (E,A). The SE and the SA repeat this
procedure alternately so that the two swarms share and exchange
their global best positions. As a consequence, the swarms guide
each other in the correct direction.
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C. MultiObjective Optimization
Recently, many studies have successfully solved constrained

optimization problems by combining evolutionary optimiza-
tion with multiobjective techniques [46]–[49]. For example,
CMODE [47] used differential evolutionary strategies as the
search engine and demonstrated competitive performance based
on MO. In this section, we adopt the idea behind this method
into our biswarm PSO algorithm. Specifically, our method uses
two performance indicators to measure the quality of particles
instead of the objective function value. The first indicator treats
the problem as a MO problem and uses Pareto dominance to
evaluate the particles. Another indicator considers the feasibil-
ity of the particles and introduces a feasibility-based rule to
compare the particles. We slightly simplify the computation as
follows. To be consistent with the standard PSO formulation,
we use the notations Xi ,Pi , and G, which represent (for the
SE) the estimation of parameter E. According to the concept
of Pareto dominance, a particle Xi is said to Pareto dominate
another particle Xj if it satisfies

∀k ∈ {1, 2} , fk

(
X(j+1)

i

)
≤ fk

(
X(j+1)

j

)

and ∃k ∈ {1, 2} , fk

(
X(j+1)

i

)
< fk

(
X(j+1)

j

)
(17)

where f1 and f2 are defined in (11) and (12), respectively. Let
us denote the Pareto dominance number by a particle Xi as

pd (Xi)

= card {Xj |∀Xj ∈ SE and Xi Pareto dominates Xj } (18)

where card {•} is the cardinality of the set. Thus, the final
indicator function can be written as

u (Xi) =

{
order (Xi , pd, S, ′D′)

ns + order
(
Xi , pd, S̄, ′D′)

Xi ∈ S

Xi ∈ S̄
(19)

where S is the set of feasible particles and S̄ corresponds to the
set of infeasible particles, ns is the cardinality of S, and order
(Xi , pd, •, ’D’) represents the sequence number of particle Xi ,
which is sorted in descending order according to the value of pd
with respect to X in the • set. The indicator function shows that
the particles are arranged in a sequence according to two main
criteria: a) the particles with higher pd values are listed in front
of those with lower pd values, and b) feasible particles are listed
in front of infeasible particles.

D. High-Dimensional Extension
An important drawback of PSO algorithms is that they can be

applied only to a search space with a fixed and low dimension.
However, bilinear unmixing for hyperspectral images is a high-
dimensional optimization problem due to the dimensionality of
the image data. Many strategies have been proposed to improve
the high-dimensional searching capabilities of PSO algorithms
[50]–[52]. Based on these works, we develop a strategy for a
high-dimensional extension of the SE in our particular case as
follows. Considering (11) and (12) in the kth dimension, the

optimization subproblem can be written as

f1,k (E,A) =
N∑

n=1

‖yk [n] − Eka [n] − nl (Ek ,a [n])‖2
2 (20)

f2,k (E) = vol (Ek ) (21)

where symbol Ek represents the kth row of E and

nl (Ek ,a [n]) =
M −1∑

i=1

M∑

j=i+1

ai [n] aj [n] ek,iek,j (22)

vol (Ek ) =
M∑

i=1

(ek,i − ēk )2 (23)

ēk =
1
M

M∑

i=1

ek,i . (24)

We denote f1, k (E,A) and f2, k (E) by f1, k and f2, k , re-
spectively, to simplify the notation. Thus, the objective function
can be separated and rewritten in the B-dimensional objective
vector form

f1 = [f1,1 , f1,2 , · · · , f1,B ]T and f2 = [f2,1 , f2,2 , · · · , f2,B ]T .
(25)

Then, we replace the objective functions presented in (11)
and (12) with the objective vectors mentioned above and calcu-
lated by (17)–(19) separately in each dimension. Eventually, we
obtain the following B-dimensional indicator

u (Xi) = [u1 (Xi) , u2 (Xi) , · · · , uB (Xi)]
T , i = 1, · · · , s

(26)
where uk (Xi) represents an indicator in the kth dimension of
particleXi . Based on the B-dimensional indicator, the updating
operation becomes

P(j+1)
i =

[
p(j+1)

i,1 ,p(j+1)
i,2 , · · · ,p(j+1)

i,B

]T
(27)

where each component is now obtained by

p(j+1)
i,k =

⎧
⎪⎨

⎪⎩

(
P(j )

i

)

k,:
if uk

(
X(j+1)

i

)
≥ uk

(
P(j )

i

)

(
X(j+1)

i

)

k,:
if uk

(
X(j+1)

i

)
< uk

(
P(j )

i

)

(28)
where (•)k ,: represents the kth row of the matrix •.
Then, the global best particle can be updated by

G(j+1)
E =

[
g(j+1)

E ,1 ,g(j+1)
E ,2 , · · · ,g(j+1)

E ,B

]T
(29)

where each component is given by

g(j+1)
E ,k =

⎛

⎝ arg min
P ( j + 1 )

i ∈SE

{
uk

(
P(j+1)

i

)}
⎞

⎠

k

(30)

Note that (28) can take advantage of the available diversity
among individual dimensional components, and thus prevent the
swarm from being trapped in local optima. With the aforemen-
tioned considerations in mind, Table I summarizes the proposed
BiPSO bilinear unmixing algorithm.
It is worth noting that, on one hand, the proposed method

cannot guarantee the global convergence property because it is
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TABLE I
BISWARM PSO BILINEAR UNMIXING ALGORITHM

Given A hyperspectral image Y, the number of endmembers m, the swarm size
s, the maximum number of iterations t, and a convergence tolerance
threshold σ

Step 1: Initialization: Randomly generate the initial SE and SA with size s,
where a[n] ∈Z, n = 1, . . . ,N in SA.

Step 2: Set the initial GE
( 0 ) to particle X1 in SE and GA

( 0 ) to X1 in SA.
Step 3: Set i :=0.
Step 4: SE moving operation: Perform the moving operation for the SE using

(13).
Step 5: SE updating operation: For each particle in the SE, fix the estimation

parameter A to GA
( i ) and obtain the objective vectors f 1 and f 2 in

(25) by using (20)–(24) in each dimension.
Step 6: Obtain the indicator vector u (26) by calculating (17)–(19) separately

using each pair of f1 , k f2 , k ), k = 1, . . . ,B .
Step 7: Perform the updating operation in (27)–(30), yielding GE

( i + 1 ) .
Step 8: SA moving operation: Perform the moving operation for the SA using

(13) with a[n] ∈Z, n = 1, . . . , N
Step 9: SA updating operation: Fix the estimation parameter E to GE

( i + 1 )

and evaluate the fitness for each particle in SA by (11).
Step 10: Obtain the personal best position by using (15) and the global best

GA
( i + 1 ) by using (16).

Step 11: Set i := i+1.
Step 12: Stopping Criterion: If i < t, ||GE

( i+ 1 )−GE
( i ) ||m a x >σ , and

||GA
( i+ 1 )−GA

( i ) ||m a x >σ , then go to step 4. Otherwise, go to
step 13, where || • ||m a x represents the max norm.

Step 13: Output the final GE as the endmember estimation result and the final
GA as the abundance estimation result.

based on metaheuristic nonlinear optimization [53]–[55]. On
the other hand, PSO aims at detecting feasible solutions within
a hyperball around the global optimum. Moreover, it is possible
to prove that the radius of the hyperball decreases along the
iterative optimization process [53]. Thus, the proposed method
can be considered as a local optimization algorithm that glob-
ally converges to the best particle within a close neighborhood
of the global optimum solution in the whole search space [55].
Hence, the proposed framework represents a robust structure
for effectively solving nonlinear problems such as (10) because
it aims to identify the best local optimum close to the global
solution [53]–[56]. Indeed, because the MO in (11) and (12)
strictly identifies the bilinear unmixing problem, the proposed
PSO-based approach represents a solid structure for detecting
the local optimum that best fits the practical hyperspectral mix-
ture characterization [55]. Furthermore, it is important to note
that the probability of finding the aforementioned local opti-
mum increases dramatically as the number of particles to be
employed becomes larger [57]. This point is emphasized in the
next section, which reports empirical results on the sensitivity
of the proposed PSO-based method to the number of particles
being considered.

IV. EXPERIMENTAL RESULTS
The proposed algorithm (BiPSO) was tested using both syn-

thetic and real hyperspectral data. The results are compared
with those obtained using three groups of unmixing algorithms.
The first group of algorithms are classical supervised algorithms
where the prior endmembers are determined by the VCA [5].
The first supervised algorithm (denoted by GBA) is a gradient
descent algorithm for spectral unmixing based on theGBM [17].
It should be noted that the GBM includes the FM as a particular
case, where the nonlinear parameters are fixed to one. Hence,

the GBM can be applied in our experiments. We also used
two state-of-the-art supervised algorithms: constrained nonlin-
ear least squares algorithm (CNLS) and an optimized version of
an unmixing algorithm for the kernel-based hyperspectral mix-
turemodel (SK-Hype). The second group of algorithms contains
a nonnegative matrix factorization method for spectral unmix-
ing based on the FM [25] (denoted by Fan-NMF), which can
provide the endmembers and the abundances simultaneously.
We did not impose volume constraints in our implementation
on Fan-NMF, but we used the VCA algorithm for initialization.
The third group also contains the two different versions of PSO,
i.e., the single swarm PSO algorithm (see Section B), and the
LMM-based PSO algorithm (denoted by linear PSO), where the
FM is replaced by LMM.
All algorithms were run on the same computing environment:

an Intel Core i5-3570 CPU (3.4 GHz, 4 cores) with 16 GB of
memory. The endmember spectra and abundance fractions were
initialized by the VCA and the fully constrained least square
algorithm [58], respectively, for all algorithms. To obtain robust
results for the algorithms, all algorithms were run for a max-
imum of 500 iterations. The convergence tolerance threshold
was set empirically to 10–6.
In our performance comparison, each algorithm was run ten

times for each considered dataset, and their average scores are
reported. Four performance measures were used. The execution
time was recorded to compare the computational cost of the
algorithms. The average spectral angle distance (SAD) [59]was
computed to evaluate the accuracy of endmember identification.
The accuracy of abundance estimation and the overall accuracy
can be evaluated by the average abundance error (AAE) and
average reconstruction error (ARE), respectively, as follows:

AAE =

√
1

NM

∑N

n=1

(
a [n] − �a [n]

)2
(31)

ARE =

√
1

NB

∑N

n=1

(
y [n] − �y [n]

)2
. (32)

A. Parameter Configuration and Sensitivity Analysis on
Swarm Size
In the proposed algorithm, the inertia weight was calculated

by the linear descent algorithm according to [60]–[62]

w (t) = (w (0) − w (tmax))
tmax − t

tmax
+ w (tmax) (33)

where w(t) = 0.9 represents the weight in the tth iteration,
w(0) = 0.4 represents the initial weight, and w(tmax) is the
weight in the final iteration, i.e., tmax .
The acceleration coefficients were obtained as follows [62]:

c1 (t) = (0.5 − 2.5)
t

tmax
+ 2.5

c2 (t) = (2.5 − 0.5)
t

tmax
+ 0.5. (34)

The swarm size is a problem-specific parameter in the PSO
algorithm. Considering (10), the problem size depends on the
number of endmembersM and the number of pixels N. The sen-
sitivity of the swarm size with respect to these factors is shown
in Figs. 3 and 4, respectively. Fig. 3 compares the sensitivity
as the number of endmembers varied from 3 to 7. The curves
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Fig. 3. Swarm size sensitivity curves for different numbers of endmembers
(M = 3, 5, and 7), where F represents the final value of the objective function
obtained by the proposal algorithm, and Fglobal represents the value of the
global optimal solution (i.e., true endmembers and abundances).

Fig. 4. Swarm size sensitivity curves for different numbers of pixels
(N = 500, 1000, and 2000).

indicate that the performance increases as the swarm size in-
creases. As shown in Fig. 3, when the size reaches a stable point
(e.g., 15 particles for M = 3), small improvements will be ob-
tained as we continue to increase the size. This means that the
stable point is a suitable size for use in the algorithm. By com-
paring these curves, we can see that the stable point varies with
respect to the number of endmembers. Specifically, as the num-
ber of endmembers increases, we need to increase the swarm
size (to reach a stable point). Fig. 4 compares the sensitivity
of the swarm size with respect to the number of pixels. These
curves had similar trade and stable point, which indicates that
the sensitivity of the swarm size is not obviously affected by the
image size variations.
In practice, we can evaluate the performance using simula-

tions to determine the suitable size. It is not critical to select
the exact stable point, but it is necessary to guarantee that the
swarm size is not smaller than the stable point (a greater swarm
size does not reduce the performance but merely costs more
computational time). Empirically, we respectively use 20, 30,
and 35 particles for three, five, and seven endmembers in the
algorithm. We use 30 particles in the following experiments.

Fig. 5. USGS library spectra of the five endmembers used in our synthetic
data experiments.

TABLE II
SAD (RADIANS), AAE, ARE SCORES (×10–2), AND EXECUTION TIME OF
SINGLE SWARM AND BISWARM PSO FOR THE SYNTHETIC DATASET WITH

40 dB SNRS AND MAXIMUM PURITY LEVELS OF 0.8

Algorithms SAD AAE ARE time(s)

Single Swarm 0.114 0.380 34.50 21225.1
Biswarm 0.033 0.062 0.664 101.318

TABLE III
TIME PERCENTAGES FOR THE MAIN OPERATIONS INVOLVED IN THE

ALGORITHMS

Single Swarm Biswarm

Operation Time percentage (100%) Operation Time percentage (100%)

CNLS 99.61725 – –
Move(SE) 0.067746 Move(SE + SA) 8.122156
Update(SE) 0.297024 Update(SE + SA) 82.41165
Other 0.017505 Other 9.466199

B. Comparison between Single Swarm and Biswarm
We generated synthetic hyperspectral dataset composed of N

= 1000 pixels and 224 bands using the FM [16], [18]. Five end-
members (see Fig. 5) were selected from the United States Ge-
ological Survey (USGS) spectral library [63], including maple
tree leaves, dry grass, and three randomly selected minerals,
i.e., olivine, calcite, and quartz. Their abundance fractions were
generated following a Dirichlet distribution [5]. The first group
of synthetic scenes was created with maximum endmember pu-
rity levels ρ= 0.8 and with zero-mean Gaussian noise added at
a 40 dB signal-to-noise ratio (SNR).
We also developed a single swarm version PSO that replaces

SA with one of the fastest unmixing algorithms (i.e., the CNLS
algorithm) for abundance estimation in each iteration. The re-
sults listed in Table II show that using the biswarm greatly
improves the performance of PSO. Table III reveals that abun-
dance estimation (CNLS) occupied themajority of time in single
swarm PSO compared to other operations. Although the CNLS
algorithm is very fast, it executes hundreds of times during the
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Fig. 6. Convergence curves for BiPSO and Fan-NMF.

iterations. Consequently, the overall time consumed was more
than 5 h. Conversely, in the biswarm framework, the computa-
tions related to the moving and updating operations in SE and
SA are simple compared to the CNLS algorithm, which reduced
the overall time to only several minutes.

C. Experiments With Various Endmember Purity Levels and
SNRs
The second group of synthetic scenes was created with max-

imum endmember purity levels ranging from 0.6 to 0.9 and
with zero-mean Gaussian noise added at different SNRs vary-
ing from 20 to 50 dB. Fig. 6 compares the convergence curves
between BiPSO and Fan-NMF in the case with 30 dB SNRs and
a maximum endmember purity level of 0.8. The BiPSO had a
similar overall convergence as Fan-NMF. In detail, Fan-NMF
had slightly better convergence before the first 200 iterations,
but the performance of BiPSO was very similar. After 200 iter-
ations, BiPSO obtains slightly better values.
Tables IV and V further compare the results in terms of

the SAD, AAE, and ARE metrics and the execution time for
the compared algorithms on the synthetic data. Regarding end-
member estimation performance, BiPSOoutperformed the other
algorithms. In particular, when ρ � 0.7, the BiPSO scheme de-
livered good performance in terms of endmember estimation
and higher robustness against SNRs. With ρ = 0.6, the perfor-
mances of all the tested algorithms were significantly degraded.
This occurs primarily because, at this level, the solution may
be ambiguous due to the low purity present in the simulated
mixtures. Fan-NMF obtains better endmember estimation re-
sults than VCA. In terms of abundance estimation performance,
BiPSO was more robust than the other tested algorithms, even
in low SNR conditions. As a result, BiPSO presented a lower
ARE score than the other algorithms. Furthermore, it should be
noted that the ARE scores of Fan-NMF and BiPSO were close
at a 20 dB SNR, but BiPSO had lower SAD and AAE scores.
This suggests that Fan-NMF became trapped in a local optimal
solution while BiPSO provided a better overall solution. In addi-
tion, we can also see that the performances of GBA, CNLS, and
SK-Hype were limited by the pure pixel requirement, which
is necessary for VCA to perform endmember identification

properly. Comparing linear PSO and BiPSO, linear PSO had
an ARE score similar to BiPSO at low SNR (20 dB) levels but
had larger ARE scores in other cases. Furthermore, linear PSO
had larger SAD and AAE scores than BiPSO. Specifically, it
gained an average of 37.70% in terms of SAD and 27% in terms
of AAE with ρ = 0.6, while it gained 114.3%, 280.3%, and
174.6% in terms of SAD and 151.4%, 160.4%, and 203.7% in
terms of AAE when ρ = 0.7, 0.8, and 0.9, respectively. This
result indicates that the traditional LMM has significant errors
when using the FM.
Regarding execution time, BiPSO cost approximately 100 s

and was approximately equal to Fan-NMF—or even faster in
some cases. Furthermore, BiPSO and Fan-NMF were slower
than the GBA, CNLS, and SK-Hype algorithms because the
latter did not consider endmember estimation. Linear PSO
achieved a better execution time than BiPSO because the
calculation of LMM in linear PSO is simpler than the calcu-
lation of bi-LMM. However, linear PSO is subject to the model-
mismatching problem.

D. Experiments With Different Bilinear Mixing Models
The third group of synthetic scenes was created by using

GBM and PPNMM, respectively, with zero-mean Gaussian
noise at a 40 dB SNR and a maximum purity level of 0.8. The
nonlinearity coefficients for GBM were uniformly drawn from
the range [0, 1], while the amplitude parameter for PPNMM
was uniformly generated in a range of [–0.3, 0.3] as in [19].
Table VI lists the performance results of these five algorithms.
It is worth noting that the ARE results for VCA/SK-Hype can
only be estimated because SK-Hype delivers only an estima-
tion of the abundance parameters. Thus, the ARE results for
VCA/SK-Hype were obtained by using the FM to recover the
reconstructed image.
For GBM, the endmember estimation performances achieved

by BiPSO and Fan-NMF were better than VCA, and the abun-
dance estimation performance achieved by BiPSO was better
than other algorithms, indicating that BiPSO can be suitable
for unmixing GBM. BiPSO outperformed the other methods
in terms of endmember detection but suffered from model mis-
match issues when the abundance estimation and reconstruction
error were considered. Linear PSO obtained lower ARE scores
than BiPSO, while the endmember and abundance estimation
performance obtained by BiPSO were better than linear PSO.
This result indicates that although the LMM obtained a better
overall error score, it still obtains significant errors for GBM.
The performance of the supervised algorithms was still limited
by the purity pixel requirement even though the models were
exactly matched (e.g., GBA for GBM). Among these supervised
algorithms, SK-Hype demonstrated better performance in terms
of SAD, AAE, and computational cost. The same trend behav-
ior for supervised algorithms can be observed for the PPNMM-
based scene.
In details, Table VI shows that BiPSO provides good per-

formance in terms of both endmember detection and abundance
estimation on GBM-based scenes. Specifically, BiPSO is able to
efficiently track the nonlinearities induced by the second-order
nonlinear interplay between the endmembers and the quadratic
terms in the dataset generated according to GBM. Indeed, com-
paring BiPSO to the second-best unmixingmethod performance
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TABLE IV
SAD (RADIANS), AAE, ARE (×10−2 ) SCORES, AND EXECUTION TIMES OF SIX DIFFERENT SPECTRAL UNMIXING ALGORITHMS FOR THE SYNTHETIC DATASET

WITH SNRS VARYING FROM 20 TO 30 dB AND MAXIMUM PURITY LEVELS (FROM 0.6 TO 0.9)

Image Parameters

SNR(dB)

20 30

ρ SAD AAE ARE Time(s) SAD AAE ARE Time(s)

BiPSO 0.6 0.103 0.147 5.761 98.68 0.108 0.161 1.843 98.68
0.7 0.065 0.079 5.724 99.28 0.077 0.167 1.950 99.28
0.8 0.035 0.068 5.719 101.3 0.017 0.032 1.817 101.3
0.9 0.030 0.059 5.753 99.74 0.049 0.051 1.843 99.74

Fan-NMF 0.6 0.115 0.223 5.813 128.4 0.136 0.209 2.174 192.9
0.7 0.094 0.18 5.781 77.39 0.113 0.194 2.016 49.54
0.8 0.056 0.121 5.733 175.3 0.050 0.101 1.854 96.94
0.9 0.057 0.100 5.779 144.4 0.063 0.119 1.919 301.2

VCA/GBA 0.6 0.147 0.226 12.43 47.42 0.152 0.245 6.949 49.49
0.7 0.127 0.194 11.19 49.66 0.137 0.179 6.179 277.0
0.8 0.098 0.148 11.82 74.09 0.096 0.168 21.89 111.2
0.9 0.067 0.124 13.98 126.3 0.060 0.152 13.98 225.6

VCA/CNLS 0.6 0.147 0.211 6.571 50.53 0.152 0.235 3.635 53.74
0.7 0.127 0.204 6.826 51.57 0.137 0.190 3.691 53.70
0.8 0.098 0.147 6.411 46.83 0.096 0.123 4.021 49.65
0.9 0.067 0.103 6.243 39.08 0.06 0.137 4.019 44.47

VCA/SK-Hype 0.6 0.147 0.190 12.72 30.75 0.152 0.209 7.223 28.84
0.7 0.127 0.175 10.93 30.59 0.137 0.149 6.421 31.16
0.8 0.098 0.127 11.97 32.69 0.096 0.075 6.024 33.90
0.9 0.067 0.097 10.60 34.00 0.060 0.093 5.922 35.59

Linear PSO 0.6 0.152 0.229 6.234 58.57 0.152 0.252 3.118 55.76
0.7 0.133 0.217 6.782 59.03 0.131 0.200 3.219 54.33
0.8 0.096 0.138 6.414 57.02 0.099 0.126 3.147 54.69
0.9 0.066 0.119 6.060 57.72 0.075 0.176 6.675 56.44

TABLE V
SAD (RADIANS), AAE, ARE (×10−2 ) SCORES, AND EXECUTION TIMES OF SIX DIFFERENT SPECTRAL UNMIXING ALGORITHMS FOR THE SYNTHETIC DATASET

WITH SNRS VARYING FROM 40 TO 50 dB AND MAXIMUM PURITY LEVELS (FROM 0.6 TO 0.9)

Image parameters

SNR(dB)

40 50

ρ SAD AAE ARE Time(s) SAD AAE ARE Time(s)

BiPSO 0.6 0.120 0.200 0.727 100.7 0.101 0.171 0.414 101.4
0.7 0.066 0.074 0.613 99.35 0.059 0.073 0.305 101.5
0.8 0.033 0.062 0.664 101.3 0.030 0.064 0.365 102.8
0.9 0.014 0.029 0.621 101.0 0.012 0.012 0.203 101.3

Fan-NMF 0.6 0.130 0.223 0.978 99.24 0.117 0.197 0.678 109.9
0.7 0.129 0.202 1.136 70.18 0.111 0.200 0.852 158.7
0.8 0.077 0.131 0.924 80.70 0.091 0.133 0.708 75.85
0.9 0.030 0.084 0.670 231.9 0.028 0.075 0.341 88.18

VCA/GBA 0.6 0.151 0.265 7.524 48.08 0.148 0.247 8.204 39.14
0.7 0.150 0.228 21.24 75.45 0.149 0.245 16.68 57.67
0.8 0.105 0.210 9.430 65.59 0.113 0.214 9.467 46.05
0.9 0.049 0.153 20.32 268.7 0.048 0.177 60.39 288.9

VCA/CNLS 0.6 0.151 0.242 5.479 58.76 0.148 0.224 5.325 60.93
0.7 0.150 0.229 5.455 57.02 0.149 0.243 6.039 59.78
0.8 0.105 0.215 5.907 58.11 0.113 0.213 6.218 58.35
0.9 0.049 0.07 1.977 41.65 0.048 0.058 1.329 38.22

VCA/SK-Hype 0.6 0.151 0.195 7.550 32.06 0.148 0.181 7.326 30.81
0.7 0.150 0.170 8.190 30.74 0.149 0.176 8.251 31.32
0.8 0.105 0.119 7.101 32.62 0.113 0.138 7.786 33.35
0.9 0.049 0.046 3.241 36.52 0.048 0.036 2.617 36.52

Linear PSO 0.6 0.144 0.182 4.108 54.12 0.145 0.180 4.060 60.00
0.7 0.150 0.225 4.402 53.91 0.150 0.224 4.376 61.79
0.8 0.114 0.191 7.489 54.89 0.102 0.093 1.966 63.49
0.9 0.045 0.044 1.044 53.80 0.049 0.065 1.037 61.92
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TABLE VI
SAD (RADIANS), AAE, ARE (×10−2 ) SCORES, AND EXECUTION TIMES OF
SIX DIFFERENT SPECTRAL UNMIXING ALGORITHMS FOR THE SYNTHETIC

DATASET USING GBM AND PPNMM

bi-LMMs

GBM PPNMM

Algorithms SAD AAE ARE time(s) SAD AAE ARE time(s)

BiPSO 0.036 0.036 0.635 104.9 0.048 0.077 0.678 100.0
Fan-NMF 0.047 0.079 0.602 145.8 0.057 0.079 0.657 168.9
VCA/GBA 0.095 0.089 2.985 123.8 0.082 0.103 2.376 6.923
VCA/CNLS 0.095 0.098 3.813 146.9 0.082 0.081 1.703 144.0
VCA/SK-Hype 0.095 0.059 7.673* 35.75 0.082 0.051 13.45* 38.66
Linear PSO 0.114 0.124 0.600 98.68 0.076 0.087 0.696 100.6

∗Note: the ARE values of SK-Hype were estimated by employing the FM for
reconstruction (we cannot obtain other bilinear parameters from SK-Hype).

Fig. 7. Abundance maps estimated by the tested algorithms for the AVIRIS
Moffett field scene.

(i.e., Fan-NMF), the proposed algorithm gains 23.40% in terms
of SAD and 54.43% in terms of AAE. This outcome is due to
the metaheuristic mechanism that BiPSO relies on. Actually,
the nonlinear optimization search imposed by BiPSO is able to
effectively overcome the mismatch between the mixture model
used to generate the considered dataset and the FM employed
by BiPSO [65]. In other words, the swarm moving and updating
operations are robust enough to avoid the singularities in the
search space provided by the nonlinear terms in GBM that are
not considered by the BiPSO scheme, while relying on the cross-
term nonlinear effects delivered by the models in [16] and [17].
In contrast, Fan-NMF slightly outperforms BiPSO (by about
5.48%) in terms of ARE, because the proposed metaheuristic
algorithm does not perform directly nonlinear optimization of
the ARE on the spectral signatures.
When considering the dataset generated according to PP-

NMM, BiPSO is hardly able to track the nonlinear reflectance
contributions. Actually, PPNMM takes into account the second-
order nonlinear effects delivered by each single endmember

separately. Thus, the FM employed by BiPSO can only drive
the optimization process towards local minimawithin the search
space [65]. Hence, the BiPSOoptimization trajectory apparently
cannot efficiently counteract and recover the deviation induced
by the mismatch between PPNMM and FM on the proposed
iterative scheme, because the cross-term nonlinear effects con-
sidered in BiPSO mislead the search orbit. This process causes
the performance loss that BiPSO delivers with respect to the
best performing algorithm on the PPNMM-generated dataset
(i.e., 33.77% in AAE).
However, the swarm optimization approach effectively over-

comes the model mismatch during endmember identification:
BiPSO delivers a 15.79% gain in terms of SAD with respect
to the second-best performing algorithm. Indeed, when detect-
ing endmembers, the trajectory drift provided by the difference
between PPNMM and the FM used by BiPSO is leveraged
because the biswarm search focuses on the geometric volume
optimization of the data cloud [64]. Thus, as the swarm for
endmember estimation relies on the aggregate metric in (5) and
(23), the SE objective function can be decomposed in the end-
members’ cross-contributions according to the binomial theo-
rem [65]. Therefore, BiPSO can still track the nonlinear effects
that the quadratic contributions in PPNMMconfer on the dataset
(i.e., the proposed method achieves good performance in terms
of SAD). Consequently, the nonlinear optimization performed
by BiPSO is still able to track the quadratic contributions in
PPNMMon the vertices of the data hull, allowing BiPSO to out-
perform the other nonlinear algorithms when identifying end-
members. Linear PSO obtained ARE scores similar to those of
BiPSO, while the endmember and abundance estimation per-
formances achieved by BiPSO were better than those of linear
PSO—which again indicates that linear PSO is not suitable for
nonlinear models.
Hence, BiPSO represents a valid option for describing and

characterizing scenes that show bilinear interactions between
endmembers. Moreover, the proposed scheme can be used to
detect the endmembers in images where the nonlinear effects are
provided only by quadratic nonlinear contributions, although it
can hardly provide accurate details when evaluating abundance
maps. Considering the execution time, BiPSO was faster than
Fan-NMF and approximately equal to linear PSO. This indicates
that the search capability of BiPSO is better than the traditional
NMF algorithm in different bi-LMM cases. Furthermore, al-
though the model calculation in linear PSO is simple, it spent
much time matching data to LMM in these cases. Thus, linear
PSO has an execution time similar to BiPSO.

E. Experiments Using Real Hyperspectral Data
We also evaluated the performance of the considered spectral

unmixing algorithms using two real hyperspectral images.
The first scene [66] was acquired in 1997 by the airborne

visible infrared imaging spectrometer (AVIRIS) over Moffett
Field (CA, USA). A subimage of size 50 × 50 pixels was cho-
sen for our experiments. We selected this subscene because
it has been widely used in spectral unmixing literature [17],
[25]. After removing bands 1–7, 108–113, 152–169, and 221–
224 due to water absorption and low SNR in those bands, 189
bands were used. Water, vegetation, and soil constituted three
main materials in the scene. We ran the different algorithms by
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TABLE VII
ARE SCORES AND EXECUTION TIMES FOR THE TESTED ALGORITHMS ON THE AVIRIS MOFFETT FIELD AND INDIAN PINE SCENES

Scene BiPSO Fan-NMF VCA/GBM VCA/CNLS VCA/SK-Hype Linear PSO

Moffett Field ARE 0.0063 0.0130 0.1502 0.0730 10.002∗ 0.0064
time(s) 186.08 101.19 5.7402 3.2542 40.597 156.60

Indian Pine ARE 0.0115 0.0131 0.0386 0.0247 0.0718∗ 0.0116
time(s) 23.722 29.374 1.2936 4.3018 15.491 21.457

∗Note: the ARE values of SK-Hype were estimated by employing the FM for reconstruction (we cannot obtain other bilinear parameters by SK-Hype).

Fig. 8. Considered AVIRIS Indian Pines subscene.

setting M = 3 (i.e., three endmembers). Fig. 7 shows the abun-
dance maps obtained by the compared algorithms. The perfor-
mance of SK-Hype was abnormal; therefore, we do not list
it here. The quality of unmixing is evaluated in Table VII,
which reveals that BiPSO achieved smaller ARE values than
those provided by the other tested algorithms for this par-
ticular scene. It should be noted that the linear PSO algo-
rithm also exhibits low ARE, which indicates that the scene
can be fitted with both LMM and bi-LMM. However, from
the water abundance maps we can see that BiPSO is more
robust than the linear PSO algorithm. Regarding execution
time, BiPSO, Fan-NMF, and linear PSO required more than
100 s, while GBM and CNLS required less time than other
algorithms. The reasons are that BiPSO, Fan-NMF, and lin-
ear PSO spent considerable time adjusting endmember estima-
tions, whereas GBM and CNLS did not consider it. Therefore,
although BiPSO, Fan-NMF, and linear PSO required more
time than the other algorithms, their performances were bet-
ter. In addition, BiPSO was slightly slower (16%) than linear
PSO.
To further test the proposed algorithm in a realistic scenario,

we also used the AVIRIS Indian Pines scene as our second
benchmark image. This scene was captured by the AVIRIS
sensor in 1992, and has known ground-truth classes. We se-
lected a subscene (see Fig. 8) containing four classes, namely,
“Stone-Steel-Towers,” “Soybean-notill,” “Soybean-clean,” and
“Vegetation,” and masked the unknown region. According to
these classes, we ran the different algorithms by setting M = 4
(i.e., four endmembers). Fig. 9 shows the abundance results
obtained by these algorithms. We can see that four algorithms
clearly identified the largest region of the first class, while SK-
Hype and linear PSO algorithm included some background.

Fig. 9. Abundancemaps estimated by the tested algorithms for the AVIRIS In-
dian Pine subscene, which includes “Stone-Steel-Towers”(T), “Soybean-notill”
(N), “Soybean-clean” (C), and “Vegetation” (V) classes.

Fig. 10. Mean spectral signatures of Region 2 versus Regions 1 and 3. We
can see that the spectra of Region 2 are more similar to the spectra of Region 1
(corresponding to the second class) than to Region 3 (corresponding to the third
class).

Note that all algorithms revealed the presence of some mixed
pixels in the middle of the region, which led to low abundance
values. However, all the algorithms failed to identify the sec-
ond class. An obvious interference can be observed on the left
of that class. This result occurred because the spectra of that
region are more similar to the second class than to the third
class (see Fig. 10). As for the third class, all algorithms failed to
detect the middle region as mentioned above, which can obvi-
ously be observed in the second class. Except for this region, the
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proposed algorithm and the linear PSO algorithm identified the
remaining regions of this class better than the other algorithms,
which indicates that PSO can provide better performance than
the traditional algorithms. Regarding the last class, we can see
that all the algorithms clearly identified the vegetation region.
In summary, except for the second class, the proposed algorithm
provided a satisfactory performance. Table VII also reveals that
the proposed algorithm and the linear PSO algorithm had lower
ARE than other algorithms, but that BiPSO better identifies
the first class. Therefore, although BiPSO and linear PSO had
similar overall performances, the solutions obtained by BiPSO
were better than linear PSO. Regarding execution time, BiPSO,
Fan-NMF, and linear PSO required more than twenty seconds,
while GBM and CNLS required less time than other algorithms.
BiPSO was slightly slower (7%) than linear PSO. The rea-
sons are similar to those discussed earlier for the Moffett Field
example.

V. CONCLUSION AND FUTURE WORK

In this paper, we have developed a new algorithm for bilin-
ear spectral unmixing of hyperspectral images using PSO. By
combining PSO with MO techniques, the proposed algorithm
is capable of simultaneously estimating both endmembers and
their corresponding fractional abundances and of handling con-
strained optimization and high-dimensional issues when pro-
viding the solution. The proposed method also suggests that
swarm intelligence can provide a relatively easy andflexibleway
to solve the spectral unmixing problem. Our experimental re-
sults, conducted using both synthetic and real hyperspectral data,
show that the proposed algorithm provides satisfactory unmix-
ing performances, outperforming other established algorithms
for nonlinear spectral unmixing. This shows that although the
proposed algorithm does not guarantee the global convergence
property, it can still achieve a satisfactory solution in practical
applications.
Aswith any newmethod, there are some remaining challenges

that may become issues over time and will need to be considered
in future research which are as follows:
1) the proposed method could be extended to incorporate

more complex nonlinear models with additional estimated
parameters such as the GBM and PPNMM.

2) Because the computations related to the moving and up-
dating operations of the proposed algorithm are quite sim-
ple, they can be easily migrated to parallel computing
platforms such as general-purpose graphics processing
units (GP-GPUs). In future work, we plan to develop a
parallel version of the algorithm to improve its compu-
tational speed on specialized hardware architectures such
as GPUs;

3) The BiPSO framework can be easily modified into a
global search algorithm using strategies such as Random
PSO and Multistart PSO [57]. However, doing so may
be too time-consuming to be practical. Additional global
search strategies and mathematical verification should be
considered.
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