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Jianjun Liu, Zebin Wu, Member, IEEE, Jun Li, Member, IEEE, Antonio Plaza, Fellow, IEEE, and Yunhao Yuan

Abstract—This paper presents a new approach for accurate
spatial–spectral classification of hyperspectral images, which
consists of three main steps. First, a pixelwise classifier, i.e.,
the probabilistic-kernel collaborative representation classification
(PKCRC), is proposed to obtain a set of classification probability
maps using the spectral information contained in the original data.
This is achieved by means of a kernel extension based on collabora-
tive representation (CR) classification. Then, an adaptive weighted
graph (AWG)-based postprocessing model is utilized to include the
spatial information by refining the obtained pixelwise probability
maps. Furthermore, to deal with scenarios dominated by limited
training samples, we modify the postprocessing model by fixing the
probabilistic outputs of training samples to integrate the spatial
and label information. The proposed approach is able to cover
different analysis scenarios by means of a fully adaptive processing
chain (based on three steps) for hyperspectral image classification.
All the techniques that integrate the proposed approach have a
closed-form analytic solution and are easy to be implemented and
calculated, exhibiting potential benefits for hyperspectral image
classification under different conditions. Specifically, the proposed
method is experimentally evaluated using two real hyperspectral
imagery data sets, exhibiting good classification performance even
when the number of training samples available a priori is very
limited.

Index Terms—Collaborative representation (CR), hyperspec-
tral, image classification, kernel methods, probabilistic outputs,
weighted graph.
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I. INTRODUCTION

S PARSE representation classification (SRC) has been
widely used in many applications, such as face recognition

[1] and visual classification [2]. Unlike other classifiers, such
as the support vector machines (SVMs) or the multinomial
logistic regression (MLR) [3], SRC does not need a training
process since it first represents a test sample as the sparse linear
combination of all training samples and then directly assigns a
class label to the test sample by evaluating which class leads to
the minimum representation error. As a result, SRC can be seen
as an effective combination of pattern classification and sparse
representation techniques. However, SRC is time-consuming
as, for each test sample, it needs an expensive coding process.
In [4] and [5], it was shown that the collaborative representation
(CR) mechanism under SRC, which represents a test sample
collaboratively with training samples from all classes, makes
SRC a highly effective technique for classification purposes.
Works in [4] and [5] also showed that, if the dimensionality and
the discrimination capacity of a sample is high, there is no need
to regularize the coding coefficients by computing an expensive
l1-norm (or l0-norm), whereas the l2-norm can play the same
role and reduce computation requirements significantly. In this
paper, the methods regularizing the coding coefficients will be
referred to as CR-based classifications, and the method using
l2-norm is referred to as CR classification (CRC). Thus, both
SRC and CRC can be considered an instantiation of CR-based
classifications.

Recently, CR-based techniques have received a lot of atten-
tion in remotely sensed hyperspectral image classification. In
[6], an instantiation using l0-norm is used for the classification
of hyperspectral images, and two methods are proposed, i.e.,
simultaneous orthogonal matching pursuit (SOMP) and simul-
taneous subspace pursuit (SSP). Considering the drawbacks of
SRC, in [7], a nonlocal joint collaboration model based on
CRC is proposed, and a locally adaptive dictionary is utilized
to further improve the classification accuracies. In [8], a joint
within-class CRC is introduced to hyperspectral image classifi-
cation. Although many approaches based on CRC have been
proposed for the classification of hyperspectral images, the
preconditioning of CRC should be mentioned once again. Al-
though the dimensionality of a pixel is high, its discriminability
is generally low due to the presence of redundant spectral bands
in the original hyperspectral signatures. As reported in [7], for
pixelwise classification SRC produces superior performance as
compared with CRC. Kernel methods, widely used in SVM
classification [9], [10], can be used to overcome this problem
[11], in which the dimensionality of a pixel is very high, and
its discriminability may be enhanced. Moreover, the original
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hyperspectral imagery data sets may not lie in a simple linear
space, and then the linear assumption of CR-based classifica-
tions may not hold. In [12], SOMP and SSP are extended to
their kernel versions, i.e., kernel SOMP (KSOMP) and kernel
SSP (KSSP). In [13], a spatial–spectral kernel SRC (KSRC)
is proposed. In [14], a CRC with Tikhonov regularization is
extended to its kernel version.

This paper focuses on the kernel version of CRC (KCRC).
However, the KCRC is a pixelwise classifier that does not treat
hyperspectral data as images but as an unordered list of spectral
signatures without a predefined spatial arrangement. Previous
approaches have shown very good performance by taking into
account both the spatial and spectral information in hyperspec-
tral image classification [15], [16]. Generally, two categories of
spatial–spectral classification methods can be identified.

1) The first one is given by preprocessing methods. These
methods usually first use the dimensionality reduction
techniques to produce characteristic images in the spec-
tral domain, such as principal component analysis (PCA)
[17] and kernel PCA (KPCA) [18], and then generate
spatial features from these characteristic images by using
some spatial feature extraction techniques, such as ex-
tended morphological profiles (EMPs) [17] and extended
multiattribute profiles (EMAPs) [19]. After extracting the
spectral and spatial features, they combine these features
by taking advantage of composite kernels (CKs) [20],
generalized CKs (GCKs) [21], or multiple feature learn-
ing (MFL) [22].

2) A second category is given by postprocessing methods.
These methods usually first produce the classification
maps by a pixelwise classifier and then refine the classifi-
cation maps by incorporating spatial information, such as
majority voting [23], Markov random field (MRF) [24],
[25], graph regularization [26]–[28] or extended random
walkers (ERWs) [29].

This paper is focused on designing a new approach based
on KCRC. Different from the existing spatial–spectral methods
based on KCRC, such as nonlocal joint KCRC [30] and KCRC
with Tikhonov regularization [14], a spatial–spectral approach
based on a postprocessing model is developed. The proposed
approach is composed of three steps, i.e., probabilistic KCRC
(PKCRC), adaptive weighted graph (AWG), and its modifi-
cation AWG with label information (AWGL), thus covering
different analysis scenarios in which spatial information may
be needed to complement the spectral information contained
in the original data cube or in which very limited training
samples may need to be handled by the proposed classifier. For
simplicity, the proposed two spatial–spectral methods PKCRC
with AWG and AWGL are abbreviated as PKCRCAWG and
PKCRCAWGL, respectively. Some of the innovative charac-
teristics of the proposed approach are highlighted as follows.

1) The outputs of a classifier should be calibrated poste-
rior probabilities to enable postprocessing, which is very
useful in many classification scenarios. For instance, the
MLR estimates the probabilities directly; on the other
hand, the probabilistic SVM uses Platt’s method of fitting

a univariate logistic regression model to the outputs of
SVM [31]. KCRC does not provide such outputs that
contain probability estimates for each pixel belonging to
different classes. To overcome this problem, PKCRC is
proposed to generate the posterior probabilities directly
from the coding coefficients, which also produces com-
petitive classification results and further improves the
computing efficiency of KCRC.

2) In the postprocessing model, graph regularization is con-
sidered to incorporate spatial information. To distinguish
the edge and flat regions, AWG is proposed to model
the spatial correlation among adjacent pixels, where the
weight between two adjacent pixels is adaptively defined
to be relevant to their intensity difference. As opposed
to existing postprocessing methods based on graphs
[26]–[29], AWG is equivalent to iterative weighted mean
filtering [32] by defining the graph weights.

3) In hyperspectral image classification, the acquisition of
training samples requires expensive human labor, and the
available training samples are limited in most cases. To
deal with this problem, we modify the AWG and propose
a methodology similar to the active learning techniques
[25], [33], which is referred to as AWGL, in which
the training samples are randomly chosen from the test
image and are labeled based on experience. Then, AWGL
can spread the discrimination information contained in
training samples to their neighbors until a stable state is
achieved on the whole data set.

4) All the three proposed techniques have a closed-form
analytic solution and can be easily implemented and
calculated.

The remainder of this paper is organized as follows.
Section II briefly introduces two instantiations of CR-based
classifications and their kernel extensions. In Section III,
we first design the proposed PKCRC and then present the
AWG-based postprocessing model and its modification AWGL.
The effectiveness of the proposed approach is demonstrated in
Section IV by conducting experiments on two real hyperspec-
tral images. Finally, Section V concludes this paper with some
remarks and hints at plausible future research lines.

II. CR-BASED CLASSIFICATIONS

Here, we first review the general model of CR-based classi-
fications and then introduce two instantiations of CR and their
kernel extensions.

A. General Model of CR-Based Classifications

The CR classifier has a close relationship to classifiers such
as nearest neighbor [34] and nearest subspace [35]. Similar to
these classifiers, CR represents a test sample as a linear combi-
nation of training samples; however, one significant difference
is that CR represents a test sample by using training samples
from all classes, whereas the nearest classifiers represent a
test sample by each individual class [4], [5]. For hyperspectral
images, every pixel can be interpreted as a B-dimensional
column vector, with B being the number of spectral bands. Let
us assume that we have C distinct classes and that all training
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samples in class c (c = 1, 2, . . . , C) are used to construct a
subdictionary Ac ∈ R

B×Jc , where Jc refers to the number
of training samples in class c. Then, by concatenating these
subdictionaries Ac, we can obtain a collaborative dictionary
A ∈ R

B×J with J =
∑C

c=1 Jc. In the CR model, a test sample
x ∈ R

B is collaboratively represented as the linear combination
of all training samples, i.e.,

x =As + n = [A1, . . . ,AC ]
[
(s1)

T
, . . . , (sC)

T
]T

+ n

=A1s1 + · · ·+ACsC + n =

C∑
c=1

Acsc + n (1)

where s ∈ R
J is a coding coefficient vector, and n ∈ R

B

denotes the model error (or noise). To recover a stable coding
coefficient vector ŝ from x and A, the regularization method
is the best choice. If we assume that the model error n follows
a Gaussian distribution, then the optimization problem can be
written as follows:

ŝ = argmin
s

1

2
‖x−As‖22 + λ‖s‖lq (2)

where λ > 0 is a regularization parameter, and lq = 0, 1, or 2.

B. SRC and CRC

Different settings of lq lead to different instantiations of
CR-based classifications. SRC is one instantiation, where lq is
set as 1. The optimization problem of SRC can be written as
follows:

ŝ = argmin
s

1

2
‖x−As‖22 + λ‖s‖1. (3)

In this classifier, the samples belonging to the same class are
assumed to approximately lie in a low-dimensional subspace
[1], and the l1-norm regularization is utilized to capture this
subspace. After getting ŝ, the class label y of x is determined
by the minimal residual between x and its approximation from
each class subdictionary as follows:

y = arg min
c=1,...,C

‖x−Acŝc‖2. (4)

Although SRC has shown an excellent classification perfor-
mance, it is a time-consuming method due to the nonsmoothing
l1-norm regularization. In [4] and [5], it was suggested that the
nonsparse l2-norm regularization can do a similar job to the
sparse l1-norm regularization but with a low computational bur-
den. By setting lq = 2 in (2), we get CRC, and its optimization
problem can be rewritten as follows:

ŝ = argmin
s

1

2
‖x−As‖22 +

λ

2
‖s‖22. (5)

Considering the l2-norm ‖ŝc‖2 also brings some discriminative
information, the classification rule is modified as

y = arg min
c=1,...,C

‖x−Acŝc‖2
‖ŝc‖2

. (6)

C. Kernel Methods

If the data set is not linearly separable, the CR mechanism
is not established, which may decrease the performance of

CR-based classifications. Kernel methods can be applied to
handle this problem. These methods project the data into a non-
linear feature space to make the data more separable [11], [12].

Let us suppose that there exists a feature mapping func-
tion φ that maps the sample x and the dictionary A to
a higher dimensional feature space, i.e., x → φ(x), A =
[a1, a2, . . . , aJ ] → Φ(A) = [φ(a1), φ(a2), . . . , φ(aJ )]. After
substituting the mapped features and dictionary to (3) and (5),
we arrive at KSRC and KCRC, and their corresponding opti-
mization problems can be rewritten as follows:

ŝ = argmin
s

1

2
‖φ(x) − Φ(A)s‖22 + λ‖s‖1 (7)

ŝ = argmin
s

1

2
‖φ(x) − Φ(A)s‖22 +

λ

2
‖s‖22. (8)

It is worth noting that all φ mappings used in kernel methods
occur in the form of inner products. This allows us to define a
kernel function K : RB × R

B → R, i.e.,

K(xi,xj) = 〈φ(xi), φ(xj)〉 . (9)

Some popular kernels are linear (K(xi,xj) = 〈xi,xj〉),
polynomial (K(xi,xj) = (〈xi,xj〉+ 1)d, d ∈ Z

+), or
Gaussian radial basis function (RBF) (K(xi,xj) =

exp(−‖xi − xj‖22/2σ2), σ ∈ R
+). In this paper, only the RBF

kernel is considered for simplicity and due to its empirically
observed good performance. Then, by introducing (9) into (7)
and (8), the optimization problems can be rewritten as

ŝ = min
s

1

2
sTQs− sTb+ λ‖s‖1 (10)

ŝ = min
s

1

2
sTQs− sTb+

λ

2
‖s‖22 (11)

where the constant terms are dropped, Q = 〈Φ(A),Φ(A)〉 ∈
R

J×J is a positive semi-definite matrix with Qij = K(ai, aj),
and b=〈Φ(A), φ(x)〉=[K(a1,x), . . . ,K(aJ ,x)]

T . Anal-
ogously, the classification rules of KSRC and KCRC can be
rewritten as

y = arg min
c=1,...,C

(sc)TQcsc − 2(sc)Tbc (12)

y = arg min
c=1,...,C

(sc)TQcsc − 2(sc)Tbc + 1

(sc)T sc
(13)

where Qc = 〈Φ(Ac),Φ(Ac)〉, and bc = 〈Φ(Ac), φ(x)〉.

III. PROPOSED APPROACH

Fig. 1 shows a flowchart of the proposed approach, which
consists of three main steps: 1) PKCRC is proposed to obtain
the pixelwise probability maps that reflect the probabilities for
each pixel belonging to different classes; 2) several principal
components (PCs) are used to construct the AWG; 3) the
pixelwise probability maps and the AWG are integrated by
PKCRCAWG or PKCRCAWGL to provide the spatial–spectral
probability maps. Later here, we will describe in more details
the techniques adopted for the proposed approach.
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Fig. 1. Flowchart of the proposed PKCRCAWG and PKCRCAWGL methods.

A. Pixelwise Classifier With Probabilistic Outputs

As pointed out in [4] and [5], if the dimensionality and
the discriminability of a test sample x is high, the estimated
coefficient vector ŝ will be naturally sparse and concentrate on
the training samples whose class labels are the same as x, no
matter if the l1-norm or l2-norm is used to regularize s. Since
in the kernel feature space the dimensionality of x is very high
and its discriminability may be enhanced, it is necessary to
evaluate the performance of CRC in the kernel feature space.
Fig. 2 shows the estimated coefficient vector ŝ for KSRC and
KCRC. It can be seen that the coefficients of KCRC are almost
as sparse as those of KSRC, which fosters the application of
KCRC for hyperspectral image classification purposes.

The standard KCRC does not provide probability estimates
for each pixel belonging to different classes. A straightforward
way is to use the classification rule (13) with respect to each
class to generate the posterior probabilities [36]. It is worth
noting that the coefficient vector ŝ in (11) can be easily and
analytically derived as

ŝ = (Q+ λI)−1b (14)

where I denotes the identity matrix. In other words, ŝ is only
a temporary variable that can be replaced by (Q+ λI)−1b,
and we do not need to store it. However, the classification rule
(13) does not improve the classification accuracy. Moreover,
the classification rule (13) is simply a kernel extension of the
classification rule (6) for CRC, whereas there is no specifically
designed classification rule for KCRC. In the coefficient vector
ŝ, each entry can be treated as the similarity between the
corresponding training sample and the test sample, and then
the sum of the entries in ŝc may reflect the similarity between
the cth class and the test sample. Although the number of
training samples of each class may be unequal, every training
sample will contribute competitively to represent the test
sample. Some training samples may benefit the similarity be-
tween classes, whereas other training samples decrease the
similarity (see Fig. 2). Fig. 3 shows the sum of the entries
in each ŝc. It is clear in Fig. 3 that the summation value of
the true class label is predominant. With the aforementioned

observations in mind, we have designed a classification rule in
this context as follows:

y = arg max
c=1,...,C

(Tŝ)c (15)

where (·)c denotes the cth entry of a vector, and the summation
matrix T ∈ R

C×J is defined by

Tcj =

{
1 if class(aj) = c

0 else
∀ c, j. (16)

Then, the posterior probability p(y = c|x) can be easily defined
as follows:

p(y = c|x) = 1

χ
max (0, (Tŝ)c) (17)

where χ =
∑C

c=1max(0, (Tŝ)c) is a normalized constant.
Now, we can replace the temporary variable ŝ by (Q+ λI)−1b.
The classification rule (15) and the posterior probability (17)
can be rewritten as

y = arg max
c=1,...,C

(
T(Q+ λI)−1b

)
c

(18)

p(y = c|x) = 1

χ
max

(
0,

(
T(Q+ λI)−1b

)
c

)
(19)

where χ =
∑C

c=1max(0, (T(Q+ λI)−1b)c). It is worth not-
ing that we can accelerate the classification process of PKCRC
by precomputing T(Q+ λI)−1. The pseudocode (using
MATLAB notations) for the proposed PKCRC is detailed in
Algorithm 1.

Algorithm 1 PKCRC

1: Input: Hyperspectral image: X; training samples: A; train-
ing labels: train_labels; parameters: sigma, lambda.

2: I = size(X, 2); % Number of pixels in X
3: J = size(A, 2); % Number of training samples
4: Q = rbf(A,A, sigma); % RBF training kernel matrix
5: B = rbf(A,X, sigma); % RBF test kernel matrix
6: T = summation(train_labels); % (16)
7: F = T ∗ inv(Q + lambda ∗ eye(J));
8: P = F ∗ B;
9: P = normalization(P); % (19)
10: [∼,Y] = max(P); % (18)
11: Output: Probabilistic outputs P and classification map Y.

B. Spatial–Spectral Classification

1) Problem Formulation: Let us assume that a hyperspec-
tral image is composed of a set of I pixel vectors X =
[x1,x2, . . . ,xI ] ∈ R

B×I . Correspondingly, the probabilistic
outputs of PKCRC are denoted by P = [p1,p2, . . . ,pI ] ∈
R

C×I with Pci = p(y = c|xi). To incorporate spatial infor-
mation into the PKCRC, we consider a postprocessing model
which can be written as

V̂ = argmin
V

1

2
‖V −P‖2F +

γ

2
S(V) (20)

where γ > 0, ‖ · ‖F denotes the Frobenius norm, and V =
[v1,v2, . . . ,vI ] ∈ R

C×I denotes the unknown spatial–spectral
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Fig. 2. Estimated coefficients for the pixels in the AVIRIS Indian Pines data set (about 5% training samples are used, see Section IV), the corresponding class
labels are included in the parentheses, and all coefficients are ranked in order of the class labels. (a) and (d) Pixel is located at spatial coordinates (21, 11), and
the coefficients of C9 are in the range (219, 221]. (b) and (e) Pixel is located at spatial coordinates (15, 7), and the coefficients of C5 are in the range (129, 154].
(c) and (f) Pixel is located at spatial coordinates (93, 30), and the coefficients of C11 are in the range (270, 394]. (a) KSRC (C9). (b) KSRC (C5). (c) KSRC (C11).
(d) KCRC (C9). (e)KCRC (C5). (f) KCRC (C11).

Fig. 3. Sum of the estimated coefficients for the pixels in the AVIRIS Indian Pines data set (about 5% training samples are used, see Section IV), the corresponding
class labels are included in the parentheses. (a) and (d) Pixel located at spatial coordinates (21, 11). (b) and (e) Pixel located at spatial coordinates (15, 7). (c) and
(f) Pixel located at spatial coordinates (93, 30). (a) KSRC (C9). (b) KSRC (C5). (c) KSRC (C11). (d) KCRC (C9). (e) KCRC (C5). (f) KCRC (C11).

probability maps. In (20), the first term is the fidelity term,
which is utilized to include the spectral information; S(V) is
the spatial smooth term, which is utilized to incorporate the
spatial information; and γ is used to balance the spatial and
spectral information.

2) AWG: In this paper, AWG is utilized to model the spatial
correlation among adjacent pixels, which is constructed as
G = {V,E,W}, where V and E are the sets of vertices and
edges, respectively, and W ∈ R

I×I is a weight matrix on the
graph. For each node vi, we choose its eight spatial adjacent
neighbors, and put edges between vi and its neighbors. If nodes
vi and vj are connected, we set

Wij = exp
(
−β‖x̄i − x̄j‖2

)
+ ε (21)

where β > 0, x̄i, and x̄j are pixels of the first three PCs of
the hyperspectral image X, and ε = 10−6 is a small constant;
otherwise, Wij = 0. The purpose of (21) is to keep the weight
between two adjacent pixels relevant to their intensity differ-
ence and to make sure that none of the weights go identically to

zero [37]. Thus, for pixels in smooth regions, the weights will
be large so that the flat regions are preserved, whereas for pixels
in more textured regions, the weights will be small so that the
edge regions are captured.

3) PKCRCAWG: With the weight matrix W defined earlier,
we can now use the following graph regularization to incorpo-
rate the spatial correlation among adjacent pixels:

S(V) =
1

2

I∑
i,j=1

Wij‖vi − vj‖22

=Tr(VDVT )− Tr(VWVT ) = Tr(VLVT ) (22)

where Tr(·) denotes the trace of a matrix, D is a diagonal
matrix whose entries are column sums of W, Dii =

∑
j Wij ,

and L = D−W is the graph Laplacian. By introducing (22)
into the postprocessing model (20), we arrive at the following
PKCRCAWG expression:

V̂ = argmin
V

1

2
‖V −P‖2F +

γ

2
Tr(VLVT ). (23)
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Fig. 4. AVIRIS Indian Pines data set. (a) RGB composite image of three bands.
(b) Ground reference map.

TABLE I
SIXTEEN GROUND REFERENCE CLASSES IN AVIRIS INDIAN PINES AND

THE NUMBER OF TRAINING AND TEST SETS USED IN EXPERIMENTS

The optimization problem (23) is convex and smooth; thus,
we have

V̂ = P(γL+ I)−1. (24)

Although L is a large matrix, it is very sparse. Therefore, the
computation of (24) is quite light. The final spatial–spectral
classification map can be determined via the following:

yi = arg max
c=1,...,C

V̂ci, i = 1, . . . , I (25)

where yi denotes the class label of pixel xi.
It is worth noting that, by using (23), we guarantee that the

entries of each column vector in V̂ sum to unity as required by
a probability, i.e.,

∑C
c=1 V̂ci = 1, ∀ i. Thus, V̂ is exactly the

spatial–spectral probability maps without normalization. For

Fig. 5. ROSIS University of Pavia data set. (a) RGB composite image of three
bands. (b) Ground reference map. (c) Publicly available training set.

TABLE II
NINE GROUND REFERENCE CLASSES IN ROSIS UNIVERSITY OF

PAVIA AND THE NUMBER OF TRAINING AND TEST SETS

USED IN EXPERIMENTS

the optimization problem (23), it can be rewritten as a series
of subproblems, i.e.,

v̂i=argmin
vi

1

2
‖vi−pi‖22+

γ

2

I∑
j=1

Wij‖vi−vj‖22 ∀ i. (26)

Let us suppose that the vectors vj (j 
= i) are known. Then

v̂i =
pi + γ

∑I
j=1 Wijvj

1 + γ
∑I

j=1 Wij

. (27)

It is worth noting that (27) is similar to a 3 × 3 iterative
weighted mean filtering [32]. To balance the spatial and spectral
information, for most pixels, we set the weight of vj equal to
that of the central pixelpi, i.e., γWij = 1. In other words, most
of the weights Wij should be close to ε since γ is a constant.
Thus, γ is fixed to 1/ε in our experiments. The pseudocode
(using MATLAB notations) for the proposed PKCRCAWG is
detailed in Algorithm 2.

Algorithm 2 PKCRCAWG

1: Input: Hyperspectral image: X; training samples: A;
training labels: train_labels; spatial sizes: rows, columns;
parameters: sigma, lambda, beta, gamma.

2: Steps 2–9 of Algorithm 1.
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TABLE III
CLASSIFICATION ACCURACY LEVELS FOR THE AVIRIS INDIAN PINES DATA SET USING DIFFERENT CLASSIFICATION METHODS.

THE STANDARD DEVIATION (IN THE PARENTHESES) OF THE TEN MONTE CARLO RUNS IS ALSO REPORTED IN EACH CASE

Fig. 6. Pixelwise classification performance with respect to parameters λ and
σ. (a) AVIRIS Indian Pines data set. (b) ROSIS University of Pavia data set.

3: PCs = pca(X, 3); % PCA: the first 3 PCs are retained
4: W = awg(PCs, beta, rows, columns); % (21), W is a sparse

matrix
5: L = diag(sum(W))−W;
6: V = P/(gamma ∗ L + speye(I)); % (24)
7: [∼,Y] = max(V); % (25)
8: Output: Classification map Y.

4) PKCRCAWGL: To effectively work with limited training
samples, we propose a methodology similar to active learning
techniques, where limited training samples are randomly cho-
sen from the test image and are labeled by experts. For this
purpose, we first partition the vertices V into two sets: labeled
nodes VL and unlabeled nodes VU such that VL ∪VU = V
and VL ∩VU = ∅. Without loss of generality, we assume that
P and L are ordered such that labeled nodes are arranged in
first place and unlabeled nodes are arranged in the second place.
Then, the optimization problem (23) can be decomposed into

V̂U = argmin
VU

1

2
‖[VLVU ]− [PLPU ]‖2F

+
γ

2
Tr

(
[VLVU ]

[
LLL LLU

LUL LUU

]
[VLVU ]

T

)
. (28)

Fig. 7. OA and AA as a function of β when applied to the (a) AVIRIS Indian
Pines data set and the (b) ROSIS University of Pavia data set.

where LUL = LT
LU , and VL is fixed to PL. The optimization

problem (28) is also convex and smooth; thus, we have

V̂U = (PU − γPLLLU )(γLUU + I)−1. (29)

Therefore, the information of the training samples can be
spread to their neighbors by means of AWG until a stable
state is achieved on the whole data set. The pseudocode (using
MATLAB notations) for the proposed PKCRCAWGL is de-
tailed in Algorithm 3.

Algorithm 3 PKCRCAWGL

1: Input: Hyperspectral image: X; training samples: A;
training labels: train_labels; index of training samples: i
(i.e., X(:, i)=A); spatial sizes: rows, columns; parameters:
sigma, lambda, beta, gamma.

2: Steps 2–5 of Algorithm 2.
3: u = 1 : rows ∗ columns;
4: u(i) = []; % Index of the test samples
5: V = (P(:, u)− gamma ∗ P(:, i) ∗ L(i, u))/(gamma ∗
L(u, u) + speye(I− J)); % (29)
6: [∼,Y] = max(V); % (25)
7: Output: Classification map Y.



2378 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 54, NO. 4, APRIL 2016

Fig. 8. Classification maps and overall classification accuracy levels (in the parentheses) obtained for the AVIRIS Indian Pines data set using different classification
methods. (a) KSRC (82.10). (b) KCRC (80.06). (c) KLR (80.15). (d) PKCRC (81.36). (e) KLREMAP (93.76). (f) PKCRCEMAP (95.04). (g) KLRMRF (85.98).
(h) PKCRCMRF (92.27). (i) KLRAWG (89.29). (j) PKCRCAWG (92.72). (k) KLRAWGL (96.27). (l) PKCRCAWGL (96.93).

IV. EXPERIMENTAL RESULTS AND ANALYSIS

Here, we first introduce two hyperspectral image data sets
and then evaluate the proposed approach by a series of exper-
iments. Before our experiments, the original data have been
scaled in the range [0,1]. The classification accuracy levels are
assessed with the overall accuracy (OA), the average accuracy
(AA), and the kappa coefficient of agreement (KA). The quanti-
tative measures are obtained by averaging ten Monte Carlo runs
to avoid any bias induced by random sampling. In addition, all
experiments are carried out in a 64-b quad-core CPU 2.40-GHz
processor with 8-GB memory.

A. Hyperspectral Image Data Sets

To test the performance of the proposed approach, two
hyperspectral imagery data sets have been considered.

1) The first data set used in our experiments is the Airborne
Visible/Infrared Imaging Spectrometer (AVIRIS) image
taken over northwest Indiana’s Indian Pines test site in
1992. There are 220 bands in the image, covering the
wavelength range of 0.4–2.5 μm. The spectral and spatial
resolutions are 10 nm and 17 m, respectively. This image
consists of 145 × 145 pixels and 16 ground reference
classes ranging from 20 to 2468 pixels in size. The false
color composite image and the ground reference map are
shown in Fig. 4. In our experiments, the number of bands
is reduced to 200 by removing 20 water absorption bands.
About 5% of the labeled samples are randomly chosen
for training, and the rest are used for testing, as shown in
Table I.

2) The second hyperspectral image, University of Pavia, is
an urban image acquired by the Reflective Optics System
Imaging Spectrometer (ROSIS), with spectral coverage
ranging from 0.43 to 0.86 m. The ROSIS sensor has spa-
tial resolution of 1.3 m per pixel with 115 spectral bands.
This image, with size of 610 × 340 pixels, contains

Fig. 9. OA as a function of the number of training samples for different
classification methods when applied to the AVIRIS Indian Pines data set.

103 spectral bands after removal of noisy bands. There
are nine ground reference classes of interests. The false-
color composite image and the ground reference map are
shown in Fig. 5(a) and (b), respectively. Unless otherwise
specified, in the experiments, we randomly choose 40
samples per class for training and use the rest for testing,
as shown in Table II. In addition, Fig. 5(c) shows a pub-
licly available training set for this scene, which comprises
3921 training samples, and the details of training and test
samples are shown in Table II.

B. Analysis of Parameters

1) Influence of the Parameters in PKCRC: In the proposed
PKCRC, there are two parameters: σ is the RBF kernel param-
eter, and λ is the regularization parameter. Although these two
parameters σ and λ can be estimated by cross-validation, to
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TABLE IV
CLASSIFICATION ACCURACY LEVELS AS A FUNCTION OF THE NUMBER OF TRAINING SAMPLES FOR THE AVIRIS INDIAN PINES DATA SET.

THE MEAN VALUE AND STANDARD DEVIATION OF THE TEN MONTE CARLO RUNS ARE SHOWN FOR THE GIVEN THREE METHODS

WITH (FIRST ROW) AND WITHOUT (SECOND ROW) KERNEL PARAMETER SELECTED BY CROSS-VALIDATION

improve computational efficiency, we examine how they affect
the classification performance on the given two data sets to
provide some recommended settings for them. Fig. 6 shows
the impact of σ and λ, where σ is varied from 2−4 to 22 and
λ from 10−6 to 10−1. It can be seen that λ = 10−3 leads to
the highest classification OA for both data sets, and there is a
wide optimal range for the choice of σ. For the Indian Pines
data set, σ ∈ [2−1.5, 20] yields almost optimal results, whereas
for the University of Pavia data set, σ ∈ [2−0.5, 21]. Let us
define a similarity matrix K with Kij = ‖ai − aj‖22, where ai
and aj denote the training samples. Then, by computing the
mean values of K for the two data sets, we obtain 1.56 for
Indian Pines data set and 6.39 for the University of Pavia data
set. Since the RBF kernel can be derived from the similarity
matrix K (i.e., K(ai, aj) = exp(−Kij/2σ

2)) and the division
6.39/1.56 ≈ 22, we can conclude that the optimal range of σ
is almost the same for the two data sets. For simplicity, in our
experiments, λ is fixed to 10−3, and σ is fixed to 0.5 and 1
for the Indian Pines and the University of Pavia data sets,
respectively.

2) Influence of the Parameters in AWG and AWGL: There
are two parameters in AWG and AWGL: β, which controls the
intensity difference between two adjacent pixels, and γ, which
is used to balance the spatial and spectral information. γ is fixed
to 1/ε = 106, as described in Section III. Now, we evaluate the
influence of β by varying it from 50 to 1000. Fig. 7 shows the
classification accuracies for PKCRCAWG and PKCRCAWGL,
which are abbreviated by AWG and AWGL, respectively. It can
be seen that the choice of β is robust. However, the choice of
β should not be too small since the graph weight (21) tends
to be equivalent to 1, which may oversmooth the classification
map. For larger values of β, a decrease in performance is
expected as all graph weights (21) tend to be equivalent to ε =
10−6 so that (27) degrades to the iterative mean filtering [32].
Without loss of generality, we set β = 430 in the following
experiments.

C. Experiments With the AVIRIS Indian Pines Data Set

Here, we evaluate the proposed approach by comparing our
approach with several widely used classification methods for
the AVIRIS Indian Pines data set. These methods can be divided
into two categories.

TABLE V
PROCESSING TIMES MEASURED FOR THE AVIRIS INDIAN PINES

DATA SET (PIXEL-WISE CLASSIFICATION METHODS)

• The first category comprises several kernel-based pixel-
wise classification methods: 1) KSRC; 2) KCRC; 3) MLR
with kernel features [25], i.e., kernel logistic regression
(KLR); and 4) the proposed PKCRC. For the KSRC, it is
solved by the alternating direction method of multipliers
[38]–[40], and the details are explained in [13]. For the
KCRC, the classification process is shown in Section II.
For the KLR, the code is provided by [25], and the free
parameters are selected by cross-validation.

• The second category comprises several spatial–spectral
classification methods, where two pixelwise classification
methods (KLR and PKCRC) with probabilistic outputs
are used as the baseline classifiers. Four spatial–spectral
techniques are incorporated into KLR and PKCRC: 1) CK
with the spatial features extracted by EMAP (abbreviated
by EMAP); 2) MRF; 3) AWG; and 4) AWGL. For the
results of the four techniques, their abbreviations are
marked behind KLR and PKCRC for simplicity, such
as KLREMAP and PKCRCMRF. In KLREMAP and
PKCRCEMAP, the EMAP features are extracted from
the first three PCs of the hyperspectral image, and the
area and standard deviation attributes are considered to
build EMAP, as reported in [21]. The details of EMAP
are explained in [19] and [41]. As for the weight pa-
rameter in CK, it is obtained by cross-validation. More
details of the CK method are shown in [20]. In the
KLRMRF and PKCRCMRF, the MRF is used to include
the spatial–contextual information by refining the prob-
abilistic outputs of KLR and PKCRC, where the spatial
smoothness parameter is set as described in [25], and the
model is solved using the graph-cut methods in [42]–[44].
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TABLE VI
CLASSIFICATION ACCURACY LEVELS FOR THE ROSIS UNIVERSITY OF PAVIA DATA SET USING DIFFERENT CLASSIFICATION METHODS.

THE STANDARD DEVIATION (IN THE PARENTHESES) OF THE TEN MONTE CARLO RUNS IS ALSO REPORTED IN EACH CASE

Fig. 10. Classification maps and overall classification accuracy levels (in the parentheses) obtained for the ROSIS University of Pavia data set using different
classification methods. (a) KSRC (82.89). (b) KCRC (82.43). (c) KLR (79.89). (d) PKCRC (81.58). (e) KLREMAP (94.82). (f) PKCRCEMAP (96.02).
(g) KLRMRF (85.48). (h) PKCRCMRF (92.91). (i) KLRAWG (97.93). (j) PKCRCAWG (98.08). (k) KLRAWGL (98.51). (l) PKCRCAWGL (98.98).

1) Numerical and Visual Comparisons: In this set of exper-
iments, we compare the classification methods described above
numerically and visually. Table III summarizes the global and
class-specific accuracies, and the processing time in seconds
is also included for reference. From this table, it can be seen
that all spatial–spectral methods yield higher classification
accuracies when compared with the pixelwise methods. If we
analyze the pixelwise methods, the proposed PKCRC exhibits
competitive advantages in terms of classification results when
compared with the other methods, and it is second only to

KSRC. Moreover, PKCRC is superior to KCRC, i.e., the pro-
posed classification rule (15) is quite effective. If we analyze
the spatial–spectral methods, it can be seen that the methods
based on AWGL are the best among the four investigated
spatial–spectral techniques, AWG is comparable to other two
spatial–spectral techniques, whereas PKCRCAWGL exhibits
the highest global and most of the best class-specific accuracies.
Using the same spatial–spectral techniques, PKCRC performs
better than KLR. In addition, we note that the proposed tech-
niques require less computing time. PKCRC takes 0.44 s, and



LIU et al.: PROBABILISTIC-KERNEL CR FOR SPATIAL–SPECTRAL HYPERSPECTRAL IMAGE CLASSIFICATION 2381

Fig. 11. OA as a function of the number of training samples for different
classification methods when applied to the ROSIS University of Pavia data set.

AWG and its modification AWGL take 0.18 s. This is because
all techniques have a closed-form analytic solution that can be
easily calculated.

Fig. 8 shows some of the classification maps obtained for
the AVIRIS Indian Pines image, and the corresponding OAs
are reported in the parentheses. These classification maps cor-
respond to one of the ten conducted Monte Carlo runs that were
averaged in order to generate the classification scores reported
in Table III. The numerical comparisons shown in Table III are
confirmed by inspecting these classification maps.

2) Impact of the Number of Training Samples: In this set
of experiments, we test the classification methods described
earlier in an ill-posed scenario, where different numbers of
(limited) training samples are used. We randomly choose
1% to 20% of the labeled pixels per class for training and
the remaining pixels for testing. For very small classes,
we take a minimum of two training samples per class.
Fig. 9 shows the results as a function of the number of training
samples. In this figure, the error bars indicate the standard
deviation for ten conducted Monte Carlo runs and suggest
that not only numerical but also statistical differences can be
observed. It is obvious that, in most cases, the OA increases
monotonically, and the variance decreases as the number of
training samples increases. As expected, the performance of all
the spatial–spectral methods is better than that of the pixelwise
methods. For the pixelwise methods, KSRC performs best
followed by PKCRC. Among the spatial–spectral methods,
PKCRCAWGL obtains high accuracy even when the number
of training samples is very low. This means that PKCRCAWGL
is robust to the number of training samples.

3) Influence of the Recommend Parameters: In order to
demonstrate the effectiveness of our kernel parameter σ chosen
based on training data, in this set of experiments, we compare
the results of the proposed three methods (PKCR, PKCR-
CAWG, and PKCRCAWGL) with and without σ selected by
cross-validation. Table IV shows the mean value and standard
deviation of OA, AA, and KA as a function of the number

TABLE VII
CLASSIFICATION ACCURACY LEVELS OBTAINED BY DIFFERENT

METHODS FOR THE ROSIS UNIVERSITY OF PAVIA DATA SET

WITH THE PUBLICLY AVAILABLE TRAINING SET

of training samples. From this table, we can see that the
results based on the recommend parameter σ are better than
that selected by cross-validation, and the gaps between them
become smaller with the increase in the number of training
samples. This is because the cross-validation methods need
enough samples to train parameters; thus, it is hard for them
to interpret the kernel parameter when the number of training
samples is very low.

4) Processing Time Comparison of CR-Based Classifica-
tions: Now, we compare the processing times of the CR-based
pixelwise methods using different numbers of training samples.
Table V shows the processing times measured for the three
CR-based pixelwise methods (KSRC, KCRC, and PKCRC)
as well as the speed-up ratio between each pair of methods.
It can be seen that KSRC is a time-consuming method and
is most sensitive to the number of training samples, whereas
the proposed PKCRC is the fastest method. The processing
times of PKCRC and KCRC are lower than that of KSRC, and
the speed-up ratios become greater as the number of training
samples increases. For KCRC and PKCRC, the increase in their
speed-up ratio is not obvious.

D. Experiments With the ROSIS University of Pavia Data Set

Here, we evaluate the classification performance of the 12
classification methods compared in Section IV-C by conducting
a series of experiments for the ROSIS University of Pavia data
set. The parameters of these methods are chosen as described
in Section IV-C.

1) Numerical and Visual Comparisons: Table VI reports
the classification accuracy levels and the processing times for
the considered classification methods. From this table, it is
clear that the spatial–spectral methods perform better than the
pixelwise methods. There are no significant differences among
the pixelwise methods, and PKCRC is the fastest method.
Among the investigated spatial–spectral techniques, the pro-
posed AWG and AWGL are better and faster than EMAP
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Fig. 12. Classification maps and overall classification accuracy levels (in the parentheses) obtained for the ROSIS University of Pavia data set with the publicly
available training set. (a) KLR (81.67). (b) PKCRC (82.66). (c) KLRAWG (96.71). (d) PKCRCAWG (98.61). (e) KLRAWGL (96.95). (f) PKCRCAWGL (97.86).

and MRF, and AWGL obtains the best results. PKCRC also
outperforms KLR. Fig. 10 shows the classification maps that
correspond to one of the ten conducted Monte Carlo runs in
each case. These classification maps confirm the numerical
results reported in Table VI and the validity of the proposed
techniques.

2) Impact of the Number of Training Samples: In order to
show the performance of our proposed approach under different
numbers of training samples, in this set of experiments, we
build training sets by randomly choosing 10, 20, 40, 60, 80,
and 100 training samples per class to evaluate the classification
accuracy levels of the investigated 12 classification methods.
Fig. 11 shows the mean value and standard deviation of OA as
a function of the number of training samples. In Fig. 11, we can
see that the OA increases monotonically, and the standard devi-
ation decreases as the number of training samples increases. It
is clear that the results of the spatial–spectral methods are better
than those of the pixelwise methods. For the pixelwise methods,
there are no significant differences among them. The methods
based on AWGL consistently yield higher OAs than the other
tested methods, even when only ten training samples per class
are used.

3) Comparison to Other Classification Methods: In order
to comprehensively evaluate the performance of our proposed
approach, here, we compare it with several state-of-the-art
methods for spatial–spectral hyperspectral image classification,
as shown in Table VII. In addition to the pixelwise methods
described in Section IV-C, SVM with an RBF kernel is also
included for reference, and its free parameters are selected by
cross-validation [9], [10]. For GCK-based methods [21], the
method that stacks the spectral and spatial kernels is denoted
by GCK-SS, and the method that stacks the spectral and spa-
tial kernels together with cross-information kernels is denoted
by GCK-CI. For MFL-based methods [22], MFL-all means
that all nonlinear features are considered, and MFL-subset
means only linear and EMAP features are used. In this set of
experiments, the publicly available training set is used, and
Table VII shows the OA, AA, and AA achieved by the different
tested methods, where the results of the middle ten methods
are taken from [12], [18], [21], [22], [24], and [29]. Since
exactly the same training and test sets are used, it allows a fair

intercomparison of these methods. In addition, the processing
time of these methods is also included for reference, where the
processing time of the middle ten methods is omitted because
they were executed in different experimental environments. For
illustrative purposes, Fig. 12 shows the classification maps of
PKCRC- and KLR-based methods. In Table VII, it can be seen
that all spatial–spectral methods exhibit better performance
than the pixelwise methods. Among the pixelwise methods, the
proposed PKCRC provides competitive results, and it is second
only to KCRC. The AWG- and AWGL-based methods are com-
parable to the other state-of-the-art methods, and the proposed
PKCRCAWG exhibits the highest OA and KA. Furthermore,
we may note that AWGL-based methods do not improve the
results of AWG-based methods. This is because the number
of training samples is large and the training set is selected
nonrandomly; thus, it seems unnecessary for AWGL to interpret
the class labels of the pixels around the training samples.

V. CONCLUSIONS AND FUTURE LINES

This paper has proposed a new CR-based spatial–spectral
approach for hyperspectral image classification. The proposed
approach is composed of three steps, i.e., PKCRC, AWG and its
modification AWGL. First of all, in view of the CR mechanism
under an SRC model, we propose the use of KCRC for the
pixelwise classification of hyperspectral images. In order to
enable the postprocessing of the outputs of KCRC, we de-
signed the PKCRC to generate the posterior probabilities for
KCRC. Then, a graph-based postprocessing model is used to
incorporate the spatial information based on the obtained prob-
abilities, and AWG is proposed to model the spatial correlation
among adjacent pixels and distinguish between edge and flat
regions. Finally, by assuming that the training samples are
randomly chosen from the test image and labeled by experts, a
modification called AWGL is proposed, which works particu-
larly well in scenarios with very limited training samples. As a
result, the proposed approach (based on three steps) is able to
cover different analysis scenarios by means of a fully adaptive
processing chain for hyperspectral image classification. All
the techniques that integrate the proposed approach have a
closed-form analytic solution and are easy to be implemented
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and calculated, and the advantages brought by them and their
combination make the proposed approach become particularly
effective under different conditions and analysis scenarios. The
proposed approach has been experimentally tested using two
widely used hyperspectral image data sets, and the experimental
results demonstrate that the proposed method exhibits state-
of-the-art performance. Although the results obtained by the
proposed approach are very encouraging in hyperspectral image
classification, further experiments with other types of remote
sensing data should be pursued in future developments. Despite
the proposed approach is quite effective in computational terms,
high-performance computing implementations in specialized
architectures such as graphics processing units will also be
pursued in future developments.
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