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Abstract

We consider abstract nonlinear second order evolution equations with a nonlinear damp-
ing. Questions related to long time behaviour, existence and structure of global attractors are
studied. Particular emphasis is put on dynamics which - in addition to nonlinear dissipation -
have noncompact semilinear terms and whose energy may not be necessarily decreasing. For
such systems we first develop a general theory at the abstract level. This general theory is
then applied to nonlinear wave and plate equations exhibiting the aforementioned character-
istics. This way we are able to provide new results pertaining to several open problems in the
area of structure and properties of global attractors arising in this class of PDE dynamics.
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Preface

Our main aim is the study of long time behavior of second order evolutions with nonlinear
dissipation. Questions such as global dissipativity of evolution, existence of global attractors
and their properties (structure, dimensionality etc.) are of prime concern to this work.

It is known, that nonlinear dissipation in hyperbolic and hyperbolic-like dynamics, as
exhibited by second order evolution, has been a source of technical difficulties in the analysis of
dynamical systems. There are two fundamental reasons for this. First - the lack of regularity,
hyperbolic flows with nonlinear dissipation are not C1-maps. Second - stability. The nature of
instability in hyperbolic dynamics is intrinsically infinite-dimensional. Conservative (energy
preserving) dynamics have infinitely many eigenvalues that are unstable. Thus long time
behaviour is associated with drastic changes of essential part of the spectrum of the linearized
operator (in contrast with parabolic-like dynamics). The dissipation to be effective must be
non-compact. This makes the analysis of long time behaviour more delicate and contributes
to an array of technical difficulties. For instance, in a canonical case of wave equation with a
nonlinear dissipation, while there are several results on the existence of attractors, the study of
dimensionality of the attractors seems a much more subtle issue with only few results available
in the literature. This motivates our efforts to study attractors arising in the context of
canonical hyperbolic and hyperbolic-like dynamics. Our benchmark motivating problems are
wave and plate equation with a nonlinear damping and ”critical” nonlinear terms. By this we
mean that semilinear terms in the equation are not compact with respect to the topology of the
phase space. In addition, dynamical systems that are not necessarily subjected to conservative
forces (i.e. the energy may not be decreasing) are considered as well. A prototype for this
kind of models are von Karman type of evolutions discussed in details in this monograph.

The monograph is written in a rather self-contained manner and contains proofs or well
documented references for all the results claimed or used.

Acknowledgement. The work of the second author was done in part while visiting
Scuola Normale Superiore, Pisa, Italy. The hospitality and support of the Scuola Normale
is acknowledge and greatly appreciated. Particular thanks are extended to Professor G. Da
Prato for many stimulating discussions.

Igor Chueshov, Irena Lasiecka
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CHAPTER 1

Introduction

1.1. Description of the problem studied

Let A and M be linear positive, selfadjoint operators densely defined on a Hilbert space
H. Let V ≡ D(M1/2) ⊂ H and we shall assume that D(A1/2) ⊂ V . We consider the following
second-order abstract equation:

(1.1)
{
Mutt(t) +Au(t) + k ·D(ut(t)) = F (u(t), ut(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2),

where k is a positive parameter, and operators D and F satisfy suitable hypotheses formu-
lated in Assumption 1.1 below. These hypotheses guarantee, in particular, the existence and
uniqueness of a flow St(u0, u1) ≡ (u(t), ut(t)) generated by the dynamics in (1.1). The focus
of this monograph is on long time behaviour of the model in (1.1). Issues such as existence
and properties of global attractors, exponential attractors and determining functionals are
of particular interest. The emphasis is paid to flows generated by equations with nonlinear
dissipation D and a non-compact nonlinear term F . In addition, dynamical systems with
energy function that is not necessarily decreasing will be considered as well. It is well known,
these features lead to rather substantial mathematical difficulties in the analysis of long time
behaviour of hyperbolic-like flows (as considered above) -particularly at the level of studying
dimensionality and structural properties of the said attractors. General and rich theory de-
veloped for dynamical systems [4, 58, 60, 100] is often non applicable to these more special
classes of dynamics. Indeed, majority of results in the area of dynamical system theory are
geared to parabolic-like flows which display very different (from hyperbolic) properties. While
some of these general theories can still be applied to flows generated by hyperbolic equations,
more delicate situations of nonlinear damping which lead to flows which are not C1, can not
be treated within that framework. On the other hand, many physically important mathe-
matical models, such as von Karman evolutions of nonlinear elasticity, nonlinear plate and
wave equations display all of the above mentioned specifications: nonlinearity of dissipation
which is often not quantified at the origin, non-monotone behaviour of energy and the lack of
compactness of the nonlinear term in the equation. This motivates our interest in the problem
and our desire to construct rather general treatment which is geared toward hyperbolic-like
dynamics with nonlinear dissipation and encompasses several models of physical interest.

To accomplish this, we shall first formulate and prove appropriate generalizations of sev-
eral abstract results in the area of dynamical systems. This will be done with an eye to
apply these results to a class of hyperbolic like PDE models we have in mind. The second
task is to prove - by PDE methods - that the imposed abstract conditions are indeed satis-
fied for the class of evolutions in (1.1). Thus, the contribution of this monograph is at two
levels: (i) the abstract one within the realm of dynamical system theory and (ii) the PDE
part, where verification of needed conditions requires new PDE estimates for hyperbolic-like
evolutions. The final goal and task is to verify that specific models of mathematical physics
under considerations in this monograph (wave equations, von Karman evolutions etc.) fit
the framework described. Ultimately, we will be able to solve and answer several open ques-
tions which have been asked in the literature in the context of long time behaviour of specific
nonlinear hyperbolic-like evolutions. As far as concrete PDE models are concerned, we have
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2 1. INTRODUCTION

chosen here nonlinear wave equations and nonlinear plate equations as the main (motivating)
examples. These two models are not only important from the stand point of applications,
but also representative from the theory point of view. They are rich enough to display major
difficulties encountered in the analysis of long time behaviour of hyperbolic-like dynamics. On
the other hand, we wish to stress that techniques introduced in the book are more general
and clearly apply to other models as well.

To orient the reader, we shall outline the content of the monograph and the goals we
aim to achieve. Chapter 1 introduces evolutions described by (1.1) and provides prelimi-
nary background material related to quantitative properties of solutions under consideration.
Chapter 2 describes abstract results pertinent to existence and properties of attractors within
the context of general dynamical systems. These abstract results are then applied to the
second order evolutions given by (1.1). This is done in Chapter 3, which provides results on
existence of global attractors, and in Chapter 4, which describes various structural properties
and characteristics of the attractors. More specifically, for evolutions given by (1.1), under
appropriate hypotheses to be specified later within the context, Chapters 3 and 4 provide
general results on:

• Existence of global attractors.
• Estimates for fractal dimension of attractors.
• Regularity of elements on attractors.
• Uniform convergence rates (e.g., exponential, algebraic etc.) of a single trajectory

to an equilibrium and bounded sets to attractors.
• Existence of exponential attractors (inertial sets) and existence o determining func-

tionals.

The final part of the book -Chapters 5, 6 and 7- deal with applications of the general
theory. We start with two benchmark motivating models (i) semilinear wave equation with
nonlinear damping and local nonlinearity, treated in Chapter 5, and (ii) von Karman system
of elasticity with a nonlinear dissipation, treated in Chapter 6. In this latter case, we shall
consider two distinct sub- models displaying very different properties: von Karman evolutions
with rotational forces, which is characterized by finite speed of propagations, and (ii) von
Karman evolutions without rotational inertia, characterized by the infinite speed of propaga-
tion. As we shall see, these two models driven by nonlocal nonlinear terms are vastly different
and require different treatments. The obtained results are likewise different with physical
characteristics of the respective systems coming to play.

In Chapter 7 we consider several other examples from continuum mechanics which can be
also covered by our general theory. These examples demonstrate other types (in comparison
with wave and Karman equations) of nonlinearities and dampings and include Berger, Mindlin-
Timoshenko and Kichhoff models of plates and also systems with strong damping.

In all the cases considered our main focus is on understanding the role nonlinearity of
dissipation plays in the theory. As mentioned before, nonlinearity of dissipation along with
hyperbolicity of dynamic and the lack of compactness for nonlinear terms (sources) in the
equations have been a source of considerable difficulties and obstacles in constructing com-
prehensive theory for this class of systems. In fact, majority of results and treatments deal
with linear dissipation [4, 19, 58, 60, 100]. In the case of linear damping, difficulties related
to the loss of regularity of linearized solutions and time-dependency of the principal part of
the operator do not enter the picture. An excellent review of the theory pertaining to wave
equation with linear damping is given in [5]. Thus, in treating nonlinear dissipation, our aim
is to extract general properties of such systems that can be formulated at an abstract level,
and at the same time are specific enough to capture the key characteristics of the models
serving as motivating examples for the theory. In doing this, we were able to ”abstract” sys-
tems with nonlinear damping and noncompact nonlinear terms that are also non-conservative
(i.e. the energy is not necessarily decreasing) for which existence of global attractors and
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their properties can be asserted (see Chapter 3 and Chapter 4). In dealing with nonlinear
dissipation we have made a systematic effort to work within minimal set of assumptions that
are imposed on behaviour of nonlinear functions describing dissipation both at the origin and
at infinity. Indeed, behaviour at infinity affects topological considerations (unboundedness of
the resulting operators acting on appropriate functional spaces), while behaviour at the origin
affects the ”strength” of the damping action. Dissipation with derivative that vanishes at the
origin has limited power in stabilizing dynamics.

Similarly, we have made an effort to display and to analyze the consequences of ”unstruc-
tured” terms in the dynamics such as ”non-conservative” forces that destroy monotonicity
of the energy function. Indeed, for these models the energy is no longer decreasing -an as-
sumption made in most - if not all - treatise on long behaviour of PDE’s models. It turns out
that non-conservative static forces (affecting the displacement) can be compensated by certain
behaviour (hidden superlinearity) of potential energy, while non-conservative dynamic forces
(affecting the velocity) require certain superlinearity of kinetic energy or of the damping. The
first phenomenon is strongly linked to the uniqueness property of nonlinear part of potential
energy which, in turn, can be asserted in some cases via nonlinear elliptic theory. The ulti-
mate goal and task is to be able to answer several open questions that have been asked in
the context of these hyperbolic equations. In fact, the results of Chapter 5 (resp. Chapter 6)
provide an answer to several questions that have been open for nonlinear wave (resp. Karman
plate) equations. These include: (i) finite-dimensionality of attractors with strongly nonlinear
dissipation, (ii) uniform stabilization of solution to multiple equilibria, with a nonlinear and
weak (at the origin) damping, (iii) existence of exponentially attracting finite-dimensional
inertial sets. Indeed, finite dimensionality of attractors with a nonlinear dissipation has been
known only, until recently, for wave equation in one dimension. Other properties such as con-
vergence to multiple equilibria or exponentially attracting inertial sets have been considered
only in the context of linear dissipation.

Finally we should mention that technical inspiration for our results and methods of proofs
comes from recent developments in control theory. Certain inverse type of estimates such as
observability and stabilizability estimates that became an object of recent interest in that
field turned out to have critical bearing on derivation of asymptotic estimates in the theory
of dynamical systems. Thus there seem to be present a strong synergy between the two fields
that we hope to explore even further.

In closing, we wish to mention that although our aim was to provide a rather compre-
hensive treatment of the subject that is also self-contained (essentially all the proofs are
provided), we were unable to touch certain topics that are of significant interest to the field.
These include: (i) problems with boundary dissipation or related (though easier) localized
(geometrically) dissipation, (ii) problems involving non-unique solutions. The reason why
we do not consider boundary dissipation is that techniques involved are very much model
dependent. Presentation of these results at the abstract level seemed to us rather artificial
and perhaps unnecessarily cumbersome. However, readers interested in the topic may consult
[20, 21, 22, 26, 28, 31] where essentially all the questions asked in this manuscript are
solved for wave and von Karman plate equations with boundary dissipation. Regarding the
second item above- non-unique solutions- the techniques developed so far are rather specific
and model dependent (see, e.g., [3] and [85] and also the recent paper [104] devoted to wave
equations with supercritical nonlinearities). A comprehensive survey of results for wave equa-
tions with linear damping is given in [5]. Special cases of nonlinear (but heavily structured)
damping in wave equation are in [49].

1.2. The model and basic assumption

We consider problem (1.1) within the following framework: A is a closed, linear positive
selfadjoint operator acting on a Hilbert space H with D(A) ⊂ H. We shall denote by | · | the
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norm of H; (·, ·) will denote scalar product in H. We shall use the same symbol to denote
the duality pairing between D(A1/2) and D(A1/2)′. Let V be another Hilbert space such that
D(A1/2) ⊂ V ⊂ H ⊂ V ′ ⊂ D(A1/2)′, all injections being continuous and dense, M ∈ L(V, V ′),
the bilinear form (Mu, v) is symmetric and (Mu, u) ≥ α0|u|2V , where α0 > 0 and (·, ·)
is understood as a duality pairing between V and V ′. Hence, M−1 ∈ L(V ′, V ). Setting
M̄ = M |H with D(M̄) = {u ∈ V ;Mu ∈ H} we have D(M̄1/2) = V .

The following standing hypotheses are imposed on the nonlinear terms D(ut) and F (u, ut)
in (1.1).

Assumption 1.1. (D) The operator D : D(A1/2) → [D(A1/2)]′ is assumed monoto-
ne and hemicontinuous with D(0) = 0, i.e.

(1.2) (Du−Dv, u− v) ≥ 0 for all u, v ∈ D(A1/2)

and λ 7→ (D(u + λv), v) is a continuous function from R into itself. Moreover, we
assume that there exists a set W ⊂ D(A1/2) such that Dw ∈ V ′ for every w ∈ W
and W is dense in V .

(F) The nonlinear operator F : D(A1/2)× V → V ′ is locally Lipschitz, i.e.

(1.3) |F (u1, v1)− F (u2, v2)|V ′ ≤ L(r)
[
|A1/2(u1 − u2)|+ |v1 − v2|V

]
for all |A1/2ui|, |vi|V ≤ r, where r > 0 is arbitrary. We assume that F has the form

(1.4) F (u, v) = −Π′(u) + F ∗(u, v),

where Π(u) = Π0(u) + Π1(u) is a C1-functional on D(A1/2) and Π′(u) stands for
Frechet derivative. We also assume that (i) Π0(u) ≥ 0 is a locally bounded on
D(A1/2), (ii) for every η > 0 there exists a constant Cη ≥ 0 such that

(1.5) |Π1(u)| ≤ η ·
(
|A1/2u|2 + Π0(u)

)
+ Cη , u ∈ D(A1/2) ,

and (iii) the nonlinear mapping F ∗(u, v) satisfies the following bound:

(1.6) (F ∗(u, v), v) ≤ c1 + c2

[
|A1/2u|2 + Π0(u) + |v|2V

]
+ k0(Dv, v)

for any u, v ∈ D(A1/2), where c1, c2 > 0 and 0 ≤ k0 < k are constants.

The energy associated with the model is the following:

E(u, v) =
1
2

[
|A1/2u|2 + |M1/2v|2

]
+ Π(u).

”Formal” energy relation (to be discussed later) takes the form:

(1.7) E(u(t), ut(t)) + k

∫ t

0

(D(ut)(s), ut(s))ds = E(u0, u1) +
∫ t

0

(F ∗(u(s), ut(s)), ut(s))ds.

We note that the first condition in Assumption 1.1 is just monotonicity (and some mild
regularity) requirement imposed on the dissipation. Condition (1.3) states local Lipschitz
continuity of F with respect to the topology generated by the state space. Conditions (1.5)
and (1.6) are meant to imply the boundedness of ground states. Relation (1.4) means that
the (nonlinear) force F in our system is splitted into conservative, or potential, (F̃ = −Π′(u))
and non-conservative (F ∗) parts. The conservative force contributes to a non-negative part
of the energy Π0(u) while the second part of the energy Π1(u) is of non-definite signature.
We note that the presence of non-conservative, even linear, forces (i.e. forces which cannot
be represented by potential operators) makes the study of dynamics more complicated. The
main reason is that, as seen from (1.7), the energy of the system may fail to be monotone
along trajectories (see also Theorem 1.5 and Remark 1.9 below).

Canonical examples which motivate and illustrate Assumption 1.1 are the following two
models which are studied in Chapters 5 and 6 with details.
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Example 1.2 (Semilinear wave equation). Let Ω ⊂ Rn, n = 2, 3, be a bounded,
connected set with a smooth boundary Γ. The exterior normal on Γ is denoted by ν. We
consider the following equation

(1.8) wtt −∆w + kg(wt) + f(w) = f∗(w,wt) in Q = [0,∞)× Ω

subject to the boundary condition either of Dirichlet type w = 0 on Σ ≡ [0,∞) × Γ or else
of Robin type ∂νw + w = 0 in Σ and the initial conditions w(0) = w0 and wt(0) = w1. We
assume that k is a positive parameter and impose the following assumptions on the nonlinear
damping g(s), non-conservative term f∗(w,wt) and the function f(s):

• g is a continuous, nondecreasing function such that g(0) = 0 and there exists a
positive constant m such that

(1.9) |g(s)| ≤ m|s|p for all |s| ≥ 1,

where 1 ≤ p ≤ 5 when n = 3 and 1 ≤ p <∞ for n = 2;
• f∗ : H1(Ω)× L2(Ω) → L2(Ω) is a globally Lipschitz mapping.
• f ∈ C1(R) is of the following polynomial growth:

(1.10) |f ′(s)| ≤M |s|q, |s| ≥ 1,

where q ≤ 2 when n = 3 and q < ∞ when n = 2. Moreover, the following dissipa-
tivity condition holds:

(1.11) lim inf
|s|→∞

f(s)
s

≡ µ > −λ1,

where λ1 > 0 is the first eigenvalue of the operator −∆ equipped with appropriate
boundary conditions.

Problem (1.8) is a special case of evolutionary system (1.1). To see this we setH ≡ V = L2(Ω),
M = I is the identity operator, A = −∆ − µ0 with the corresponding boundary conditions,
D(u) = g(u) and F (u, v) = −f(u) − µ0u + f∗(u, v). Here above the parameter µ0 is chosen
such that −µ < µ0 < λ1.

It is clear that A is a positive selfadjoint operator and we also have topological identifi-
cations D(A1/2) ∼ H1

0 (Ω) in Dirichlet case and D(A1/2) ∼ H1(Ω) in Robin case.
We shall verify that the abstract assumptions imposed on the damping and nonlinear

terms are indeed satisfied. For this it suffices to consider the case n = 3, as n = 2 leads to
a simpler analysis. By (1.9), we have |g(s)| ≤ C(1 + |s|5) for all s ∈ R. Therefore, using the
embedding H1(Ω) ⊂ L6(Ω), we obtain

|g(u)|[D(A1/2)]′ ≤ C‖g(u)‖L6/5(Ω) ≤ C
(
1 + ‖u‖5L6(Ω)

)
≤ C

(
1 + ‖u‖5H1(Ω)

)
.

Thus, the operator D is a mapping from D(A1/2) into [D(A1/2)]′. It is monotone because g(s)
is nondecreasing. The hemicontinuity of D easily follows from Lebesgue convergence theorem
and from the embedding H1(Ω) ⊂ L6(Ω). In this case we can take W = D(A) ⊂ H2(Ω).
Thus the operator D satisfies Assumption 1.1(D).

Property (1.3) (with V = H) follows promptly from (1.10) and from the embedding
H1(Ω)⊂L6(Ω). Clearly, that the operator F (u, v) has the representation (1.4) with F ∗(u, v) ≡
f∗(u, v) and Π(u) ≡

∫
Ω
f̂(u)dx, where f̂ denotes the antiderivative of f(u) + µ0u. It follows

from (1.11) that

f̂(u) ≥ −Mf +
µ+ µ0

4
u2 for all u ∈ R,

where Mf > 0 is a constant depending on f . Therefore, the decomposition of Π into the
positive part and non-positive is accomplished by setting

Π0(u) ≡
∫

Ω

f̂(u)dx+Mf , Π1(u) = −Mf .
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Property (1.5) holds with η = 0. Property (1.6) follows from global Lipschitz property as-
sumed for f∗. Thus, all the hypotheses in Assumption 1.1 are satisfied for the model in
hand.

We note that the simplest choice of a non-conservative force f∗(u, ut) obeying (1.6) is
to take f∗(u, v) = Dxu + v, where Dx is a general first order differential operators in the
variables x. Other choices, including superlinear non-conservative forces, are of course pos-
sible. However superlinear non-conservative forces typically require more structured form of
the energy (see Chapter 6 and Chapter 7).

Detailed analysis of model (1.8) as a dynamical system along with all the consequences
of abstract theory will be given in Chapter 5.

Example 1.3 (Von Karman evolution equations). Let Ω ⊂ R2 be bounded domain
with a sufficiently smooth boundary Γ. Consider the following von Karman model with
clamped boundary conditions:

utt − α∆utt + k · [g0(ut)− α · divg(∇ut)] + ∆2u

= [v(u) + F0, u] + p+ L(u, ut) in Ω× (0,∞),

u =
∂

∂ν
u = 0 on Γ× (0,∞).(1.12)

The Airy stress function v(u) solves the problem

∆2v(u) + [u, u] = 0 in Ω,
∂

∂ν
v(u) = v(u) = 0 on Γ.(1.13)

The von Karman bracket [u, v] is given by

[u, v] ≡ ux1x1vx2x2 + ux2x2vx1x1 − 2ux1x2vx1x2 .

The parameter α ≥ 0 represents rotational forces. The function p ∈ L2(Ω) represents external
transverse forces applied to the plate and F0 ∈ H2(Ω) describes in-plane forces acting on
the plate. The damping parameter k is positive. The operator L(u, ut) models the non-
conservative forces in the plate. The presence of this term is responsible for the fact that
energy is not decreasing. In typical applications arising in aeroelasticity problems (see, e.g.,
[8] or [37]) one has Lu = −ρux1 , where ρ is determined by the velocity of the gas. More
generally the operator L may be defined as a first order differential operator in the variables
xi and t. However, other choices (including superlinear) will be discussed later in Chapter 7
for the Berger plate model.

Equations of von Karman (1.12) and (1.13) are well known in nonlinear elasticity and
constitute a basic model describing nonlinear oscillations of a plate accounting for large dis-
placements, see, e.g., [82] and references therein. The model which accounts for moments of
inertia, i.e. α > 0 is often referred as modified von Karman equations. The rotational case
when α > 0 represents a purely hyperbolic dynamics with finite speed of propagation. Instead,
when α = 0 we have an infinite speed of propagation. Thus, the mathematical properties of
these two models are very different.

We impose the following assumptions on the damping functions g0 and g:
• g0 is a monotone nondecreasing and continuous function, g0(0) = 0;
• The function g = (g1, g2) : R2 7→ R2 is a continuous monotone nondecreasing

mapping in R2, i.e.∑
i=1,2

(gi(s1, s2)− gi(s′1, s
′
2)) (si − s′i) ≥ 0, (s1, s2), (s′1, s

′
2) ∈ R2.

Moreover, we assume that g(0) = 0 and g is of polynomial growth at infinity, i.e. we
have estimate

|g(s)| ≤ C(1 + |s|p), s = (s1, s2) ∈ R2, |s| =
√
s21 + s22,
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with some constants C > 0 and p ≥ 1.

In order to rewrite von Karman equations (1.12) and (1.13) as a second order abstract equation
of the form (1.1) we introduce the following spaces and operators:

• H ≡ L2(Ω), V ≡ Vα, where Vα = H1
0 (Ω) for α > 0 and Vα = L2(Ω) for α = 0.

• Au ≡ ∆2u, u ∈ D(A) : D(A) ≡ H2
0 (Ω) ∩H4(Ω).

• Mu ≡ u− α∆u, u ∈ D(M), where D(M) ≡ H1
0 (Ω) ∩H2(Ω) in the case α > 0 and

D(M) ≡ L2(Ω) when α = 0.
• F (u,w) ≡ [u, v(u) + F0] + L(u,w) + p, where v(u) ∈ H2

0 (Ω) solves (1.13).
• D(u) ≡ g0(u)− αdiv(g(∇u)).

It is clear that A and M satisfy the conditions introduced above.
We also have F (u,w) = −Π′(u) + F ∗(u,w) with F ∗(u,w) = L(u,w) and

Π(u) = Π0(u) + Π1(u),

where

Π0(u) =
1
4

∫
Ω

|∆v(u)|2dx, Π1(u) = −1
2

∫
Ω

F0(x)[u, u](x)dx−
∫

Ω

p(x)u(x)dx.

It will be verified later that Assumption 1.1(F) in both cases α > 0 and α = 0 are satisfied.
This is a non-trivial fact that has to do with regularity of Airy’s stress function and uniqueness
property of von Karman bracket (see [13, 15, 46, 76]).

As to the damping operator we obviously have that

|D(u)|V ′ ≤ ‖g0(u)‖L2(Ω) + α‖g(∇u)‖L2(Ω).

Using the embeddings H2(Ω) ⊂ L∞(Ω) and H1(Ω) ⊂ Lq(Ω) for every 1 ≤ q < ∞, we find
that

‖g0(u)‖L2(Ω) ≤ C1 · sup
{
|g0(s)| : |s| ≤ C2‖u‖H2(Ω)

}
and

‖g(∇u)‖L2(Ω) ≤ C
(
1 + ‖∇u‖pL2p(Ω)

)
≤ C

(
1 + ‖u‖pH2(Ω)

)
.

Therefore the operator D maps D(A1/2) into V ′. It is monotone, because g0 and g are
monotone and we have the relation

(Du, v) =
∫

Ω

g0(u)vdx+ α

∫
Ω

g(∇u)∇vdx, u, v ∈ H2
0 (Ω) ≡ D(A1/2).

As in Example 1.2 the hemicontinuity of D follows from the Lebesgue convergence theorem.
Thus Assumption 1.1(D) is satisfied with W = D(A1/2).

Detailed analysis of this model within the context of dynamical system is given in Chap-
ter 6.

The two models introduced above should serve as a guiding prototypes for the type of
dynamics and type of abstract assumptions to be considered. In particular, features such as
strongly nonlinear dissipation without assumptions on the growth at the origin, non-compact
nonlinear forcing terms along with a presence of non-conservative forces are fully displayed in
these two cases of wave and plate equations considered.

1.3. Well-posedness

In this section we discuss existence and uniqueness of solutions to problem (1.1) under
Assumption 1.1. We rely on the theory of monotone operators (see, e.g., [6] and [94]).

Below we use the following notations.
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Let H be a separable Banach space. We denote by Lp(a, b;H) with 1 ≤ p ≤ ∞ the
space of (equivalence classes of) Bochner measurable functions f : [a, b] 7→ H such that
‖f(·)‖H ∈ Lp(a, b). Each Lp(a, b;H) is a Banach space with the norms

‖f‖Lp(a,b;H) =

(∫ b

a

‖f(t)‖pHdt

)1/p

, 1 ≤ p <∞,

‖f‖L∞(a,b;H) = esssup {‖f(t)‖H : t ∈ [a, b]} .
We also denote by C(a, b;H) the space of strongly continuous functions with values in H and
use the space

(1.14) W 1
p (a, b;H) = {f ∈ C(a, b;H) : f ′ ∈ Lp(a, b;H)} ,

where f ′(t) is a distributional derivative of f(t) with respect to t. We note that the space
W 1

1 (a, b;H) coincides with the set absolutely continuous functions from [a, b] into H (see, e.g.,
[94, Theorem 1.7, p.105]).

We will use the following definitions of solutions.

Definition 1.4. A function u(t) ∈ C([0, T ];D(A1/2))∩C1([0, T ];V ) possessing the prop-
erties u(0) = u0 and ut(0) = u1 is said to be

(S) strong solution to problem (1.1) on the interval [0, T ], iff
• u ∈W 1

1 (a, b;D(A1/2)) and ut ∈W 1
1 (a, b;V ) for any 0 < a < b < T ;

• Au(t) + kDut(t) ∈ V ′ for almost all t ∈ [0, T ];
• equation (1.1) is satisfied in V ′ for almost all t ∈ [0, T ];

(G) generalized solution to problem (1.1) on the interval [0, T ], iff there exists a sequence
of strong solutions {un(t)} to problem (1.1) with initial data (u0n, u1n) instead of
(u0, u1) such that

(1.15) lim
n→∞

max
t∈[0,T ]

{
|M1/2(∂tu(t)− ∂tun(t))|+ |A1/2(u(t)− un(t))|

}
= 0.

The main result related to well-posedness is the following theorem.

Theorem 1.5. Let T > 0 be arbitrary. Under Assumption 1.1 the following statements
hold.

• strong solutions For every (u0, u1) ∈ D(A1/2)×D(A1/2), such that Au0 +kDu1 ∈
V ′ there exists unique strong solution to problem (1.1) on the interval [0, T ] such
that

(1.16)
(ut, utt) ∈ L∞(0, T ;D(A1/2)× V ), ut ∈ Cr([0, T );D(A1/2)),

utt ∈ Cr([0, T );V ) and Au(t) + kDut(t) ∈ Cr([0, T );V ′),

where we denote by Cr the space of right continuous functions. This solution satisfies
the energy relation

(1.17) E(u(t), ut(t)) + k

∫ t

0

(Dut(τ), ut(τ))dτ = E(u0, u1) +
∫ t

0

(F ∗(u(τ), ut(τ)), ut(τ))dτ,

where

(1.18) E(u0, u1) = E(u0, u1) + Π1(u0)

and the positive part of the energy E(u0, u1) is defined by

(1.19) E(u0, u1) =
1
2

((Mu1, u1) + (Au0, u0)) + Π0(u0) ≡ E0(u0, u1) + Π0(u0) .
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• generalized solutions For every (u0;u1) ∈ D(A1/2) × V there exists unique gen-
eralized solution such that

(u, ut) ∈ C([0, T ];D(A1/2)× V ).

Both strong and generalized solutions satisfy the estimate

(1.20) E(u(t), ut(t)) ≤ c0 (1 + E(u0, u1)) ec1t, t ∈ [0, T ].

with some constants c0 and c1. Under the Lipschitz condition

(1.21) |F ∗(u1, v1)− F ∗(u2, v2)|V ′ ≤ L(r)
[
|A1/2(u1 − u2)|+ |v1 − v2|V

]
for all |A1/2ui|, |vi|V ≤ r, where r > 0 is arbitrary, these solutions satisfy the energy inequality

E(u(t), ut(t)) ≤ E(u0, u1) +
∫ t

0

(F ∗(u(τ), ut(τ)), ut(τ))dτ .(1.22)

This theorem follows from rather standard application of monotone operator theory with
locally Lipschitz perturbations. (See also [75] and [77, Chap.2], where general evolutions with
boundary dissipations are considered). For the sake of completeness we give a sketch of the
main steps of the proof relying on the theory of monotone operators (see [6] or [94]).

Proof. Let us rewrite problem (1.1) as a first order equation. In order to accomplish
this we introduce the following operator A : D(A) ⊂ H 7→ H, where H ≡ D(A1/2) × V ,
defined by

A =
(

0 −I
M−1A kM−1D

)
(1.23)

with
D(A) =

{
u = (x, y) ∈ D(A1/2)×D(A1/2) : Ax+ kDy ∈ V ′

}
.

With the above notation the original evolution problem (1.1) is equivalent to the equation
d
dtU(t) +AU(t) =

(
0

M−1F (u(t), ut(t))

)
U(0) = U0 ≡ (u0, u1),

(1.24)

where U(t) = (u(t), ut(t)).

Lemma 1.6. Under Assumption 1.1, the operator A defined in (1.23) is m-accretive.

We recall (see, e.g., [94, p.18]) that an operator A : D(A) ⊆ H 7→ H is called accretive
iff we have

(Ax1 −Ax2, x1 − x2)H ≥ 0 for any x1, x2 ∈ D(A).

It is maximal accretive (m-accretive) if, in addition, R(I + A) = H, where R(I + A) is the
range of I +A.

Proof. Step 1. We first prove that the operator A is accretive.
We take arbitrary elements u = (u1, u2), w = (w1, w2) ∈ D(A). Let ξ = (ξ1, ξ2) = A(u)

and η = (η1, η2) = A(w). Thus, in particular, ξ1 = −u2, η1 = −w2 and

ξ2 = M−1[Au1 + kDu2] and η2 = M−1[Aw1 + kDw2].

Since

(A(u)−A(w), u− w)H = (ξ − η, u− w)H
= (A1/2(ξ1 − η1),A1/2(u1 − w1))H + (M(ξ2 − η2), (u2 − w2))H,
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we obtain that

(A(u)−A(w), u− w)H
= −(A(u2 − w2), u1 − w1)H + (A(u1 − w1) + k(Du2 −Dw2), u2 − w2)H
= k(Du2 −Dw2, u2 − w2)H ≥ 0,

where we have used monotonicity assumptions of D. Thus A is accretive.
Step 2. To prove maximality of A we need to show that R(I + A) = H. The above

entails to solving the following system of equations: given f0 ∈ D(A1/2) and f1 ∈ V find
(x, y) ∈ D(A) such that

−y + x = f0,

Ax+ kDy +My = Mf1.(1.25)

Eliminating x yields

Ay + kDy +My = Mf1 −Af0 ∈ [D(A1/2)]′.(1.26)

If we denote v = A1/2y, then we obtain the relation

(1.27) v + Sv = A−1/2 (Mf1 −Af0) ∈ H,

where
Sv = kA−1/2D

(
A−1/2v

)
+A−1/2MA−1/2v.

It follows from Assumption 1.1(D) that kA−1/2D
(
A−1/2v

)
ism-accretive inH. Since D(A1/2)

⊂ V , it is also clear that A−1/2MA−1/2 is a bounded linear positive operator in H. Conse-
quently by [94, Lemma 2.1, p.165] the operator S is m-accretive in H, i.e. R(I + S) = H.
Therefore, there exists v ∈ H which solves (1.27). Consequently y = A−1/2v ∈ D(A1/2) is
solution to (1.26) for the variable y ∈ D(A1/2). Going back to (1.25) we obtain x ∈ D(A1/2).
It is clear that (x, y) ∈ D(A). The proof of maximality property has been completed. �

It follows from Assumption 1.1(F) that the operator

B(U) =
(

0
M−1F (U)

)
, U = (x; y) ∈ H,

is locally Lipschitz on H. Indeed, the above follows from local Lipschitz property of M−1/2F
acting between D(A1/2)× V and H and the definition of the norm in V .

Therefore, using [94, Theorems 4.1 and 4.1A, Chapt.4] and applying the same argument
as in the proof of Theorem 7.2[20] we conclude for any U0 ∈ D(A) there exists tmax ≤ ∞
such that (1.24) has a unique strong solution U on the interval [0, tmax). Furthermore, if we
assume only U0 ∈ D(A) we obtain a unique generalized solution U ∈ C([0, tmax);H) to (1.24).
In both cases we have

(1.28) lim
t↗tmax

‖U(t)‖H = ∞ provided tmax <∞.

We note that, by Assumption 1.1(D), D(A) = H because the set D(A) ×W lies in in D(A)
and W is dense in V .

Now we prove the global existence of strong and generalized solutions.
Let u(t) be a strong solution on some interval [0, tmax). Multiplying (1.1) by ut in H we

obtain

E0(u(t), ut(t)) + k

∫ t

0

(Dut(τ), ut(τ))dτ

= E0(u0, u1) +
∫ t

0

(F (u(τ), ut(τ)), ut(τ))dτ(1.29)
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for t ∈ [0, tmax). A simple calculation shows that

(F (u(t)), ut(t)) = − d

dt
Π(u(t)) + (F ∗(u(t), ut(t)), ut(t)), t ∈ [0, tmax).

Thus from (1.29) we obtain the energy relation (1.17) for the strong solution u(t) and for
t ∈ [0, tmax).

We note that relation (1.5) implies that there exists a constant c > 0 such that

(1.30)
1
2
· E(u0, u1)− c ≤ E(u0, u1) ≤ 2 · E(u0, u1) + c, u0 ∈ D(A1/2), u1 ∈ V .

Therefore using (1.17) and (1.30) we obtain that

E(u(t), ut(t)) + 2k
∫ t

0

(Dut(τ), ut(τ))dτ

≤ C (1 + E(u0, u1)) + 2
∫ t

0

(F ∗(u(τ), ut(τ)), ut(τ))dτ.

Thus by (1.6) we have that

E(u(t), ut(t)) ≤ c1 (1 + E(u0, u1)) + c2

∫ t

0

E(u(τ), ut(τ))dτ

with some constants ci > 0. This implies, after rescaling of constants, that

E(u(t), ut(t)) ≤ c0 (1 + E(u0, u1)) ec1t, t ∈ [0, tmax).

with some constants c0 and c1. Using (1.15) it is easy to find that the last relation is also
true for generalized solutions. Thus, by property (1.28), we have the global existence (and
uniqueness) both strong and generalized solutions. It is clear that generalized solutions satisfy
(1.20) and also (1.22) under condition (1.21). �

Remark 1.7. Assume that the mapping D have additional regularity properties. Namely
we assume that D : D(A1/2) 7→ V ′ is a continuous mapping. In this case the compatibility
condition can be written in the form Au0 ∈ V ′ and the strong solution u(t) possesses the
property Au ∈ Cr([0, tmax);V ′).

Remark 1.8. Condition (F) in Assumption 1.1 requires that the nonlinear term F (u, v)
be locally Lipschitz. This assumption is used in order to prove local existence of solutions.
When locally Lipschitz condition is violated and some other structural hypotheses are imposed
one can still prove existence and uniqueness of solutions. For example, we can assume that
Assumption 1.1 holds with (1.3) replaced by the following condition

(1.31) |F (u, v)− F (û, v̂)|2V ′ ≤ L(r)
[
|A1/2(u− û)|2 + |v − v̂|2V + (D(v)−D(v̂), v − v̂)

]
for u, û, v, v̂ ∈ D(A1/2) such that

|A1/2u|2 + |v|2V ≤ r and |A1/2û|2 + |v̂|2V ≤ r.(1.32)

In this case the well-posedness statement of Theorem 1.5 remains true. The argument is the
same as in the proof of Theorem 1.5 after noticing that the potentially non-Lipschitz part of
F (u, v) can be factored into the monotone part of the operator. More specifically, it follows
from from (1.31) that the operator

D∗(u, v) = k ·D(v)− F (u, v)

possesses the property

(D∗(u, v)−D∗(û, v̂), v − v̂) ≥ k

2
· (D(v)−D(v̂), v − v̂)

−C(r)
[
|A1/2(u− û)|2 + |v − v̂|2V

]
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for some C(r) > 0 provided that (1.32) is satisfied. This relation makes it possible to prove
that the operator A + C(r)I, where A is given by (1.23) with D∗ instead of D, is accretive
on all elements possessing property (1.32) Thus we are able to fall into the same framework
as in the locally Lipschitz case of Theorem 1.5. Using the same regularizing procedure as in
[20, Theorem 7.2] and relying on [94, Theorems 4.1 and 4.1A, Chapt.4] we can obtain the
well-posedness result in the case considered.

Remark 1.9. In the case F ∗ ≡ 0 the full energy E(u(t), ut(t)) is non-increasing along
trajectories. However, in general, the dynamical system may not possess this property, as it
is most often the case when the term F ∗ is present in the model.

The following assertion shows that under some conditions the energy inequality (1.22)
valid for generalized solutions can be stated in a stronger form.

Proposition 1.10. In addition to Assumption 1.1 assume that (1.21) holds and there
exists a convex function ϕ : V 7→ R ∪ {+∞} such that

• ϕ is lower semicontinuous on V , i.e.

{vn → v in V } =⇒ lim inf
n→∞

ϕ(vn) ≥ ϕ(v);

• ϕ(v) ≤ (Dv, v) for any v ∈ D(A1/2).

Then any generalized solution u(t) to problem (1.1) satisfies the energy inequality of the form

(1.33) E(u(t), ut(t)) + k

∫ t

s

ϕ(ut(τ))dτ ≤ E(u(s), ut(s)) +
∫ t

s

(F ∗(u(τ), ut(τ)), ut(τ))dτ

for all 0 ≤ s ≤ t ≤ T .

Proof. Let u(t) be a generalized solution and {un(t)} be a sequence of strong solutions
such that (1.15) holds. We use the energy relation

E(un(t), unt (t)) + k

∫ t

s

(Dunt (τ), u
n
t (τ))dτ

= E(un(s), unt (s)) +
∫ t

s

(F ∗(un(τ), unt (τ)), u
n
t (τ))dτ .(1.34)

Since the energy E(u, ut) is continuous on D(A1/2)× V , relation (1.15) implies that

lim
n→∞

E(un(t), unt (t)) = E(u(t), ut(t)) for every t ∈ [0, T ].

Using property (1.21) of F ∗ and relation (1.15) again it is also easy to see that

lim
n→∞

∫ t

s

(F ∗(un(τ), unt (τ)), u
n
t (τ))dτ =

∫ t

s

(F ∗(u(τ), ut(τ)), ut(τ))dτ .

Since ϕ is lower semicontinuous, by Fatou’s lemma we have that

(1.35) lim inf
n→∞

∫ t

s

(Dunt (τ), u
n
t (τ))dτ ≥

∫ t

s

lim inf
n→∞

ϕ(unt (τ))dτ ≥
∫ t

s

ϕ(ut(τ))dτ .

Thus, relation (1.33) follows from (1.34). �

Remark 1.11. We note that in the case of wave equation (1.8) the hypothesis of Propo-
sition 1.10 holds provided s 7→ sg(s) is a continuous convex function on R. In this case
ϕ : L2(Ω) 7→ R ∪ {+∞} has the form

(1.36) ϕ(v) =
∫

Ω

v(x)g(v(x))dx if vg(v) ∈ L1(Ω) and ϕ(v) = +∞ otherwise,
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(see [94, Proposition 8.1, p.85]). To apply Proposition 1.10 in the case of a general damping
function one can choose

ϕ(v) =
∫

Ω

jg(v(x))dx with jg(s) =
∫ s

0

g(ξ)dξ.

However, it should be noted, that using appropriate approximations and properties of con-
vergence in L2(Ω) we can prove (1.33) with ϕ of the form (1.36) in the general case (see the
argument given in the proof of Theorem 5.10 in Chapter 5).

The assertion stated below gives a condition under which generalized solutions satisfy
weak (variational) form of equation (1.1) and also energy equality (1.17). The conditions
required are rather strong and for this reason this particular result will not be of much use
used in the sequel. However, for sake of completeness we provide the formulation and a brief
proof.

Proposition 1.12. Let the hypotheses of Theorem 1.5 hold. Assume additionally that
the operator D maps V into V ′ and is a monotone hemicontinuous operator which is bounded
on bounded sets, i.e.

(1.37) sup {|D(v)|V ′ : v ∈ V, |v|V ≤ ρ} <∞ for any ρ > 0.

Then every generalized solution is also weak, i.e., the relation

(1.38)
(Mut(t), ψ) = (Mu1, ψ)−

∫ t
0

((Au(τ), ψ)+

−k(Dut(τ), ψ) +(F (u(τ), ut(τ)), ψ)) dτ

holds for every ψ ∈ D(A1/2) and for almost all t ∈ [0, T ]. Moreover, generalized solutions
satisfy the energy relation (1.17) under conditions (1.21) and (1.37).

Proof. Since any strong solution satisfies (1.38), we can use relation (1.15) to make limit
transition in (1.38). By (1.37) we can apply the Lebesgue convergence theorem to the integral
with the damping term. Hence, every generalized solution is weak.

Let us prove the energy inequality (1.17) for generalized (weak) solutions.
As the argument given in the proof of Proposition 1.10 shows, to obtain (1.17) we need

only check that

lim
n→∞

∫ t

0

(Dunt (τ), u
n
t (τ))dτ =

∫ t

0

(Dut(τ), ut(τ))dτ ,(1.39)

where u(t) is a generalized solution and {un(t)} is a sequence of strong solutions such that
(1.15) holds.

By [94, Lemmata 2.1 and 2.2, p.38] D : V 7→ V ′ is demicontinuous, i.e. Dun(t) → Du(t)
weakly in V ′ for every t and hence

lim
n→∞

(Dunt (τ), u
n
t (τ)) = (Dut(τ), ut(τ)), τ ∈ [0, T ].

Thus property (1.37) and the Lebesgue convergence theorem imply (1.39). �

Remark 1.13. Assume that the operator D has the form D = D1 + D2, where D1

possesses the properties described in the statement of Proposition 1.10 with some convex lower
semicontinuous function ϕ and D2 enjoys requirements of Proposition 1.12. Then the same
arguments as in Propositions 1.10 and 1.12 show that under condition (1.21) any generalized
solution solution satisfies the energy inequality of the form

E(u(t), ut(t)) + k

∫ t

s

ϕ(ut(τ))dτ + k

∫ t

0

(D2ut(τ), ut(τ))dτ

≤ E(u(s), ut(s)) +
∫ t

s

(F ∗(u(τ), ut(τ)), ut(τ))dτ.
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Remark 1.14. Assumption (1.37) is too restrictive. For instance, in the case of the wave
equation considered in Example 1.2 relation (1.37) is equivalent to the requirement that g(s)
is linearly bounded, i.e.

(1.40) |g(s)| ≤ C(1 + |s|) for all s ∈ R.
Indeed, if sups∈R

[
|g(s)| · (1 + |s|)−1

]
= +∞ then there exists a sequence {an} such that

|an| → ∞ and |g(an)| ≥ n(1 + |an|), n = 1, 2, . . .

Let Ωn be a measurable subset of Ω such that Leb(Ωn) = (1 + |an|)−2. We define a function
un ∈ L2(Ω) by the relations: un(x) = an if x ∈ Ωn and un(x) = 0 otherwise. Then we have
that

‖un‖L2(Ω) ≤ 1 and
∫

Ω

|g(un(x))|2dx ≥
∫

Ωn

|g(un(x))|2dx ≥ n2

Thus, (1.37) implies (1.40). It is also obvious that (1.40) implies (1.37).
Later we shall develop other versions of additional assumptions concerning D which guar-

antee the validity of the energy relation (1.17) for generalized solutions. However these con-
ditions will be more problem specific and for sake of clarity of exposition we relegate these to
Chapters 5 and 6 where concrete models are considered.

Below we also need the following simple assertion.

Proposition 1.15. Let Assumption 1.1 hold and 0 < T ≤ ∞. Then for any R > 0 we
have the following estimate

|M1/2(u1t(t) − u2t(t))|2 + |A1/2(u1(t)− u2(t))|2

≤ eL(R)t
(
|M1/2(u11 − u12)|2 + |A1/2(u01 − u02)|2

)
, t ∈ [0, T )(1.41)

where u1(t) and u2(t) are two solutions to problem (1.1) with initial data (u01;u11) and
(u02;u12) respectively such that |A1/2(ui(t)|+ |M1/2(uit(t)|2 ≤ R2 for all t ∈ [0, T ), i = 1, 2.
Here L(R) is the Lipschitz constant from (1.3).

Proof. The proof is standard and based on a classical energy type of argument. Let u1(t)
and u2(t) be strong solutions to problem (1.1). From (1.1) for the difference u(t) = u1(t)−u2(t)
we have the relation

Mutt + k [Du1t −Du2t] +Au = F (u1, u1t)− F (u2, u2t).

This implies the following energy relation

E0(u(t), ut(t)) + k

∫ t

0

(Du1t(τ)−Du2t(τ), ut(τ))dτ

= E0(u(0), ut(0)) +
∫ t
0
(F (u1(τ), u1t(τ))− F (u2(τ), u2t(τ)), ut(τ))dτ,

where E0(u, v) = 1
2 ((Mv, v) + (Au, u)). Therefore using (1.2), (1.3) and Gronwall’s lemma

we obtain (1.41) valid first for strong solutions. The limit process along with standard density
argument allows to extend the validity of (1.41) to all generalized solutions. �

In closing this section we conclude that under Assumption 1.1 equation (1.1) generates a
dynamical system (H,St) in the Hilbert space H = D(A1/2)× V by the formula St(u0, u1) =
(u(t);ut(t)), where u(t) is the solution to (1.1). Our main goal is the study of long time
behaviour of this system. In the next Chapter 2 we formulate and prove several abstract
results which pertain to general criteria for asserting the existence, compactness and finite-
dimensionality of attractors. These abstract results will be then applied to evolutions in
question. Concrete applications are given in Chapters 5, 6 and 7.



CHAPTER 2

Abstract results on global attractors

In this chapter we deal with general results on asymptotic behaviour of abstract infinite-
dimensional dissipative dynamical systems. The main issue we address are: asymptotic
smoothness (in the sense of [58]) of the systems, finite dimension of invariant sets and the
existence of fractal exponential attractors (inertial sets). The main assumption in all these
results is some kind of squeezing property which, as we shall see in Chapters 3 and 4, is closely
related to stabilizability estimates from control theory. We also discuss properties of gradient
systems, i.e. the systems possessing a functional which does not increase along trajectories.

By definition a dynamical system is a pair of objects (X,St) consisting of a complete
metric space X and a family of continuous mappings {St : t ∈ R+} of X into itself with the
semigroup properties:

S0 = I, St+τ = St ◦ Sτ .
We also assume that the semigroup St is strongly continuous, this is to say, for any fixed
y0 ∈ X y(t) = Sty0 is continuous for any t ≥ 0. Therewith X is called a phase space (or state
space) and St is called evolution semigroup (or evolution operator).

Definition 2.1. Let (X,St) be a dynamical system.
• A closed set B ⊂ X is said to be absorbing for (X,St) iff for any bounded set D ⊂ X

there exists t0(D) such that StD ⊂ B for all t ≥ t0(D).
• (X,St) is said to be (ultimately) dissipative iff it possesses a bounded absorbing set
B. If X is a Banach space, then a value R > 0 is said to be a radius of dissipativity
of (X,St) iff B ⊂ {x ∈ X : ‖x‖X ≤ R}

• (X,St) is said to be asymptotically smooth iff for any bounded set D such that
StD ⊂ D for t > 0 there exists a compact set K in the closure D of D, such that

(2.1) lim
t→+∞

dX{StD |K} = 0.

Here and below dX{A|B} = supx∈A distX(x,B) is the Hausdorff semidistance.

Definition 2.2. A bounded closed set A ⊂ X is said to be a global attractor of the
dynamical system (X,St) iff (i) A is an invariant set, i.e. StA = A for t ≥ 0, and (ii) A is
uniformly attracting, i.e. for all bounded set D ⊂ X

(2.2) lim
t→+∞

dX{StD |A} = 0.

It is well known that the properties of ultimate dissipativity and asymptotic smoothness
are critical for proving existence of global attractors. In fact, the following result is well known
[4, 19, 58, 72, 100].

Theorem 2.3. Let (X,St) be a dissipative dynamical system in a complete metric space
X. Then (X,St) possesses a compact global attractor A if and only if (X,St) is asymptotically
smooth.

2.1. Criteria for asymptotic smoothness of dynamical systems

In this section we shall provide several assertions which give a convenient criteria for
asymptotic smoothness of a dynamical system. Two of them generalize the results presented

15
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in [58] and [12]. We shall see later that, these particular generalizations are critical for
establishing asymptotic smoothness in hyperbolic like flows with nonlinear damping.

Theorem 2.4. Let (X,St) be a dynamical system on a complete metric space X endowed
with a metric d. Assume that for any bounded positively invariant set B in X there exist T > 0,
a continuous non-decreasing function q : R+ 7→ R+ and a pseudometric %TB on C(0, T ;X) such
that

(i) q(0) = 0 and q(s) < s for s > 0;
(ii) the pseudometric %TB is precompact (with respect to X) in the following sense: any se-

quence {xn} ⊂ B has a subsequence {xnk
} such that the sequence {yk} ⊂ C(0, T ;X)

of elements yk(τ) = Sτxnk
is Cauchy with respect to %TB;

(iii) the following inequality holds

(2.3) d(ST y1, ST y2) ≤ q
(
d(y1, y2) + %TB({Sτy1}, {Sτy2})

)
,

for every y1, y2 ∈ B, where we denote by {Sτyi} the element in the space C(0, T ;X)
given by function yi(τ) = Sτyi.

Then (X,St) is an asymptotically smooth dynamical system.

Remark 2.5. Instead of (2.3) we can also assume that

(2.4) d(ST y1, ST y2) ≤ q (d(y1, y2)) + %TB({Sτy1}, {Sτy2}),
(pseudometric %TB outside q).

Proof. We follow the same line of arguments as in [27], where this theorem is proved for
X being a Banach space. As in [27] (cf. also [58, Lemma 2.3.6]) we involve the Kuratowski
α-measure of noncompactness which is defined by the formula

(2.5) α(B) = inf{δ : B has a finite cover of diameter < δ}
for every bounded set B of X. The α-measure has the following properties (see, e.g., [58] or
[91, Lemma 22.2]):

(i) α(B) = 0 if and only if B is precompact;
(ii) α(A ∪B) = max{α(A), α(B)};
(iii) α(B) = α(B), where B is the closure of B;
(iv) if B1 ⊃ B2 ⊃ B3 . . . are nonempty closed sets in X such that α(Bn) → 0 as n→∞,

then ∩n≥1Bn is nonempty and compact.
We first prove that

(2.6) α(STB) ≤ q(α(B)) for every bounded positively invariant set B.

For any ε > 0 there exist sets F1, . . . , Fn such that

B = F1 ∪ . . . ∪ Fn, diamFi < α(B) + ε.

It follows from assumption (ii) that there exists a finite set N = {xi : i = 1, 2 . . .m} ⊂ B
such that for every y ∈ B there is xi ∈ N with the property %TB({Sτy}, {Sτxi}) ≤ ε. It means
that

B = ∪mi=1Ci, Ci = {y ∈ B : %TB({Sτy}, {Sτxi}) ≤ ε}.
Now we can write the representations

(2.7) B = ∪i,j(Ci ∩ Fj), and STB = ∪i,j(ST (Ci ∩ Fj)).
Since diamFj < α(B) + ε and

%TB({Sτy1}, {Sτy2}) ≤ %TB({Sτy1}, {Sτxi}) + %TB({Sτxi}, {Sτy2}),
it follows from (2.3) that

d(ST y1, ST y2) ≤ q ([α(B) + ε] + 2ε) ,
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for any y1, y2 ∈ Ci ∩ Fj . Thus

diam (ST (Cj ∩ Fi)) ≤ q (α(B) + 3ε) .

Therefore using (2.7) and the definition of α-measure we obtain (2.6).
Since StB ⊂ B, we obviously have the representation

ω(B) =
∞⋂
k=1

Bk, Bk ≡ SkTB,

for the ω-limit set ω(B). It is also clear that Bk ⊃ Bk+1 for every k and

(2.8) α(Bk) = α(STBk−1) ≤ q(α(Bk−1)) k = 1, 2, . . . .

Since q(s) < s, the sequence {α(Bk)} is decreasing. Therefore there exists α0= limk→∞ α(Bk).
From (2.8) we have that α0 ≤ q(α0) which is possible only if α0 = 0. Thus by property (iv)
of the α-measure, ω(B) is a nonempty compact set. The standard argument (see, e.g., [58,
p.13,14]) or [19, p.30]) allows us to conclude that ω(B) attracts B uniformly. Thus (X,St) is
asymptotically smooth. �

Remark 2.6. Property (2.6) implies that for every bounded forward invariant set B there
exists T > 0 such that α(STB) < α(B) provided α(B) > 0. If for some fixed T > 0 this
property holds for every bounded set B such that STB is also bounded, then, by the definition
(see [58]), ST is a conditional α-condensing mapping. It is known [58] that conditional α-
condensing mappings are asymptotically smooth. Therefore Theorem 2.4 can be considered
as a generalization of the results presented in [58].

Theorem 2.4 is tailored to problems where the convergence to a compact set is not neces-
sarily exponential. This corresponds to situations when the damping at the origin is nonlinear.
If the damping at the origin is linear, then a more restrictive version of Theorem 2.4 suffices
and is more convenient in applications. In fact, the following result, which is a ”linear” version
of Theorem 2.4 emerges as the Corollary of Theorem 2.4.

Corollary 2.7. Let (X,St) be a dynamical system on a Banach space X. Assume that
for any bounded positively invariant set B in X and for any t ≥ t0 = t0(B) ≥ 0 there exist a
function KB(t) on [t0,+∞) and a pseudometric %tB on C(0, t;X) such that

(i) KB(t) ≥ 0 and limt→∞KB(t) = 0;
(ii) the pseudometric %tB is precompact (with respect to the norm of X).
(iii) the estimate

(2.9) ‖Sty1 − Sty2‖ ≤ KB(t) · ‖y1 − y2‖+ %tB({Sτy1}, {Sτy2}), t ≥ t0,

holds for every y1, y2 ∈ B, where we denote by {Sτyi} the element in the space
C(0, t;X) given by function yi(τ) = Sτyi.

Then (X,St) is an asymptotically smooth dynamical system.

Proof. It suffices to apply Theorem 2.4 with d(x, y) = ‖x − y‖ and q(s) = KB(T ) · s,
where T is chosen sufficiently large so that KB(T ) ≤ γ < 1. �

Corollary 2.7 implies the following result which was proved earlier in [12].

Proposition 2.8. Assume that a dynamical system (X,St) on a Banach space X pos-
sesses the following property: for any bounded positively invariant set B in X there exist
functions CB(t) ≥ 0 and KB(t) ≥ 0 such that limt→∞KB(t) = 0, a time t0 = t0(B) and a
precompact pseudometric % on X such that

(2.10) ‖Sty1 − Sty2‖ ≤ KB(t) · ‖y1 − y2‖+ CB(t) · %(y1, y2), t ≥ t0,

for every y1, y2 ∈ B. Then (X,St) is an asymptotically smooth dynamical system.
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We recall that a pseudometric % on a Banach space X is said to be precompact (with
respect to the norm of X) if any bounded sequence (in norm) has a subsequence which is
Cauchy with respect to %.

Proof. It is clear that a pseudometric %tB defined on C(0, t;X) by the formula

%tB({Sτy1}, {Sτy2}) = CB(t) · %(y1, y2)

satisfies assumptions (ii) and (iii) in Corollary 2.7. �

Remark 2.9. The main difference between (2.9) and (2.10) is the fact that the term in
(2.9) involving compact pseudometric is evaluated on trajectories, rather than on a specific
point in the phase space, as in (2.10). Thus, (2.9) is definitely a weaker requirement than that
of [12]. While in the case of linear damping it is relatively simple to show that inequality in
(2.9) implies that of (2.10), this is not the case in hyperbolic flows with a nonlinear damping.
Thus, the above generalization is critical for models considered in this paper.

The following version of the compactness criterion provides more flexibility, with respect
to method based on Theorem 2.4 by allowing taking sequential limits rather then the simul-
taneous limits. This was an observation made for the first time in [65].

Proposition 2.10. Let (X,St) be a dynamical system on a complete metric space X
endowed with a metric d. Assume that for any bounded positively invariant set B in X and
for any ε > 0 there exists T ≡ T (ε, B) such that

(2.11) d(ST y1, ST y2) ≤ ε+ Ψε,B,T (y1, y2), yi ∈ B,

where Ψε,B.T (y1, y2) is a function defined on B ×B such that

(2.12) lim inf
m→∞

lim inf
n→∞

Ψε,B,T (yn, ym) = 0

for every sequence {yn} from B. Then (X,St) is an asymptotically smooth dynamical system.

The result stated in Proposition 2.10 is an abstract version of Theorem 2 in [65] that can
be derived from the arguments given in [65]. For the reader’s convenience an independent
and shorter proof of the same result is given.

Proof. As in the proof of Theorem 2.4 it is sufficient to prove that

lim
t→∞

α(StB) = 0,

where α(B) is the Kuratowski α-measure defined (2.5).
Since St1B ⊂ St2B for t1 > t2, the function α(t) ≡ α(StB) is non-increasing, Therefore

it is sufficient to prove that for any ε > 0 there exists T > 0 such that α(STB) ≤ ε. If this is
not true, then there is ε0 > 0 such that

α(STB) ≥ 6ε0 for all T > 0.

For this ε0 we choose T0 such that (2.11) and (2.12) hold. The relation α(ST0B) ≥ 6ε0 implies
that there exists an infinite sequence {yn}∞n=1 such that

d(ST0yn, ST0ym) ≥ 2ε0 for all n 6= m, n,m = 1, 2, . . .

Therefore from (2.11) we have that

Ψε0,B,T0(yn, ym) ≥ ε0 for all n 6= m, n,m = 1, 2, . . .

This contradicts (2.12). The proof is complete. �

We conclude this section with the following well-known assertion (see, e.g., [58, Lem-
ma 3.2.3] or [91, Lemma 22.4]). We put it here for the sake of further references only.
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Proposition 2.11. Let (X,St) be a dynamical system on a Banach space X. Assume
that for any bounded positively invariant set B in X the evolution operator St admits the
splitting

Sty = Uty +Kty, y ∈ B, t ≥ 0,

such that
• sup {‖Uty‖ : y ∈ B} → 0 as t→∞, and
• there exists t0 = t0(B) ≥ 0 such that KtB is a precompact set in X for every t ≥ t0.

Then (X,St) is an asymptotically smooth dynamical system.

Proof. Since α-measure possesses the property α(A+B) ≤ α(A) +α(B) and α(K) = 0
for every precompact set (see, e.g., [91, Lemma 22.2]), for t ≥ t0 we have that

α(StB) ≤ α(UtB) + α(KtB) ≤ α(UtB) ≤ 2diam{UtB} ≤ 4 sup
y∈B

‖Uty‖.

Thus α(StB) → 0 as t → ∞. Since StB ⊂ B, we can apply the same argument as in the
proof of Theorem 2.4. �

2.2. Criteria for finite dimensionality of attractors

Finite dimensionality is an important property of global attractors which can be estab-
lished for several dynamical systems, including these arising in significant applications. There
are several approaches which provide effective estimates for the dimension of attractors of
dynamical systems generated by PDE’s (see, e.g., [4, 72, 100]). Here we present an approach
which do not require C1-smoothness of the evolutionary operator. The reason for this focus
is that dynamical systems of hyperbolic-like nature do not display smoothing effects - unlike
parabolic equations. Therefore, the C1-smoothness of the flows is most often out of question,
particularly in problems with a nonlinear dissipation. On one hand our Theorem 2.15 gener-
alizes Ladyzhenskaya’s theorem (see, e.g., [72]) on finite dimensionality of invariant sets. On
the other hand it is related to squeezing property in the form considered in [88]. However,
as in the case of Ladyzhenskaya’s theorem we wish to point out that the estimate of the
dimension based on the theorems below usually turn out to be conservative.

Fractal dimension is the most commonly used measures in the theory of infinite dimen-
sional dynamical systems.

Definition 2.12. LetM be a compact set in a metric spaceX. The fractal (box-counting)
dimension dimf M of M is defined by

dimf M = lim sup
ε→0

lnn(M, ε)
ln(1/ε)

,

where n(M, ε) is the minimal number of closed balls of the radius ε which cover the set M .

The importance of the notion of finite fractal dimension is illustrated by the following
property (see [52]): if M compact set in X such that dimf M < n/2 for some n ∈ N, then
there exists an injective Lipschitz mapping L : M 7→ Rn such that its inverse is Hölder
continuous. This means that M can be placed in the graph of Hölder continuous mapping
which maps a compact subset of Rn onto M .

We refer to [45] for other properties of fractal dimension. Here we only note that the
fractal dimension dimf M of the set M can be represented by the formula

(2.13) dimf M = lim sup
ε→0

lnN(M, ε)
ln(1/ε)

,

where N(M, ε) is the minimal number of closed sets of the diameter 2ε which cover M .

Below we need the following definition.
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Definition 2.13. Let X be a complete metric space endowed with the metric d and M
be a bounded closed set in X. Assume that % is a pseudometric defined on M . Let B ⊂ M
and ε > 0.

• A subset U in B is said to be (ε, %)-distinguishable if %(x, x′) > ε for any x, x′ ∈ U ,
x 6= x′. We denote by m%(B, ε) the maximal cardinality of an (ε, %)-distinguishable
subset of B.

• The pseudometric % is said to be compact on M iff m%(M, ε) is finite for every ε > 0.
• Similarly to [67], we shall call the value lnm%(B, ε) by ε-capacity of the set B (with

respect to the pseudometric %), or shortly, (ε, %)-capacity. For any r > 0 we define a
local (r, ε, %)-capacity of the set M by the formula

(2.14) C%(M ; r, ε) = sup {lnm%(B, ε) : B ⊆M, diamB ≤ 2r} .
Now we are in position to state our basic assertion of this section. We shall use it below

to obtain appropriate criteria which are convenient for applications to second order in time
evolution equations.

Theorem 2.14. Let (X, d) be a complete metric space and M be a bounded closed set in
X. Assume that there exists a mapping V : M 7→ X such that

(i) M ⊆ VM ;
(ii) there exist a compact pseudometric % on M and a number 0 < η < 1 such that

(2.15) d(V v1, V v2) ≤ η · d(v1, v2) + %(v1, v2), v1, v2 ∈M.

Then M is a compact set in X with the fractal dimension dimfM estimated as follows

(2.16) dimf M ≤
[
ln

1
δ + η

]−1

· lim sup
ε→0

C% (M ; ε, δε)

for every δ ∈ (0, 1− η), where C%(M ; r, ε) is the local (r, ε, %)-capacity of the set M defined by
(2.14).

The right hand side in estimate (2.16) is allowed to be infinity. Therefore it is important
to find conditions under which the parameter

c% (M, δ) ≡ lim sup
ε→0

C% (M ; ε, δε)

is finite. We do it in the following assertion which is proved to be useful in problems with
nonlinear damping.

Theorem 2.15. Let X be a Banach space and M be a bounded closed set in X. Assume
that there exists a mapping V : M 7→ X such that

(i) M ⊆ VM ;
(ii) V is Lipschitz on M , i.e, there exists L > 0 such that

(2.17) ‖V v1 − V v2‖ ≤ L‖v1 − v2‖, v1, v2 ∈M ;

(iii) there exist compact seminorms n1(x) and n2(x) on X such that

(2.18) ‖V v1 − V v2‖ ≤ η‖v1 − v2‖+K · [n1(v1 − v2) + n2(V v1 − V v2)]

for any v1, v2 ∈ M , where 0 < η < 1 and K > 0 are constants (a seminorm n(x)
on X is said to be compact iff for any bounded set B ⊂ X there exists a sequence
{xn} ⊂ B such that n(xm − xn) → 0 as m,n→∞).

Then M is a compact set in X of a finite fractal dimension. Moreover, we have the estimate

(2.19) dimf M ≤
[
ln

2
1 + η

]−1

· lnm0

(
4K(1 + L2)1/2

1− η

)
,

where m0(R) is the maximal number of pairs (xi, yi) in X ×X possessing the properties

‖xi‖2 + ‖yi‖2 ≤ R2, n1(xi − xj) + n2(yi − yj) > 1, i 6= j.
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Remark 2.16. It is easy to see that under the hypothesis concerning the seminorms n1

and n2 the characteristic m0(R) is finite for any fixed R (see, e.g., the argument given in the
proof of Lemma 2.19 below). We also note that it was proved in [27] that if X is a separable
Hilbert space and the seminorms n1 and n2 have the form ni(v) = ‖Piv‖, i = 1, 2, where P1

and P2 are finite-dimensional orthoprojectors, then

(2.20) dimf M ≤ (dimP1 + dimP2) · ln

(
1 +

8(1 + L)
√

2K
1− η

)
·
[
ln

2
1 + η

]−1

.

We also refer to [28] for an analysis of the dimension problem in the case of more general
(nonlinear) relations of the type (2.18).

Remark 2.17. The result given in Theorem 2.15 generalizes squeezing properties given
in [70, 38] and most recently [88]. Indeed, Ladyzhenskaya’s theorem [70] on finite dimension
of invariant sets follows from Theorem 2.15. To see this we assume that X is a separable
Hilbert space and take n1 ≡ 0 and n2(v) = ‖Pv‖ in relation (2.18), where P is a finite dimen-
sional projector. In this case relation (2.18) easily follows from Ladyzhenskaya’s squeezing
assumption:

‖(I − P )(V v1 − V v2)‖ ≤ η‖v1 − v2‖, v1, v2 ∈M.

Theorem 2.15 also generalizes the result by Prazak [88], which relies on the so-called ”gener-
alized squeezing property”. To obtain the conclusion of Lemma 4.1 [88] on dimension we need
only apply Theorem 2.15 in a separable Hilbert space X with n1(a) = n2(a) = ‖Pa‖, where
P is a finite dimensional projector. One of the main advantages of our approach in compar-
ison with results in [70] and [88] is that Theorem 2.15 does not contain finite-dimensional
projectors in explicit form. This fact is very handy in applications to hyperbolic problems
with boundary nonlinear damping.

For the proof of Theorem 2.14 we need the following lemma which is also useful in the
construction of inertial sets in Sect. 2.3.

Lemma 2.18. Let M be a bounded closed set in a complete metric space (X, d). Assume
that V : M 7→ X is a mapping such that (2.15) hold with some η > 0. Then

(2.21) α(V B) ≤ η · α(B) for any B ⊆M,

where α(B) is the Kuratowski α-measure of noncompactness of the set B defined by (2.5).
Thus V is α-contraction [58] on M provided η < 1.

Proof. We use the same idea as in the proof of Theorem 2.4. By the definition of α(B)
(see (2.5)), for any ε > 0 there exist sets F1, . . . , Fn such that

B = F1 ∪ . . . ∪ Fn, diamFi < α(B) + ε.

Since % is a compact pseudometric on M , the maximal (ε, %)-distinguishable subset of B is
finite. Thus there exists a finite set N = {xi : i = 1, 2 . . .m} ⊂ B such that for every y ∈ B
there is i ∈ {1, 2 . . .m} with the property %(y, xi) ≤ ε. It means that

B = ∪mi=1Ci, Ci = {y ∈ B : %(y, xi) ≤ ε}.

No we can write the representations

B = ∪i,j(Ci ∩ Fj), and V B = ∪i,j(V (Ci ∩ Fj)).

Using (2.15) it is easy to see that

diam (V (Cj ∩ Fi)) ≤ η · α(B) + ε · [2 + η].

This implies (2.21). �
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Proof of Theorem 2.14. Lemma 2.18 implies that

α(M) ≤ α(VM) ≤ η · α(M).

Since 0 < η < 1, this is possible only if α(M) = 0. Thus M is compact.
Assume that {Fi : i = 1, . . . , N(M, ε)} is the minimal covering of M by its closed subsets

with a diameter equal or less than 2ε. Let 0 < δ < 1 and {xij : j = 1, . . . , ni} ⊂ Fi be a
maximal (δε, %)-distinguishable subset of Fi. Since % is compact, this finite set exists, and by
Definition 2.13 we have that

ni = m%(Fi, δε) ≤ exp {C% (M ; ε, δε)} ,

where C%(M ; r, ε) is the local (r, ε, %)-capacity of the set M defined by (2.14). We also have
that

Fi ⊂
ni⋃
j=1

Bij , B
i
j ≡

{
v ∈ Fi : ρ(v, xij) ≤ δ · ε

}
.

Therefore

VM ⊂
N(M,ε)⋃
i=1

ni⋃
j=1

V Bij .

If y1, y2 ∈ Bij , then from (2.15) we have

d(V y1, V y2) ≤ ηd(y1, y2) + ρ(y1, xij) + ρ(y2, xij) ≤ 2(η + δ)ε.

Thus diamV Bij ≤ 2(η + δ)ε for any ε > 0 and 0 < δ < 1. Therefore

(2.22) N (VM, (η + δ)ε) ≤ exp {C% (M ; ε, δε)} ·N(M, ε).

For further use we note that relation (2.22) remains true without the hypotheses M ⊆ VM .
If we choose 0 < δ < 1− η, then from (2.22) under the assumption M ⊆ VM we obtain

that
lnN (M, qε) ≤ C% (M ; ε, δε) + lnN(M, ε)

for any ε > 0, where q = η + δ < 1. Let εn = qnε0 for some ε0 > 0. It is clear that

(2.23) lnN (M, εn) ≤
n−1∑
k=0

C%(M ; εk, δεk) + lnN(M, ε0), n = 1, 2, . . . .

Let κ > 0 be arbitrary. We can choose ε0 = ε0(κ) > 0 such that

C%(M ; ε, δε) ≤ c%(M, δ) + κ for all 0 < ε ≤ ε0,

where
c%(M, δ) = lim sup

ε→0
C%(M ; ε, δε).

Therefore from (2.23) we obtain that

lnN (M, εn) ≤ n · (c%(M, δ) + κ) + lnN(M, ε0), n = 1, 2, . . . .

Now for any ε < ε0 we can find n = nε and ε̃ ∈ [ε1, ε0) such that

(2.24) εn+1 ≤ ε < εn, ε = qnε̃.

Hence we have that
lnN (M, ε) ≤ nε · (c%(M, δ) + κ) + lnN(M, ε̃)

≤ nε · (c%(M, δ) + κ) + lnN(M, ε1).

Thus, by (2.13) we obtain that

dimf M ≤ (c%(M, δ) + κ) · lim sup
ε→0

nε
ln(1/ε)

.
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It follows from (2.24) that

nε ≤
ln(ε̃/ε)
ln(1/q)

≤ ln(ε0/ε)
ln(1/q)

.

Therefore
dimf M ≤ (c%(M, δ) + κ) · 1

ln(1/q)
for every κ > 0.

This implies (2.16). The proof of Theorem 2.14 is complete. 2

Proof of Theorem 2.15. It is sufficient to prove the following lemma.

Lemma 2.19. Under conditions of Theorem 2.15 the pseudometric

(2.25) %(x, y) = K · (n1(x− y) + n2(V x− V y))

is compact on M in the sense of Definition 2.13. The local (r, ε, %)-capacity of the set M with
respect to this pseudometric admits the estimate

(2.26) C%(M ; r, ε) ≤ lnm0

(
2K(1 + L2)1/2r

ε

)
,

where m0(R) is the maximal number of pairs (xi, yi) in X ×X possessing the properties

‖xi‖2 + ‖yi‖2 ≤ R2, n1(xi − xj) + n2(yi − yj) > 1, i 6= j.

Proof. If % is not compact, then for some ε > 0, there exists a sequence {zn} ⊂M such
that

(2.27) n1(zn − zm) + n2(V zn − V zm) ≥ ε for all n 6= m.

Since M is bounded, the sequences {zn} and {V zn} are bounded. Since the seminorms n1

and n2 are compact, this implies that there exists a subsequence {znk
} such that

n1(znk
− znl

) + n2(V znk
− V znl

) → 0 when k, l→∞,

which is impossible due to (2.27). Thus the pseudometric % is compact on M .
Now we prove (2.26). Let B ⊂ M and m%(B, ε) be the maximal cardinality of an (ε, %)-

distinguishable subset of B. In the space X ×X endowed with the norm

|Z| =
(
‖x‖2 + ‖y‖2

)1/2
, Z = (x, y) ∈ X ×X,

we consider the set B = {Z = (x, V x) : x ∈ B}. It is clear that

m%(B, ε) = ℵ
{
Zi ∈ B : N(Zi − Zj) > ε ·K−1, i 6= j

}
,

where N(Z) = n1(x)+n2(y), Z = (x, y), and ℵ{...} denotes the maximal number of elements
with the given properties. Since by (2.17)

diamB = sup
x,y∈B

(
‖x− y‖2 + ‖V x− V y‖2

)1/2 ≤ R ≡
(
1 + L2

)1/2
diamB,

there exist Y0 ∈ B such that

B ⊂ BR(Y0) ≡ {Z ∈ X ×X : |Z − Y0| ≤ R}
Therefore, using the property N(λZ) = λN(Z) for any λ > 0 and Z = (x, y), we obtain that

m%(B, ε) ≤ ℵ
{
Zi ∈ BR(Y0) : N(Zi − Zj) > ε ·K−1, i 6= j

}
= ℵ

{
Zi ∈ BR(0) : N(Zi − Zj) > ε ·K−1, i 6= j

}
= ℵ

{
Zi ∈ BRK/ε(0) : N(Zi − Zj) > 1, i 6= j

}
= m0(RK/ε).

By Definition (2.14) this implies (2.26). �

To conclude the proof of Theorem 2.15 we need only apply Theorem 2.14 with % given by
(2.25) and δ = (1− η)/2 and use Lemma 2.19.

Theorem 2.14 also implies the following assertion.
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Corollary 2.20. Let X be a Banach space and M be a bounded closed set in X. Assume
that there exists a mapping V : M 7→ X such that

(i) M ⊆ VM ;
(ii) the mapping V admits the splitting

(2.28) V = S +K,

where S is Lipschitz and stable on M , i.e, there exists 0 < η < 1 such that

(2.29) ‖Sv1 − Sv2‖ ≤ η‖v1 − v2‖, v1, v2 ∈M,

and K is a Lipschitz mapping from M into Y , where Y is a Banach space which is
compactly embedded in X, i.e.,

(2.30) ‖Kv1 −Kv2‖Y ≤ LK‖v1 − v2‖, v1, v2 ∈M.

Then M is a compact set in X of a finite fractal dimension. Moreover, we have the estimate

(2.31) dimf M ≤
[
ln

2
1 + η

]−1

· lnmY,X

(
4LK
1− η

)
,

where mY,X(R) is the maximal number of points xi in the ball of the radius R in Y possessing
the properties ‖xi − xj‖ > 1, i 6= j.

Proof. It follows from (2.29) and (2.30) that V is Lipschitz on M and that relation
(2.15) holds with

d(v1, v2) = ‖v1 − v2‖ and %(v1, v2) = ‖Kv1 −Kv2‖.
A simple argument shows that this pseudometric % is compact.

Thus we need only check relation (2.31). We shall use the same method as in Lemma 2.19.
Let B ⊂M and m%(B, ε) be the maximal cardinality of an (ε, %)-distinguishable subset of B,
i.e,

m%(B, ε) = ℵ {xi ∈ B : ‖Kxi −Kxj‖ > ε, i 6= j}
= ℵ {zi ∈ KB : ‖zi − zj‖ > ε, i 6= j} ,

where, as in Lemma 2.19, ℵ{...} denotes the maximal number of elements with the given
properties. It is easy to see from (2.30) that

KB ⊂ BYR (y0) = {y ∈ Y : ‖y − y0‖Y ≤ R ≡ LKdiamB}
for some y0 ∈ KB. Therefore, as in Lemma 2.19, we can conclude that

m%(B, ε) ≤ ℵ
{
zi ∈ BYR (y0) : ‖zi − zj‖ > ε, i 6= j

}
= ℵ

{
zi ∈ BYR (0) : ‖zi − zj‖ > ε, i 6= j

}
= ℵ

{
zi ∈ BYR/ε(0) : ‖zi − zj‖ > 1, i 6= j

}
= mY,X(R/ε).

Therefore by Definition (2.14) we have

(2.32) C%(M ; r, ε) ≤ lnmY,X

(
2LKr
ε

)
.

Hence estimate (2.31) follows from (2.16) with δ = (1− η)/2. �

If in the splitting (2.28) we have S ≡ 0, then we easily arrive to the following assertion
which was proved in [84, Lemma 1.3].

Corollary 2.21. Let X and Y be Banach spaces such that Y is compactly embedded in
X. Let M be a bounded closed set in X. Assume that V : M 7→ Y is a Lipschitz mapping
from M into Y , i.e.,

‖V v1 − V v2‖Y ≤ L‖v1 − v2‖X , v1, v2 ∈M.
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If M ⊂ VM , then M is a compact set in X and its fractal dimension (in X) admits the
estimate

dimf M ≤ lnmY,X (4L)
ln 2

,

where mY,X(R) is the same as in the Corollary 2.20.

Proof. We apply Corollary 2.20 with S ≡ 0 and η = 0. �

2.3. Exponentially attracting positively invariant sets

In Theorem 2.14 we dealt with a negatively invariant set M . As for positively invariant
set, their finite dimensionality is not guaranteed by condition (2.15). However, as the following
theorem states, they are attracted by finite-dimensional compacts with exponential speed.

Theorem 2.22. Let (X, d) be a complete metric space and M be a bounded closed set in
X. Assume that the mapping V : M 7→M possesses the properties:

(i) there exist a compact pseudometric % on M and a number 0 < η < 1 such that

(2.33) d(V v1, V v2) ≤ η · d(v1, v2) + %(v1, v2), v1, v2 ∈M ;

(ii) for some δ ∈ (0, 1− η) we have that

(2.34) c% (M, δ) ≡ lim sup
ε→0

C% (M ; ε, δε) <∞,

where C%(M ; r, ε) is the local (r, ε, %)-capacity of the set M defined by (2.14).
Then for any κ > 0 there exists a positively invariant compact set Aq,κ ⊂ M of finite fractal
dimension satisfying

(2.35) sup
{
dist(V ku,Aq,κ) : u ∈M

}
≤ qk, k = 1, 2, . . . ,

where q = η + δ < 1, and

(2.36) dimf Aq,κ ≤
[
ln

1
δ + η

]−1

· (c% (M, δ) + κ) .

We note that we construct finite-dimensional exponentially attracting set Aq,κ with the
estimate of dimf Aq,κ as close as we want to the estimate of the dimension of the negatively
invariant set M in Theorem 2.14. It is also clear from the construction given below that the
positively invariant sets Aq,κ with properties (2.35) and (2.36) are not unique.

Proof. We rely on some ideas presented in [38] (see also [19, Chap.1]).
By Lemma 2.18 V is an α-contraction on the set M in the sense of [58, p.14]. Therefore

(see [58, Chap.2]) the set M0 = ∩n≥1V
nM is a compact global attractor for the discrete

dynamical system (M,V k). By Theorem 2.14 it follows from (2.34) that dimf M0 < ∞. We
shall construct a set Aq,κ as an extension of M0.

It follows from (2.22) that

N (VM, qε) ≤ exp {C% (M ; ε, δε)} ·N(M, ε)

for any ε > 0, where q = η + δ, N(B, ε) is the cardinality of the minimal covering of B by its
closed subsets with a diameter equal or less than 2ε and C% (M ; ε, δε) given by (2.14). Taking
V n−1M instead of M in the previous formula we obtain that

N (V nM, qε) ≤ exp
{
C%
(
V n−1M ; ε, δε

)}
·N(V n−1M, ε), n = 1, 2, . . .

Since V n−1M ⊂M , it follows from (2.14) that

C%
(
V n−1M ; ε, δε

)
≤ C% (M ; ε, δε) , n = 1, 2, . . .

Thus we have that

N (V nM, qε) ≤ exp {C% (M ; ε, δε)} ·N(V n−1M, ε), n = 1, 2, . . .
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Let κ > 0 be arbitrary and εn = qnε0, where we choose 0 < ε0 ≤ 1/2 such that

C% (M ; ε, δε) ≤ c% (M, δ) + κ for all 0 < ε ≤ ε0.

In this case we have that

(2.37) N (V nM, εn) ≤ exp {n(c%(M, δ) + κ)} ·N(M, ε0), n = 1, 2, . . .

We denote by En the maximal (2εn, d)-distinguishable subset of V nM . It follows from [67,
Theorem 4] that

(2.38) CardEn = md(V nM, 2εn) ≤ N (V nM, εn) .

Thus by (2.37) En is a finite set for each n = 1, 2, . . . As in [38] (see also [19, Chap.1]) we set

Aq,κ = M0 ∪
{
V kEm : k,m = 0, 1, 2, . . .

}
.

This set depends on ε0 and, hence, on κ.
Let us prove that the set Aq,κ satisfies the conclusions of the theorem.
It is easy to to see that Aq,κ is a compact positively invariant set. We also have that

distH(V ny,Aq,κ) ≤ distH(V ny,En) ≤ 2εn = 2qnε0 ≤ qn, n = 0, 1, 2, . . . ,

for every y ∈M . This implies (2.35).
To estimate the fractal dimension of Aq,κ we note that the property Em ⊂ V mM implies

that
Aq,κ ⊂ V nM ∪

{
V kEm : k +m ≤ n− 1, k,m ≥ 0

}
for every n = 1, 2, . . . Therefore

N(Aq,κ, εn) ≤ N(V nM, εn) +
∑
k,m≥0

k+m≤n−1

Card{V kEm}

≤ N(V nM, εn) +
∑
k,m≥0

k+m≤n−1

Card{Em}.

It follows from (2.37) and (2.38) that

N(Aq,κ, εn) ≤ exp {n(c%(M, δ) + κ)} ·N(M, ε0) · (1 + Σn) ,

where

Σn =
∑
k,m≥0

k+m≤n−1

exp {−(n−m)(c%(M, δ) + κ)} ≤ n(n+ 1)
2

.

Consequently

lnN(Aq,κ, εn) ≤ n · (c%(M, δ) + κ) + lnN(M, ε0) + ln
(

1 +
n(n+ 1)

2

)
.

Therefore, as in the proof of Theorem 2.14, we can conclude that

lnN(Aq,κ, ε) ≤ nε · (c%(M, δ) + κ) + lnN(M, qε0) + ln
(

1 +
nε(nε + 1)

2

)
for any ε ∈ (0, ε0), where nε ≤ [ln(1/q)]−1 · ln(ε0/ε). Thus estimate (2.36) follows from
(2.13). �

Under the hypotheses of Theorem 2.22 the discrete dynamical system (M,V k) possesses
a compact global attractor M0. This attractor uniformly attracts all the trajectory of the
system (M,V k) and by Theorem 2.14 dimf M0 < ∞. Unfortunately, in general the speed of
convergence to the attractor cannot be estimated. This speed can appear to be small. How-
ever Theorem 2.22 says that the global attractor is contained in finite-dimensional positively
invariant set which attracts M uniformly and exponentially fast. Thus the dynamics of the
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system becomes finite-dimensional exponentially fast independent of the speed of convergence
to the global attractor. Moreover, the reduction principle is applicable in this case. Thus
finite-dimensional positively invariant exponentially attracting sets can be useful for descrip-
tion of qualitative behaviour of infinite-dimensional systems. These sets are frequently called
inertial sets or fractal exponential attractors. In some cases they turn out to be surfaces in
the phase space. For details we refer to [38] and to the references therein.

In conclusion of this section we give two corollaries of Theorem 2.22 which are important
in subsequent considerations.

Corollary 2.23. Let X be a Banach space and M be a bounded closed set in X. Assume
that the mapping V : M 7→M possesses the properties

(i) V is Lipschitz on M , i.e, there exists L > 0 such that (2.17) holds;
(ii) there exist compact seminorms n1(x) and n2(x) on X such that (2.18) holds.

Then for any κ > 0 and δ ∈ (0, 1−η) there exists a positively invariant compact set Aκ,δ ⊂M
of finite fractal dimension such that

(2.39) sup
{
dist(V ku,Aκ,δ) : u ∈M

}
≤ qk, k = 1, 2, . . . ,

where q = η + δ < 1, and

dimf Aκ,δ ≤
[
ln

1
η + δ

]−1

·
[
κ+ lnm0

(
2K(1 + L2)1/2

δ

)]
,

where, as in Theorem 2.15, m0(R) is the maximal number of pairs (xi, yi) in X×X possessing
the properties

‖xi‖2 + ‖yi‖2 ≤ R2, n1(xi − xj) + n2(yi − yj) > 1, i 6= j.

Proof. We apply Theorem 2.22 with the pseudometric

%(x, y) = K · (n1(x− y) + n2(V x− V y)) .

By Lemma 2.19 % is compact and we have that

c%(M ; δ) ≤ lnm0

(
2K(1 + L2)1/2

δ

)
.

Therefore the statement of the corollary follows from Theorem 2.22. �

Theorem 2.22 also implies the following assertion.

Corollary 2.24. Let X be a Banach space and M be a bounded closed set in X. Assume
that V : M 7→M is a mapping such that it admits the splitting

V = S +K,

where S is Lipschitz and stable on M , i.e, there exists 0 < η < 1 such that

‖Sv1 − Sv2‖ ≤ η‖v1 − v2‖, v1, v2 ∈M,

and K is a Lipschitz mapping from M into Y , where Y is a Banach space which is compactly
embedded in X, i.e.,

‖Kv1 −Kv2‖Y ≤ LK‖v1 − v2‖, v1, v2 ∈M.

Then for any κ > 0 and δ ∈ (0, 1−η) there exists a positively invariant compact set Aκ,δ ⊂M
of finite fractal dimension such that (2.39) holds and

dimf Aκ,δ ≤
[
ln

1
η + δ

]−1

·
[
κ+ lnmY,X

(
2LK
δ

)]
,

where mY,X(R) is the maximal number of points xi in the ball of the radius R in Y possessing
the properties ‖xi − xj‖ > 1, i 6= j.
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This corollary was proved earlier in [42] under the restriction that the contractivity con-
stant η less than 1/2.

Proof. We apply Theorem 2.22 with

d(v1, v2) = ‖v1 − v2‖ and %(v1, v2) = ‖Kv1 −Kv2‖.

Relation (2.34) follows from (2.32). �

2.4. Gradient systems

The study of the structure of the global attractors is an important problem from point
of view of applications. There are no universal approaches to this problem. Even in finite-
dimensional case an attractor can possess extremely complicate structure. However for some
cases one can give a geometrical description of the global attractor.

In this subsection for the sake of further references we collect several known results on the
properties of dynamical systems possessing Lyapunov function. These results mainly concern
the structure of global attractors.

Let N be the set of stationary points of the dynamical system (X,St), i.e.

N = {v ∈ X : Stv = v for all t ≥ 0} ,

and define the unstable manifold Mu(N ) emanating from the set N as a set of all y ∈ X such
that there exists a full trajectory γ = {u(t) : t ∈ R} with the properties

u(0) = y and lim
t→−∞

distX(u(t),N ) = 0.

It is clear that Mu(N ) is an invariant set. It is also easy to prove the following assertion
(see, e.g., [4], [19] or [100]).

Proposition 2.25. Let N be the set of stationary points of the dynamical system (X,St)
possessing a global attractor A. Then Mu(N ) ⊂ A.

For gradient systems it is possible to prove that Mu(N ) = A. We give the following
definition.

Definition 2.26. Let Y ⊆ X be a positively invariant set of a dynamical system (X,St).
• The continuous functional Φ(y) defined on Y is said to be the Lyapunov function

for the dynamical system (X,St) on Y iff the function t 7→ Φ(Sty) is nonincreasing
function for any y ∈ Y .

• The Lyapunov function Φ(y) is said to be strict on Y iff the equation Φ(Sty) = Φ(y)
for all t > 0 and for some y ∈ Y implies that Sty = y for all t > 0, i.e. y is a
stationary point of (X,St).

• The dynamical system (X,St) is said to be gradient iff there exists a strict Lyapunov
function for (X,St) on the whole phase space X.

Example 2.27. The system (H,St) generated in the space H = H1
0 (Ω) × L2(Ω) by

damped wave equation (1.8) with the Dirichlet boundary conditions is gradient provided (i)
g and f satisfies the assumptions listed in Example 1.2, (ii) g(s) = 0 if and only if s = 0,
and (iii) s 7→ sg(s) is a convex function on R. Indeed, it follows from Proposition 1.10 and
Remark 1.11 that the energy

E(y) =
1
2

∫
Ω

(
|u1|2 + |∇u0|2

)
dx+

∫
Ω

f̂(u0)dx, y = (u0, u1) ∈ H,

where f̂ is the antiderivative of the nonlinear term f , satisfies the inequality

(2.40) E(Sty) + k

∫ t

0

ut(τ)g(ut(τ))dτ ≤ E(y),
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for any y ∈ H. Here (u(t), ut(t)) = Sty. Therefore t 7→ E(Sty) is nonincreasing function for
any y ∈ H. If E(Sty) = E(y) for some t > 0, then (2.40) implies that

∫ t
0
ut(τ)g(ut(τ))dτ = 0.

Therefore ut(τ) = 0 for all τ ∈ [0, t]. This is possible only if u(t) ≡ u0 is a stationary solution.
Thus the system (H,St) possesses a strict Lyapunov function Φ(y) = E(y).

2.4.1. Geometric structure of global attractors. We have the following result on
the structure of a global attractor (for the proof we refer to any book from the list [4, 19,
58, 72, 100]).

Theorem 2.28. Let a dynamical system (X,St) possess a compact global attractor A.
Assume that there exists a strict Lyapunov function on A. Then A = Mu(N ). Moreover the
global attractor A consists of full trajectories γ = {u(t) : t ∈ R} such that

lim
t→−∞

distX(u(t),N ) = 0 and lim
t→+∞

distX(u(t),N ) = 0.

The following assertion shows that in the case of gradient systems we can guarantee
existence of a compact global attractor without assuming dissipativity in explicit form.

Corollary 2.29. Assume that (X,St) is a gradient dynamical system which, moreover,
is asymptotically smooth. Assume that Lyapunov function Φ(x) associated with the system is
bounded from above on any bounded subset of X and the set ΦR = {x : Φ(x) ≤ R} is bounded
for every R. If the set N of stationary points of (X,St) is bounded, then (X,St) possesses a
compact global attractor.

Proof. We choose R0 such that N ⊂ ΦR0 . For any R > 0 the set ΦR is bounded
and forward invariant. Therefore by Theorem 2.3 the dynamical system (ΦR, St) possesses a
compact global attractor AR for every R. If R ≥ R0, then from Theorem 2.28 we have that
AR = Mu(N ). Thus AR does not depend on R for R ≥ R0 and it is global attractor for
(X,St). �

If the system (X,St) is not gradient but it possesses a Lyapunov function, we cannot
guarantee that A = Mu(N ). However we can prove the following assertion.

Theorem 2.30. Let (X,St) be a asymptotically smooth dynamical system in a Banach
space X. Assume that there exists a Lyapunov function Φ(x) for (X,St) on X such that
Φ(x) is bounded from above on any bounded subset of X and the set ΦR = {x : Φ(x) ≤ R} is
bounded for every R. Let B be the set of elements x ∈ X such that there exists a full trajectory
{u(t) : t ∈ R} with the properties u(0) = x and Φ(u(t)) = Φ(x) for all t ∈ R. If B is bounded,
then (X,St) possesses a compact global attractor and A = Mu(B).

Proof. As in the proof of Corollary 2.29 we choose R0 such that B ⊂ ΦR0 . By Theo-
rem 2.3 the dynamical system (ΦR, St) possesses a compact global attractor AR for every R.
If R ≥ R0, then B ⊂ ΦR and therefore by Theorem 1.6.2 [19] AR = Mu(B) for all R ≥ R0.
Thus A = Mu(B) is global attractor for (X,St). �

The following assertion describes long-time behavior of individual trajectories (for the
proof we refer to [19] or [100], for instance).

Theorem 2.31. Assume that a gradient dynamical system (X,St) possesses a compact
global attractor A. Then for any x ∈ X we have

(2.41) lim
t→+∞

distX(Stx,N ) = 0,

i.e. any trajectory stabilizes to the set N of stationary points.

Assume that N = {z1, . . . , zn} is a finite set. In this case we have the relation

Mu(N ) = ∪ni=1Mu(zi),
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where Mu(zi) is the unstable manifold of the stationary point zi. This is to say, Mu(zi)
consists of all y ∈ X such that there exist a full trajectory

γ = {u(t) : t ∈ R} ⊂ X

with the properties u(0) = y and u(t) → zi as t→ −∞.
Theorems 2.28 and 2.31 imply the following assertion.

Corollary 2.32. Assume that a gradient dynamical system (X,St) possesses a compact
global attractor A and N is a finite set. Then

(i) the global attractor A consists of full trajectories γ = {u(t) : t ∈ R} connecting pairs
of stationary points, i.e. any u ∈ A belongs some full trajectory γ and for any γ ⊂ A
there exists a pair {z, z∗} ⊂ N such that

u(t) → z as t→ −∞ and u(t) → z∗ as t→ +∞ ;

(ii) for any v ∈ X there exists a stationary point z such that

Stv → z as t→ +∞.

Remark 2.33. Assume that the hypotheses of Corollary 2.32 hold. Introduce m0 distinct
values Φ1 < Φ2 < . . . < Φm0 of the set {Φ(x) : x ∈ N} and let

N j = {x ∈ N : Φ(x) = Φj} , j = 1, . . . ,m0.

Then the sets N 1, . . . ,Nm0 give us a Morse decomposition of the attractor A, i.e. (i) the
subsets N j are compact, invariant and disjoint and (ii) for any x ∈ A \ ∪jN j and every full
trajectory γx ⊂ A through x there exist k > l such that α(γx) ∈ N k and ω(γx) ∈ N l. Here
α(γx) and ω(γx) are α-limiting and ω-limiting sets of the trajectory γx.

2.4.2. On the rate of convergence to global attractors. In many cases it is impor-
tant to know how fast the trajectories starting from bounded sets converge to global attractors.
For gradient systems this rate is related to the rates of convergence of individual trajectories
to equilibria (see, e.g., the results of exponential convergence proved in [4] for the case of
hyperbolic equilibria).

Our goal in this subsection is to present a result (see Theorem 2.35 below) which gives
an estimate of the rate of convergence to the global attractor under the assumption that
similar estimates are known in small vicinities of stationary points. To our best knowledge
the first result in this direction has been obtained by Kostin [68] for the case of discrete
dynamical systems. Inspired by technique developed by [68] we obtain a similar result for
time continuous systems.

Our main assumption in this subsection is the following one.

Assumption 2.34. (X,St) is a dynamical system on complete metric space X (endowed
with the metric d) possessing the properties:

• There exists a compact global attractor A = Mu(N ), where N is the set of all
equilibria (we do not assume that N is finite).

• There exists a strict Lyapunov function on X such that (i) Φ(x) is bounded from
above on any bounded subset of X, (ii) the set ΦR = {x : Φ(x) < R} is bounded
for every R, and (iii) the set {Φ(x) : x ∈ N} is finite and Φ1 < Φ2 < . . . < Φm are
its m distinct values.

• There exists constants cR ≥ 1 and LR ≥ 0 such that

(2.42) d(Sty1, Sty2) ≤ cRe
LRtd(y1, y2) for any y1, y2 ∈ ΦR.

• For every set

N j = {x ∈ N : Φ(x) = Φj} , j = 1, . . . ,m,
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there exist a vicinity Oj of N j and a decreasing continuous function ψj : R+ 7→ R+

such that the property Stz ∈ Oj for all t ∈ [0, T ] implies that

(2.43) dist
(
Stz,Mu(N j)

)
≤ ψj(t), t ∈ [0, T ].

We note that under Assumption 2.34 the sets N j comprise a Morse decomposition of the
attractor A.

Let ε > 0 be chosen such that

(2.44) ε < min
i
{Φi+1 − Φi} and ε <

1
2

min
i

{
Φi − sup

u∈Ai\Oi

Φ(u)

}
,

where we have introduced the subsets

An =
n⋃
j=1

Mu(N j), n = 1, 2, . . . ,m,

of the attractor A. It is clear that A = Am. The choice of ε such that (2.44) holds is possible
because Φi < Φj for i < j and supu∈Ai\Oi

Φ(u) < Φi. The latter can be easily obtained by a
contradiction argument from monotonicity properties of Φ(u).

Under Assumption 2.34 in the space X we consider the following sets

Bi = {u ∈ X : Φ(u) < Φi − ε} , i = 2, . . . ,m,

and
Bm+1 = {u ∈ X : Φ(u) < R∗} ,

where R∗ is chosen such that the global attractor A belongs to Bm+1 (and, thus, Bm+1 is an
absorbing set for (X,St)). It is clear that every set Bi is forward invariant. One can show
(see, e.g., [4]) that for every n = 1, . . . ,m the set An is a global attractor for the restriction
(Bn+1, St) of (X,St) on Bn+1.

Theorem 2.35. Under Assumption 2.34 there exist numbers

0 < T1 < T2 < . . . < Tm <∞
such that

(2.45) sup
y∈Bk+1

dist(STk+ty,Ak) ≤ Ψk(t), k = 1, 2, . . .m, t ≥ 0,

where Ψ1(t) = ψ1(t) and

(2.46) Ψk+1(t) = cR∗e
LR∗Tk ·

[
ψk+1(t) + sup

s∈[0,t]

min
{
ψk+1(s)eLR∗ (t−s) ; Ψk(t− s)

}]
for every k = 1, . . . ,m − 1. In particular, for any bounded set B in X there exists tB ≥ 0
such that

sup
y∈B

dist(Sty,A) ≤ Ψm(t− tB), t ≥ tB ,

where A is the global attractor for the system (X,St).

Proof. It can be derived from the corresponding result for discrete dynamical systems
(see [68, Theorem 2.2]). However, for the sake of completeness, we give independent argu-
ments.

It is clear that A1 = Mu(N 1) = N 1. Therefore there exists T1 > 0 such that

StB2 ⊂ O1 for all t ≥ T1.

Hence by assumption (2.43) we have that

sup
y∈B2

dist(ST1+ty,A1) ≤ ψ1(t), t ≥ 0.

Thus (2.45) holds for k = 1.
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Assume now that (2.45) holds for k = n < m and prove it for k = n + 1. Let us first
prove that

(2.47) An+1 ⊂ Bn+1 ∪ On+1.

Indeed,

An+1 =
n+1⋃
j=1

Mu(N j) = An ∪Mu(Nn+1).

Since An ⊂ Bn+1, it is sufficient to prove that

Mu(Nn+1) ⊂ Bn+1 ∪ On+1.

If y ∈Mu(Nn+1) \ On+1 ⊂ An+1 \ On+1, then by (2.44) we have

Φ(y) ≤ sup
u∈An+1\On+1

Φ(u) ≤ Φn+1 − 2ε.

Thus y ∈ Bn+1 and therefore (2.47) holds.
Since An+1 is a global attractor for (Bn+2, St), relation (2.47) implies that there exists T ′

such that
ST ′+tBn+2 ⊂ Bn+1 ∪ On+1 for all t ≥ 0.

Furthermore, for any v ∈ Bn+2 we have that either

ST ′+tv ∈ On+1 for all t ≥ 0,

or there exists τ = τv ∈ [0,+∞) such that

ST ′+tv ∈ On+1 for all 0 ≤ t < τ

and
ST ′+tv ∈ Bn+1 for all t ≥ τ.

Therefore, we have that either

(2.48) dist(ST ′+tv,An+1) ≤ dist
(
ST ′+tv,Mu(Nn+1)

)
≤ ψn+1(t) for all t ≥ 0

or there exists τ = τv ∈ [0,+∞) such that

(2.49) dist(ST ′+tv,An+1) ≤ ψn+1(t) for 0 ≤ t < τ

and

(2.50) dist(STn+T ′+tv,An+1) ≤ Ψn(t− τ) for t > τ.

We also have from (2.42) and (2.49) that

dist(ST ′+tv,An+1) ≤ cR∗e
LR∗ (t−τ)ψn+1(τ) for t > τ

and, consequently, by (2.50)

dist(STn+T ′+tv,An+1) ≤ min
{
cR∗ψn+1(τ)eLR∗ (Tn+t−τ) ; Ψn(t− τ)

}
, t > τ.

Therefore, it follows from (2.46) that

(2.51) dist(STn+T ′+tv,An+1) ≤ Ψn+1(t) for t > τ.

In the case when 0 < t < τ from (2.42) and (2.49) we have that

dist(STn+T ′+tv,An+1) ≤ cR∗e
LR∗Tn · dist(ST ′+tv,An+1)

≤ cR∗e
LR∗Tnψn+1(t) ≤ Ψn+1(t).

A similar estimate holds in the case of (2.48). Therefore from (2.51) we conclude that (2.45)
holds for k = n+ 1 and Tn+1 = Tn + T ′. �

The following assertion give a condition for exponential rate of attraction of bounded sets.
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Corollary 2.36. Assume that Assumption 2.34 holds with ψj(t) = cje
−γjt, where cj and

γj are positive constants, j = 1, . . . ,m. Then there exists γ0 > 0 such that for any bounded
set B we can find positive constants CB and tB such that

sup
y∈B

dist(Sty,A) ≤ CBe
−γ0t, t ≥ tB .

Proof. It is sufficient to show that every function Ψk(t) from the statement of Theo-
rem 2.35 admits the estimate

(2.52) Ψk(t) ≤ Cke
−βkt, k = 1, . . . ,m,

with positive Ck and βk. Obviously this estimate holds for k = 1. If (2.52) holds for some
k = n < m, then from (2.46) we obtain that

Ψn+1(t) ≤ C

[
e−γn+1t + sup

0≤s≤t
min

{
e−γn+1s+LR∗ (t−s) ; e−βn(t−s)

}]
with some positive constant C. Therefore, a simple calculation gives that (2.52) holds for
k = n+ 1 with βn+1 = βnγn+1/ (γn+1 + βn + LR∗). �



CHAPTER 3

Existence of compact global attractors for evolutions of
the second order in time

The main goal in this chapter is to provide new results on the existence of global attractors
governed by evolutions in (1.1). To accomplish this we shall employ two different approaches
which will allow us to apply abstract results from Chapter 2.

The first approach, fairly general, is rooted in control theory and based on certain
stabilizability-observability inequalities which have been recently proved for several PDE dy-
namics in the context of stabilization and controllability theory. We shall generalize this
method and will show that a certain abstract variant of the said inequality is sufficient for
proving asymptotic smoothness of the flow. The advantage of that approach is that it provides
a unified treatment for dynamical systems with nonlinear dissipation even in the cases when
the dissipation is very weak (the derivative of the damping operator D vanishes at the origin).

The second approach is based on a more traditional ”splitting method” that will be com-
bined with nonlinear interpolation theory. This is a more special method, problem dependent,
which requires certain rather specific assumptions imposed on the nonlinear terms in the equa-
tion. However, in some cases, particularly when nonlinear terms in the equation are local (e.g.
semilinear wave equation), this method appears a right tool for the problem.

The main results on existence of global attractors which were obtained by the first method
are formulated in Theorem 3.26 and Theorem 3.58. A common tread to these results is ”sta-
bilizability” inequality derived for the system representing two different solutions. This sta-
bilizability inequality is motivated by recent progress in control theory where this particular
type of inequalities have attracted attention in the context of controllability and stabiliza-
tion theory. In fact, this connection between control theory and dynamical system theory is
exploited all along in the paper (see also the qualitative results presented in Chapter 4). A
similar approach is applied in the proof of Theorem 3.34 which allows to avoid assumption of
large damping parameter k in the critical case (η̃ = 0 in relation (3.60) below). However this
theorem requires some compactness of the potential energy functional Π.

The second (splitting) method is presented in Theorem 3.44 and Theorem 3.47. The
splitting method, in comparison with the first one, makes it possible to avoid both assumption
of large damping parameter k in the critical case and compactness requirement for Π at the
expense of additional hypotheses concerning the structure of the damping operator D and of
the nonlinear term F . Since the main application that we have in mind is to wave equations,
we consider the case M = I in these two theorems.

Ultimate dissipativity is most often a preliminary step for proving existence of attractors
-see Theorem 2.3. This property is fundamental to long time behaviour of solutions. We
shall pay particular attention to the task of estimating absorbing radiuses with respect to
the damping parameter. These estimates will be later critically used in asserting asymptotic
smoothness of dynamics within critical region of parameters (such as critical exponents for
nonlinear terms).

34
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3.1. Ultimate dissipativity

There are several approaches to the proof of dissipativity (see, e.g., [4, 19, 20, 57, 58, 61,
72, 100] and the references therein). We shall detail some of these approaches, particularly
these pertinent to our framework. However it should be noted that sometimes it is more
convenient to study dissipativity for concrete examples directly, see e.g., [1, 4, 15, 20, 100].

The task of establishing ultimate dissipativity property is particularly difficult for dy-
namical systems whose energy is not decreasing. This may be due to presence of restoring
forces which are not conservative. However, it is expected that the lack of monotonicity of the
energy will be eventually overtaken by other dissipative mechanisms in the model. By this
we mean that the system will be ”ultimately” dissipative, i.e. the long time dynamics will be
confined to a bounded set called absorbing set.

It is our aim in this section to demonstrate that a rather general class of abstract sys-
tems defined in (1.1) exhibits ultimate dissipativity property under some natural additional
assumptions. It should also be noted that in applications to nonlinear PDE’s not only dissi-
pativity of the dynamical system is needed, but also control of the size of the absorbing set
in terms of the parameters representing the damping. Accordingly, our emphasis is placed on
carrying the estimates with a full control of the dependence on the damping parameter.

In order to prove ultimate dissipativity of the system (H,St) generated by (1.1) we need
some additional assumptions concerning problem (1.1). Below we formulate these assumption
treating separately the two case when non-conservative forces (F ∗ 6≡ 0) are present and the
case when these forces are absent (F ∗ ≡ 0). The treatment of the non-conservative case we
split into two subcases which, roughly speaking, may be described as follows: (i) the damping
operator D and the force F ∗ are linearly bounded, F ∗ is independent of ut, and (ii) the
damping operator D is allowed to be superlinear and the restoring force F ∗ may depend on
ut and satisfies some growth estimate which is stronger than in the subcase (i). We also note
in the subcase (i) the mechanism which allows to prove ultimate dissipativity is some sort
of hidden superlinearity of potential energy, in the subcase (ii) a similar role is played by
superlinearity of the damping.

3.1.1. The model without non-conservative forces. In this subsection we consider
problem (1.1) with F ∗ ≡ 0, i.e. we deal with the problem

(3.1)
{
Mutt(t) +Au(t) + k ·D(ut(t)) = F (u(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2),

where F (u) = −Π′(u). In addition to Assumption 1.1 we impose the following hypotheses
concerning D and F .

Assumption 3.1. (D) • There exist constants c0 ≥ 0 and c1 > 0 such that

(3.2) (Mv, v) ≤ c0 + c1(Dv, v) for any v ∈ D(A1/2) ,

• for any δ > 0 there exists a non-decreasing function Kδ(s) > 0 such that

(3.3) |(Dv, u)| ≤ Kδ(E0(u, v)) · (Dv, v) + δ · (1 + E0(u, v)), u, v ∈ D(A1/2) ,

where E0(u, v) = 1
2 ((Mv, v) + (Au, u)).

(F) There exist 0 ≤ η < 1 and a positive constant c2 such that

(3.4) (u, F (u)) ≤ η|A1/2u|2 + c2, u ∈ D(A1/2) .

Remark 3.2. Assumption (3.3) holds true provided that for any δ > 0 we can find a
non-decreasing function K̃δ(s) > 0 such that

(3.5) |Dv|2[D(A1/2)]′ ≤ δ + K̃δ(|v|V ) · (Dv, v), u, v ∈ D(A1/2).
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Indeed, it follows from (3.5) that

|(Dv, u)| ≤ |Dv|[D(A1/2)]′ · |A1/2u|

≤
√
δ · |A1/2u|+ |A1/2u| ·

(
K̃δ(|v|V ) · (Dv, v)

)1/2

≤
√
δ ·
(
1 + |A1/2u|2

)
+Kδ(E(u, v)) · (Dv, v),

where Kδ(s) = 1
2
√
δ
· K̃δ(

√
2s). After rescaling of δ, this implies (3.3).

Remark 3.3. For sake of concreteness and future reference we note that in the case of
wave equation (1.8) Assumption 3.1(D) holds provided g ∈ C(R) is a monotone increasing
function such that g(0) = 0 and there exist positive constants m1 and m2 such that

(3.6) m1|s| ≤ |g(s)| ≤ m2|s|p for all |s| ≥ 1

where 1 ≤ p ≤ 5 when n = 3 and 1 ≤ p < ∞ for n = 2. Property (3.4) of nonlinear force
F (u) easily follows from (1.11). See Chapter 5 for details.

Our main result on dissipativity in the case F ∗ ≡ 0 is the following:

Theorem 3.4. Under Assumptions 1.1 and 3.1 the system (H,St) generated by (3.1) in
the space H = D(A1/2) × V is ultimately dissipative, i.e. there exists R > 0 possessing the
property: for any bounded set B from H there exists t0 = t0(B) such that ‖Sty‖H ≤ R for
all y ∈ B and t ≥ t0. We can choose a radius R of an absorbing ball such that R does not
depend on the damping parameter k. Moreover, there exists a forward invariant absorbing set
B0 with the size which does not depend on k.

Proof. Our proof is based on Lyapunov’s method. Though the method is standard, in
our case more delicate arguments are needed. This is due to the necessity of tracing the size
of absorbing set as a function of the parameter describing dissipation. Let

V (u, ut) = E(u, ut) + ε(Mut, u),

where the energy E is given by (1.18). The parameter ε > 0 will be chosen later. Since
D(A1/2) continuously embedded into V , we have

(3.7) |(Mut, u)| ≤ C|ut|V · |u|V ≤ (Mut, ut) + c|A1/2u|2.

Therefore by (1.30) there exists ε0 > 0 such that

(3.8)
1
4
· E(u0, u1)− c ≤ V (u0, u1) ≤ 4 · E(u0, u1) + c, u0 ∈ D(A1/2), u1 ∈ V ,

for all 0 < ε ≤ ε0, where c does not depend on ε and E(u0, u1) is defined by (1.19). This
implies that there exist an increasing function ϕ : R+ 7→ R+ and a constant c which do not
depend on the damping parameter k such that

(3.9)
1
8
· ‖y‖2H − c ≤ V (y) ≤ ϕ(‖y‖H), y ≡ (u0, u1) ∈ H = D(A1/2)× V.

Now we consider
d

dt
V (u(t), ut(t)) =

d

dt
E(u, ut) + ε

d

dt
(Mut, u),

where u(t) is a strong solution to problem (1.1). Using (1.1) and energy relation (1.17), for
V (t) = V (u(t), ut(t)) we have that

d

dt
V (t) = −k · (Dut, ut) + (F ∗(u, ut), ut)(3.10)

+ε {(Mut, ut)− (Au, u)− k(Dut, u) + (F (u), u)} .
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Since F ∗ ≡ 0, using (3.3) and (3.4) we obtain that

d

dt
V (t) ≤ −k · [1− εKδ(E0(u(t), ut(t)))] · (Dut, ut) + ε(2− η)(Mut, ut)

+ε {− (2(1− η)− δk)E0(u(t), ut(t)) + δk + c2} .

Thus from (3.2), choosing δ = (1− η)k−1, we get that

d

dt
V (t) ≤ −k ·

{
1− ε

[
2c1
k

+K(1−η)k−1(E0(u(t), ut(t)))
]}

· (Dut, ut)

+ε {− (1− η)E0(u(t), ut(t)) + 2c0 + c2 + 1} .

Let B be a bounded set in H = D(A1/2) × V and (u0, u1) ∈ B. It follows from (1.30) and
energy relation (1.17) with F ∗ ≡ 0 that

E0(u(t), ut(t)) ≤ C(1 + E(u(t), ut(t))) ≤ C(1 + E(u0, u1)) ≤ CB.

Therefore, we have that

d

dt
V (t) ≤ −k ·

{
1− ε

[
2c1
k

+ C(B, k)
]}

· (Dut, ut)

+ε (1− η) {−E0(u(t), ut(t)) + C0} ,

where C0 > 0 does not depend on k. Consequently, there exists ε∗(B, k) ∈ (0, ε0] such that

(3.11)
d

dt
V (t) ≤ −ε (1− η) (E0(u(t), ut(t))− C0) , ε ∈ (0, ε∗(B, k)].

Since by the definition any generalized solution can be approximate by strong solutions,
this formula (in the integral form) remains true for generalized solutions. Therefore, by the
standard method (see, e.g., [19, Theorem 4.1, Chap.1]) we can conclude from (3.11) and (3.9)
that there exists R > 0 independent of k such that the ball

BR = {y ∈ H : ‖y‖H ≤ R}

is absorbing for (H,St). It follows from (1.30) that

BR ⊂ B0 ≡
{
(u0, u1) ∈ H : E(u0, u1) ≤ C1

R

}
⊂
{
y ∈ H : ‖y‖H ≤ C2

R

}
for some C1

R and C2
R. Thus the set B0 is bounded and absorbing. Its invariance follows from

energy relation (1.17) with F ∗ ≡ 0. �

Remark 3.5. It is clear from the argument given in the proof of Theorem 3.4 that, without
controlling of the size of absorbing set, we can obtain dissipativity of (H,St) by changing
assumption (3.3) into the following requirement: there exist a non-decreasing function K(s) >
0 and a constant C such that the relation

(3.12) |(Dv, u)| ≤ K(E0(u, v)) · (Dv, v) + C + δ · E0(u, v), u, v ∈ D(A1/2) ,

holds for some 0 ≤ δ < (1− η)k−1. As in Remark 3.2 one can show that (3.12) follows from
the property

(3.13) |Dv|2[D(A1/2)]′ ≤ C + K̃(|v|V ) · (Dv, v), u, v ∈ D(A1/2),

for some constant C > 0 and non-decreasing function K̃(s) > 0.

Remark 3.6. The fact that the energy E(u, ut) decreases along trajectories in the case
F ∗ ≡ 0 allows to consider superlinear dissipation. Indeed, the presence of the function
Kδ(E(u, v)) in condition (3.3) allows to handle potential superlinearity of the dissipation
(see Remark 3.3).
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3.1.2. The model with non-conservative forces: part I. In this subsection we
assume that F ∗ 6≡ 0. The main difference in comparison with the conservative case (F ∗ ≡ 0)
is that by (1.17) the energy E does not necessarily decrease along trajectories. In fact, it may
behave in an almost arbitrary fashion. This is a reason why dissipativity property requires
more restrictive bounds imposed on the nonlinear terms when non-conservative forces are
present. However, several equations in mathematical physics provide an ample justification
and motivation for considering this class of models.

We shall begin with the case when the non-conservative term does not depend on velocity.
Thus, we consider below the case when F ∗ = F ∗(u), i.e. the problem

(3.14)


Mutt(t) +Au(t) + k ·D(ut(t)) = −Π′(u(t)) + F ∗(u(t)) ≡ F (u(t)),

u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2).

We impose the following

Assumption 3.7. (D) • Relation (3.2) holds, i.e. there exist constants c0 ≥ 0
and c1 > 0 such that

(3.15) (Mv, v) ≤ c0 + c1(Dv, v), v ∈ D(A1/2) ,

• the operator D is linearly bounded in the following sense: there exist non-
negative constant c2 and c3 such that

(3.16) |Dv|[D(A1/2)]′ ≤ c2 + c3|v|V , v ∈ D(A1/2).

(F) • There exist positive constants 0 ≤ η < 1, c4 and c5 such that

(3.17) (u, F (u)) ≤ η|A1/2u|2 − c4Π0(u) + c5, u ∈ D(A1/2) ,

• for every η > 0 there exists Cη > 0 such that

(3.18) |u|2 ≤ Cη + η
(
|A1/2u|2 + Π0(u)

)
, u ∈ D(A1/2) ,

• the non-conservative term F ∗(u) satisfies the inequality

(3.19) |F ∗(u)|2V ′ ≤ c6 + c7|A1/2−δu|2 for some δ > 0.

Remark 3.8. We note that inequality in (3.18) is often related to some sort of unique
continuation properties. Indeed, the validity of this inequality is typically reduced (via
compactness-contradiction argument) to the verification of the following implication Π0(u) =
0 → u = 0. The above implication, in many applications, can be interpreted as an uniqueness
property of some nonlinear PDE’s. This property is related to a ”hidden” superlinearity of
potential energy. In fact, in the case of von Karman evolutions this implication coincides with
uniqueness of zero solutions to Monge–Ampere equations (see Chapter 6 and , e.g., [26] and
the references therein). Relation (3.18) when combined with interpolation inequality imply
that for any positive δ > 0 and any positive number η there exists a constant Cη such that

(3.20) |A1/2−δu|2 ≤ η[|A1/2u|2 + Π0(u)] + Cη.

Moreover, we can suppose that Cη = b(1/η), where b(ξ) is a non-decreasing function of
ξ ∈ R+ \ {0}.

Remark 3.9. Von Karman model (1.12) and (1.13) considered in Example 1.3 with non-
conservative term of the form F ∗(u) = L(u, ut) = ∂x1u occurring in nonlinear elasticity with
aeroelastic forces that contribute to non-conservative terms is a typical application of the
setup considered in Assumption 3.7. Assumption 3.7(D) is valid for this model provided that
the functions g0 and g = (g1, g2) possess the following additional property

(3.21) m1s
2 ≤ sg0(s) ≤ m2s

2, |s| ≥ 1,
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and

(3.22) m1(s21 + s22) ≤
∑
i=1,2

sigi(s1, s2) ≤ m2(s21 + s22), s21 + s22 ≥ 1,

where m1 and m2 are positive constants. Assumption 3.7(D) is valid with c0 = c2 = 0, if
relations (3.21) and (3.22) hold for all s ∈ R and (s1, s2) ∈ R2.

For this model Assumption 3.7(F) also holds (see Chapter 6 for details). The validity of
this condition is based on the validity of uniqueness property [w,w] = 0 → w = 0, a property
linked with uniqueness of Monge–Ampere equations.

Theorem 3.10. Under Assumptions 1.1 and 3.7 the system (H,St) generated by (3.14)
in the space H = D(A1/2) × V is ultimately dissipative. It possesses a forward invariant
bounded absorbing set (whose size may depend on the damping parameter k).

Assume, in addition that Assumption 3.7(D) holds with c0 = c2 = 0 in (3.15) and (3.16),
i.e. there exist constants c1 > 0 and c3 > 0 such that

(3.23) (Mv, v) ≤ c1(Dv, v), v ∈ D(A1/2) ,

and

(3.24) |Dv|[D(A1/2)]′ ≤ c3|v|V , v ∈ D(A1/2).

Then we can choose an absorbing ball with radius which is independent of the damping param-
eter k ∈ [k0,+∞) for every fixed k0 > 0. In this case a forward invariant bounded (uniformly
with respect to k ≥ k0) absorbing set also exists.

Proof. We first note that, without loss of generality, we can assume that |v|V = |M1/2v|
for any v ∈ V . It is also easy to see that Assumption 3.7(D) implies that

(3.25) |(Dv, u)|2 ≤ [1 + E(u, v)] · [c̃2 + c̃3(Dv, v)] , u, v ∈ D(A1/2),

where E(u, v) is given by (1.19) and

(3.26) c̃2 = 4(c22 + c0c
2
3), c̃3 = 4c1c23.

As in the proof of Theorem 3.4 we consider the functional

V (u, ut) = E(u, ut) + ε(Mut, u).

The parameter ε > 0 will be chosen later. As above, using (3.7) and (1.30) one can see that
there exists ε0 > 0 such that

(3.27)
1
4
· E(u0, u1)− c ≤ V (u0, u1) ≤ 4 · E(u0, u1) + c, u0 ∈ D(A1/2), u1 ∈ V ,

for all 0 < ε ≤ ε0, where E(u0, u1) is given by (1.19) and the constant c > 0 does not depend
on ε and k.

From (3.15) we have that |ut|V ≤
√
c0 +

√
c1 · (Dut, ut)1/2. Therefore, we can write

(F ∗(u), ut) ≤ |F ∗(u)|V ′ · |ut|V ≤
k

4
(Dut, ut) +

√
c0|F ∗(u)|V ′ +

c1
k
|F ∗(u)|2V ′ .

Consequently, for V (t) = V (u(t), ut(t)) from (3.10) and (3.17) we obtain that
d

dt
V (t) ≤ −3

4
k(Dut, ut) + ε(2− η)(Mut, ut)− εk(Dut, u) +

√
c0|F ∗(u)|V ′

+
c1
k
|F ∗(u)|2V ′ + ε {−2(1− η)E0(u, ut)− c4Π0(u) + c5} .

Hence, it follows from property (3.15) that

d

dt
V (t) ≤

(
−3

4
k + 2εc1

)
(Dut, ut) + εk(Dut, u)

+
√
c0|F ∗(u)|V ′ +

c1
k
|F ∗(u)|2V ′ + εa0 {−E(u, ut) + a1} ,(3.28)
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where a0 = min{2− 2η, c4} > 0 and a1 = a−1
0 (2c0 + c5) > 0 do not depend on ε and k.

From (3.25) we have that

k|(Dut, u)| ≤
a0

2
(1 + E(u, ut)) +

k2

2a0
(c̃2 + c̃3 · (Dut, ut)) ,

where c̃2 and c̃3 are given by (3.26). Therefore (3.28) implies that

d

dt
V (t) ≤

(
−3

4
k + ε

[
2c1 +

c̃3k
2

2a0

])
(Dut, ut)

+
√
c0|F ∗(u)|V ′ +

c1
k
|F ∗(u)|2V ′ +

εa0

2

{
−E(u, ut) + 1 + a1 +

c̃2k
2

2a2
0

}
.(3.29)

For every fixed k > 0 we can choose ε > 0 such that

d

dt
V (t) ≤

√
c0|F ∗(u)|V ′ +

c1
k
|F ∗(u)|2V ′ + a2 {−E(u, ut) + a3} ,

where a2 and a3 are positive constants. Therefore, it follows from (3.27), (3.19) and (3.20)
that

d

dt
V (t) + γV (t) ≤ C

with positive constants γ and C (which may depend on k). After integration, this implies

(3.30) V (u(t);ut(t)) ≤ V (u0;u1)e−γt + Cγ−1(1− e−γt), t > 0, (u0;u1) ∈ H .

Therefore, for any R > Cγ−1 the set

VR = {(u0;u1) ∈ H : V (u0, u1) ≤ R}

is a positively invariant absorbing set for the system considered. It is clear that VR is bounded.
Thus the first part of Theorem 3.10 is proved.

To prove the second part of this theorem we note that in this case c0 = 0 in (3.15) and
c2 = 0 in (3.16). Therefore, by (3.26) c̃2 = 0 Hence, (3.29) can be rewritten in the form

d

dt
V (t) ≤

(
−3

4
k + ε

[
2c1 +

c̃3k
2

2a0

])
(Dut, ut)

+
c1
k
|F ∗(u)|2V ′ +

εa0

2
(−E(u, ut) + 1 + a1) ,(3.31)

where a0 > 0 and a1 > 0 does not depend on ε and k. We need to estimate the contribution
of the term F ∗. From (3.19) and (3.20) we have

c1
k
|F ∗(u)|2V ′ ≤

C

k

(
1 + |A1/2−δu|2

)
≤ η

k
((Au, u) + Π0(u)) +

1
k
· b
(

1
η

)
,

where b(ξ) > 0 is a non-decreasing function of ξ ∈ R+ \ {0}. Taking η proportional to εk we
obtain

c1
k
|F ∗(u)|2V ′ ≤

εa0

8
((Au, u) + Π0(u)) +

1
k
· b̃
(

1
εk

)
.

Now we take

ε ≡ ε(k) =
3kδ0

8c1 + 2a−1
0 c̃3k2

,

where 0 < δ0 < 1 is chosen such that ε(k) ≤ ε0 for all k ≥ 0. In this case from (3.31) we
obtain that

d

dt
V (t) ≤ −εa0

4
E(u(t), ut(t)) + ε

[
a0

2
(1 + a1) +

1
εk
· b̃
(

1
εk

)]
.
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Since for any fixed k0 > 0 there exists δ(k0) > 0 such that kε(k) ≥ δ(k0) for all k ≥ k0, using
(3.27) we conclude that

d

dt
V (u(t), ut(t)) + αεV (u(t), ut(t)) ≤ ε · C,

where the constants α > 0 and C > 0 do not depend on k ∈ [k0,+∞) for every fixed k0 > 0.
After integration we obtain that

(3.32) V (u(t), ut(t)) ≤ V (u0, u1) · e−αεt + Cα−1 ·
(
1− e−αεt

)
.

As before, the above inequality is obtained for strong solutions. Standard limit argument
based on density allows to extend the inequality to all generalized solutions. Thus (3.32)
implies ultimate dissipativity of (H,St) with absorbing set whose size is independent of the
damping parameter k ∈ [k0,+∞). Moreover, as above one can see that for any R > Cα−1

the set
VR = {(u0;u1) ∈ H : V (u0, u1) ≤ R}

is a positively invariant absorbing set for the system considered with the size independent of
k ∈ [k0,+∞) for every fixed k0 > 0. �

We note that Assumption 3.7 assumes implicity linear bound on the non-conservative
term F ∗(u), which in addition needs to be compact. This is expressed by the last condition
in Assumption 3.7. In addition, condition (3.16) in Assumption 3.7 forces linear bound on
the damping. While these restrictions are to be expected in general when non-conservative
potential terms are in the model, in some more special cases when the potential energy has
strong coercivity properties, we will be able to relax these constraints. There are many models
of physical interest (see Chapter 7 for examples) when non-conservative term is non-compact
and may be superlinear. Similarly the damping may be superlinear. In such cases it is still
possible to obtain ultimate dissipativity, however at the expenses of assuming large values of
the damping parameter. The relevant result is formulated below.

Theorem 3.11. Let Assumption 1.1 be valid. Assume that Assumption 3.7 holds with
the following two relations replacing respectively (3.16) and (3.19):

(3.33) k|(Dv, u)| ≤ η
[
|A1/2u|2 + Π0(u)

]
+ Cη,k + C1 · (Dv, v) v, u ∈ D(A1/2),

where η > 0 is arbitrary small and C1 does not depend on k, and

(3.34) |F ∗(u)|2V ′ ≤ C2 + C3

(
|A1/2u|2 + Π0(u)

)
, u ∈ D(A1/2).

Then there exists k∗ > 0 such that the system (H,St) generated by (3.14) in the space H =
D(A1/2)×V is ultimately dissipative for each k ≥ k∗. It possesses a forward invariant bounded
absorbing set (whose size may depend on the damping parameter k).

Proof. The main idea of the proof is the same as in the first part of Theorem 3.10.
However, rescaling of the parameters will be different. We start with relation (3.28). It
follows from (3.33) with an appropriate choice of δ so that

(3.35) k|(Dut, u)| ≤
a0

2
E(u, ut) + d1 · (Dut, ut) + Ck,

where a0 is the same as in (3.28) and the constant d1 is independent of k. Therefore (3.28)
implies that

d

dt
V (t) ≤

(
−3

4
k + ε [2c1 + d1]

)
(Dut, ut)

+
√
c0|F ∗(u)|V ′ +

c1
k
|F ∗(u)|2V ′ −

εa0

2
E(u, ut) + εCk.
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Now using (3.34) we obtain that

d

dt
V (t) ≤

(
−3

4
k + εd2

)
(Dut, ut)−

a0

4

(
ε− d3

k

)
E(u, ut) + Ck,ε.

Therefore, taking ε = 3k
4d2

we find that from (3.27) that for each k ≥ 2
√
d2d3,

d

dt
V (t) ≤ −ωkV (t) + Ck,

where ωk and Ck are positive constant depending on k. As above (cf. (3.30)), we complete
the proof. �

Remark 3.12. Using (3.20) we can derive estimate (3.33) from the relation

(3.36) |Dv|[D(A1/2−δ)]′ ≤ c1 + c2|v|V

for some δ > 0. Indeed, by interpolation we have that

k|(Dv, u)| ≤ k · (c1 + c2|v|V ) |A1/2−δu|
≤ |v|2V + C1,k · |A1/2−δu|2 + C2,k.

Therefore, using (3.20) we obtain (3.33). Thus Theorem 3.11 remains true if we replace (3.33)
by (3.36).

Remark 3.13. As already indicated above, models that exhibit conservative forces com-
plying with the setup of Theorem 3.11 are models with superlinear potential energy. A
prototype for this framework is Kirchhoff limit model considered in Chapter 7. In that case
conservative forces are superlinear: F ∗(u) = |∇u|2.

3.1.3. The model with non-conservative forces: part II. In this subsection we
shall consider another type of non-conservative force that may depend on the velocity as well.
In that case, the proof of ultimate dissipativity requires slightly different setup. The approach
presented involves a well-known ”barrier’s” method which become a standard device in dealing
with problems with non-monotone energy (see [61] and the references therein). This method
allows to avoid linear type growth condition (3.16) imposed on the damping operator D.
Instead, it requires a stronger (than (3.19)) hypothesis concerning growth of F ∗(u). However,
in the case of superlinear damping the ”barrier’s” method allow us to include easily in the
non-conservative force F ∗ an essential dependence on the velocity ut.

Thus we consider the following problem

(3.37)
{
Mutt(t) +Au(t) + k ·D(ut(t)) = −Π′(u(t)) + F ∗(u(t), ut(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2).

Here M and A are the same as above (see Section 1.2) and and D and Π satisfy the hypotheses
listed in Assumption 1.1. In addition, we impose the following hypotheses concerning D, Π
and F ∗.

Assumption 3.14. • There exist constants c0 ≥ 0 and c1 > 0 such that

(3.38) (Mv, v) ≤ c0 + c1(Dv, v) for any v ∈ D(A1/2) ;

• there exist 0 ≤ η < 1, constants c2 > 0 and c3, c4 ≥ 0 such that

−k(Dv, u) + (u, F ∗(u, v)) ≤ (Π′(u), u) + η|A1/2u|2 − c2Π0(u)
+c3 + c4 · [1 + E(u, v)]γ · (Dv, v),(3.39)

for any u, v ∈ D(A1/2), where 0 ≤ γ < 1, E(u, v) is given by (1.19) and Π0(u) is the
positive part of the potential energy Π (see Assumption 1.1);
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• there exist a number 0 ≤ η < 1 and a non-decreasing continuous function b : R+ 7→
R+ \ {0} such that

(3.40) lim
s→∞

{
s1−1/γ · b(s)

}
= 0,

in the case γ > 0, where γ is the parameter from (3.39), and for any 0 < δ ≤ 1 we
have the relation

(3.41) (v, F ∗(u, v)) ≤ ηk(Dv, v) + δE(u, v) + b

(
1
δ

)
, u, v ∈ D(A1/2) ,

where E(u, v) is given by (1.19).

We also assume that the conclusions of Theorem 1.5 hold for problem (3.37), that is (i)
for every (u0, u1) ∈ D(A1/2)×D(A1/2), such that Au0+kDu1 ∈ V ′ there exists unique strong
solution to problem (3.37) on any interval [0, T ] possessing property (1.16) and satisfying the
energy relation

(3.42) E(u(t), ut(t)) + k

∫ t

0

(Dut(τ), ut(τ))dτ = E(u0, u1) +
∫ t

0

(F ∗(u(τ), ut(τ)), ut(τ))dτ ,

where E(u0, u1) is given by (1.18), and (ii) for every (u0;u1) ∈ D(A1/2)×V there exists unique
generalized solution.

The above requirement is not an assumption in the case of locally Lipschitz restoring
forces (see (1.3)), but in the generality considered (where F ∗(u, v) may be strongly nonlinear
and non-locally Lipschitz) additional arguments for the well-posedness part may be needed
(see, e.g., Remark 1.8).

Our main result on dissipativity in this subsection is the following:

Theorem 3.15. Under Assumption 3.14 the system (H,St) generated by (3.37) in the
energy space H is ultimately dissipative for each k > 0, i.e. there exists R0 > 0 (which may
depend on k) possessing the property: for any bounded set B from H there exists t0 = t0(B)
such that ‖Sty‖H ≤ R0 for all y ∈ B and t ≥ t0. Moreover, there exists a forward invariant
bounded absorbing set B0.

Proof. We use the usual Lyapunov’s function along with a ”barrier’s” method (see [61]
and the references therein). In fact, we use the same Lyapunov’s function as in the previous
cases. Let

Vc(u, ut) = E(u, ut) + ε(Mut, u) + c, ε ∈ (0, ε0)

where the energy E is given by (1.18) and the constants ε0 > 0 and c > 0 are chosen such that

(3.43) E(u0, u1) ≤ 4Vc(u0, u1) ≤ ϕ(‖y‖H), y ≡ (u0, u1) ∈ H = D(A1/2)× V,

for all 0 < ε ≤ ε0, where ϕ : R+ 7→ R+ is an increasing function. This choice is possible due
to relations (3.8) and (3.9). Computing the derivative of Vc(t) on a strong solution u(t), as
above (cf. (3.10)) we obtain that

d

dt
Vc(t) = −k · (Dut, ut) + (F ∗(u, ut), ut)

+ε {(Mut, ut)− (Au, u)− k(Dut, u)− (Π′(u), u) + (F ∗(u, ut), u)} .

Therefore, from (3.39) and (3.41) we have that

d

dt
Vc(t) = −k(1− η) · (Dut, ut) + δE(u, ut) + b

(
1
δ

)
+ ε · (Mut, ut)

+ε
{
−(1− η)|A1/2u|2 − c2Π0(u) + c3 + c4 · [1 + E(u, ut)]

γ · (Dut, ut)
}
.
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Therefore using (3.38), (3.43) and choosing δ proportional to ε, after rescaling of ε we find
that there exist constants di independent on ε such that

d

dt
Vc(t) + εVc(t) ≤ d0

{
ε+ b

(
d1

ε

)}
+ d2 {ε [1 + Vc(t)]

γ − d3} · (Dut, ut)

for any ε ∈ (0, ε0). Therefore

Vc(t) ≤ e−ε(t−s)Vc(s) + d0

{
1 +

1
ε
b

(
d1

ε

)}
(3.44)

+d2

∫ t

s

e−ε(t−τ) {ε [1 + Vc(τ)]
γ − d3} · (Dut(τ), ut(τ))dτ

for all t ≥ s ≥ 0. If γ = 0, then by choosing ε < d3 one can easily see from the relation above
that the system dissipative.

Consider the case γ > 0 and show that the integral term in (3.44) can also be eliminated.
Let σ(V ) be a solution to the algebraic equation

(3.45) {1 + V + d0(1 + σ · b(d1σ))}γ =
d3σ

2
for each V ∈ R+. Since σ · b(d1σ) is a strictly increasing continuous function, (3.40) holds and
γ < 1, this equation has unique solution and the function V 7→ σ(V ) is continuous, positive
and strictly increasing on R+. Moreover, σ(V ) → +∞ as V → +∞.

Now we take ε = [σ(Vc(s))]
−1 in (3.44) and apply ”barrier’s ” method. We claim that

(3.46) ε [1 + Vc(t)]
γ − d3 < 0 for all t ≥ s

for this choice of ε. Indeed, it is clear from (3.45) that

ε [1 + Vc(s)]
γ − d3 < −d3

2
< 0.

Thus by continuity of Vc(t) we have (3.46) for t from some interval [s, s + T ). If T < +∞,
then there exists T ∗ > 0 such that

(3.47) ε [1 + Vc(t)]
γ − d3 < 0, t ∈ [s, s+ T ∗), and ε [1 + Vc(s+ T ∗)]γ − d3 = 0.

Under this condition we obtain from (3.44) that

Vc(t) ≤ Vc(s) + d0

{
1 +

1
ε
b

(
d1

ε

)}
, t ∈ [s, s+ T ∗).

Thus by (3.45) we have that

ε [1 + Vc(t)]
γ ≤ ε

[
1 + Vc(s) + d0

{
1 +

1
ε
b

(
d1

ε

)}]γ
=
d3

2
, t ∈ [s, s+ T ∗).

By continuity of Vc(t) this relation contradicts to the second relation in (3.47). Thus

Vc(t) ≤ e−ε(Vc(s))(t−s)Vc(s) + f(Vc(s)) for all t ≥ s ≥ 0,(3.48)

where
ε(V ) = [σ(V )]−1

, f(V ) = d0 {1 + σ(V )b (d1σ(V ))}
and σ = σ(V ) solves (3.45). In particular, from (3.48) we have that

(3.49) Vc(t) ≤ Vc(0) + f(Vc(0)) for all t ≥ 0.

Let us assume that Vc(0) ≤ R for some R > 0. Since σ(V ) is increasing function, relation
(3.49) implies that there exists εR > 0 such that

ε(Vc(s)) ≥ εR > 0 for all s ≥ 0.

Therefore
Vc(t) ≤ e−εR(t−s)Vc(s) + f(Vc(s)) for all t ≥ s ≥ 0,
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provided Vc(0) ≤ R. Since f(V ) is an increasing function, we obtain that

WR(t) ≤ e−εR(t−s)WR(s) + f(WR(s)) for all t ≥ s ≥ 0,(3.50)

where WR(t) = supVc(0)≤R Vc(t). This implies that

W∞
R ≡ lim sup

t→∞
WR(t) ≤ f(WR(s)) < +∞ for all s ≥ 0,

Therefore the continuity of the function f(V ) gives that W∞
R ≤ f(W∞

R ). However, it is easy to
see from the definition of the function f and from relation (3.40) that limV→∞

{
V −1f(V )

}
=

0. This implies that there exists V0 > 0 (independent of R) such that W∞
R ≤ V0. Therefore

dissipativity of the system (H,St) generated by (3.37) follows from (3.43).
If the set B = {y ∈ H : ‖y‖2H ≤ R} is absorbing for (H,St), then StB ⊂ B for all t ≥ tB .

This implies that B0 = ∪t≥tBStB is a forward invariant absorbing set and B0 ⊆ B. This
completes the proof of Theorem 3.15. �

We note the fact that the proof collapses when condition (3.40) for γ > 0 does not
hold. On the other hand this condition is very natural in applications, as will be seen in
Example 3.19 below.

Now we consider a special case when the non-conservative F ∗ has the form F ∗(u, ut) =
D∗(ut) +G∗(u). In this case we impose the following hypotheses.

Assumption 3.16. (D) Operators D and D∗ possess the properties:
• relation (3.38) holds;
• for any δ > 0 there exist constants aδ1 > 0 and aδ2 > 0 such that

(3.51) (−kDv +D∗v, u) ≤ δE(u, v) + aδ1 + aδ2 · [1 + E(u, v)]γ · (Dv, v),
for any u, v ∈ D(A1/2), where γ ∈ [0, 1) and E(u, v) is given by (1.19);

• there exists a number 0 ≤ η < 1 and a constant a3 such that

(3.52) (v,D∗v) ≤ ηk(Dv, v) + a3, v ∈ D(A1/2) .

(F) The nonlinear operator F (u) ≡ −Π′(u) + G∗(u) satisfies relation (3.17) and there
exists a non-decreasing continuous function b : R+ 7→ R+ \{0} such that (i) if γ > 0
in (3.51), then (3.40) holds, and (ii) for any 0 < δ ≤ 1 we have the relation

(3.53) |G∗(u)|2V ′ ≤ δ
(
|A1/2u|2 + Π0(u)

)
+ b

(
1
δ

)
, u, v ∈ D(A1/2) ,

where Π0(u) is the positive part of the potential energy Π (see Assumption 1.1).

A direct application of Theorem 3.15 gives the following assertion.

Corollary 3.17. Let F ∗(u, ut) = D∗(ut) + G∗(u). Then under Assumptions 3.16 the
system (H,St) generated by (3.37) is ultimately dissipative for each k > 0 and possesses a
forward invariant bounded absorbing set.

Proof. We check that Assumption 3.16 implies Assumption 3.14 for the case considered.
It follows from (3.51) and (3.17) that

(−kDv, u) + (F ∗(u, v), u)− (Π′(u), u) ≤ η|A1/2u|2 − c4Π0(u)

+c5 + δE(u, v) + aδ1 + aδ2 · [1 + E(u, v)]γ · (Dv, v).
Therefore using (3.38) and choosing an appropriate δ we obtain (3.39).

From (3.53) and (3.38) we have that

(v,G∗(u)) ≤ |v|V |G∗(u)|V ′ ≤ ε|v|2V +
1
4ε
|G∗(u)|2V ′

≤ ε (c0 + c1(Dv, v)) +
1
4ε

[
δ
(
|A1/2u|2 + Π0(u)

)
+ b

(
1
δ

)]
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for any ε, δ ∈ (0, 1). Therefore using (3.52), choosing ε = ε0 small enough and rescaling δ we
obtain (3.41) with the function b(s) of the form d1 + d2b(d3s). Thus Assumption 3.14 holds
for the case considered. �

Remark 3.18. We note that in the case when the restoring force F ∗ is only velocity
dependent (i.e. G∗(u) ≡ 0), the assumptions required are much simpler, since there is no
need for constructing a function b(s). The conclusion of Corollary 3.17 holds under the (D)-
part of Assumption 3.16 and standard requirement (3.17) imposed on F (u) = −Π′(u).

In order to illustrate the abstract setup and to provide motivation for the assumptions
imposed, we shall consider two canonical examples of wave equation and von Karman equation.
Through these examples we shall see that the hypotheses imposed are natural and satisfied
for many classical models.

Example 3.19 (Wave equation with non-monotone damping). In a bounded do-
main Ω ⊂ Rn, n = 2, 3, with a smooth boundary Γ we consider the following equation

(3.54) wtt −∆w + kg(wt) + g∗(wt) + f(w) = 0 in Q = [0,∞)× Ω

subject to the boundary condition either Dirichlet w = 0 on Σ ≡ [0,∞) × Γ or else Robin
type ∂νw + w = 0 in Σ and the initial conditions w(0) = w0 and wt(0) = w1. We assume
that k is a positive parameter and the functions g(s) and f(s) possess properties (1.9)–(1.11)
(see Example 1.2). In addition we assume that g(s) satisfies (3.6) and g∗(s) is a continuous
function such that

(3.55) lim sup
|s|→∞

∣∣∣∣g∗(s)g(s)

∣∣∣∣ < k.

One can see that Assumption 3.16 holds with G∗ ≡ 0. Indeed, condition (3.55) implies at
once relation (3.52) in Assumption 3.16(D). As for (3.51), on the strength of (3.55) it suffices
to verify the inequality (3.51) for (Dv, u) term only. Let us take n = 3 (the analysis for n = 2
is simpler). In this case the growth condition (3.6) imposed on g(s) along with Sobolev’s
embeddings yield:

−(D(v), u) = −
∫

Ω

g(v)udx ≤ |u|L6(Ω)

[∫
Ω

|g(v)| 65 dx
] 5

6

≤ ‖u‖L6(Ω)

[
C +

∫
Ω

|g(v)v|
] 5

6

≤ δ‖u‖2H1(Ω) +
C1

δ
+ C2‖u‖H1(Ω)

∫
Ω

g(v)vdx,

which implies inequality (3.51) with γ = 1/2. Thus, if problem (3.54) is well-posed (in the
sense of Theorem 1.5), then the corresponding dynamical system is dissipative. On the other
hand, problem (3.54) is certainly well-posed if we assume that g(s) and f are subject to the
usual conditions specified in (1.9) -(1.11) (see Example 1.2) and the operator v → g∗(v) is
locally Lipschitz on L2(Ω). A particular case is, of course, a linear antidamping g∗(s) =
−const2 · s. Thus, the result presented above extends significantly that found in [103], where
g(s) = s3 and g∗(s) = −s are considered.

Example 3.20 (Von Karman evolution equations). We can apply Corollary 3.17 to
von Karman problem (1.12) and (1.13) with α > 0, g(s1, s2) = (g1(s1), g2(s2)), and with
non-conservative term L(u, ut) = D∗(ut) +G∗(u) with

D∗(ut) = g∗(ut,∇ut), G∗(ut) = f(u,∇u),
where g∗, f : R3 7→ R are continuous functions with the properties

(3.56) lim supP
i |si|→∞

|s0g∗(s0, s1, s2)|
s0g0(s0) + α(s1g1(s1) + s2g2(s2))

< k,
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|g∗(s0, s1, s2)| ≤ C (1 + s0g0(s0) + α[s1g1(s1) + s2g2(s2)]) ,

where C is a positive constant, and

(3.57) lim supP
i |si|→∞

|f(s0, s1, s2)|
(|s0|+ |s1|+ |s2|)r

<∞

with some r < 1/2.
Indeed, a similar argument as for wave equations, allow us to derive (3.51) with γ = 1/2

and (3.52) from (3.56).
As for Assumption 3.16(F) we note that (3.57) implies

|f(s0, s1, s2)| ≤ C · (1 + |s0|+ |s1|+ |s2|)r .

Therefore

|G∗(u)|2V ′ = ‖G∗(u)‖2H−1(Ω) ≤ Cr‖G∗(u)‖2L2/r(Ω)

≤ C
(
1 + ‖u‖2rH1(Ω)

)
≤ C

(
1 + δ‖u‖2H1(Ω) + δ−r/(1−r)

)
.

This implies (3.53) with b(s) = C1 + C2s
r/(1−r). To satisfy (3.40) with γ = 1/2 we need

r/(1− r) < 1, i.e. 0 < r < 1/2.
In the case α = 0 with f ≡ 0 instead of (3.56) we should assume that g∗(s0, s1, s2) ≡ g∗(s0)

depends on s0 only and

lim sup
|s|→∞

∣∣∣∣g∗(s)g0(s)

∣∣∣∣ < k,

as in the case of wave equations.
We note that in the present example non-conservative forces involve displacement and

velocity. In such case, an appropriate scaling between superlinearity of the damping and
sublinearity of the non-potential force seems necessary. This is expressed by the fact that
r < 1/2 is required in (3.57).

3.2. Asymptotic smoothness: the main assumption

Starting from this section we assume that the dynamical system generated by (1.1) is
dissipative. Sufficient conditions for this are given in the previous section. Therefore, in order
to prove an existence of global attractor for evolution (1.1), by appealing to Theorem 2.3 one
needs to establish an asymptotic smoothness. For this, some continuity type of assumptions
are necessary. These are formulated below.

Assumption 3.21. (D) There exist a strictly increasing, concave function H0 ∈
C(R+) with the property H0(0) = 0, such that

(3.58) H0((D(u+ v)−D(u), v)) ≥ (Mv, v) for any u, v ∈ D(A1/2).

Moreover, there exist parameters κ ∈ (0, 2] and 0 < δ < 1/2 such that for every
ε > 0 we have inequality

(3.59)

|(D(u+ v)−D(u), w)|

≤ Cε1(r) · (D(u+ v)−D(u), v)

+C2(r) (1 + (D(u), u) + (D(u+ v), u+ v)) [|A1/2−δw|κ + ε|A1/2w|2]

for any u, v, w ∈ D(A1/2) such that |A1/2w|+ |M1/2u|+ |M1/2v| ≤ r with arbitrary
r > 0, where Cε1(r) and C2(r) are non-decreasing functions of r, C2(r) does not
depend on ε.
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(F) There exist 0 ≤ η̃ ≤ 1/2 and a compact seminorm on V denoted by nV such that

(3.60) |(F (u, v)− F (û, v̂)|2V ′ ≤ C(r)
[
|A1/2−eη(u− û)|2 + n2

V (v − v̂)
]

for any (u, v) and (û, v̂) from D(A1/2)×V such that |A1/2u|+ |v|V ≤ r and |A1/2û|+
|v̂|V ≤ r. Here r > 0 is arbitrary, C(r) is a non-decreasing function of r.

Remark 3.22. We recall that a seminorm nV is compact on V , if nV (vn) → 0 for any
sequence {vn} ⊂ V such that vn → 0 weakly in V as n→∞. A typical example of compact
semi-norm can be given by nV (v) ≡ |A−δM1/2v|V for some positive δ.

We also note that in a special case when H0(s) = k−1
0 s condition (3.58) is nothing else but

strong monotonicity requirement imposed on the damping operator D. However, in a more
general case when H0 is nonlinear, condition (3.58) allows to obtain estimates with a damping
whose behaviour at the origin is not quantified (e.g., superlinear). In practical applications
where D(v) = g(v) and g is a monotone (scalar) function, we take H0(s) = s, |s| ≥ 1, and the
behaviour of H0(s) for |s| ≤ 1 is described by a suitable concave function depending on g [79].
Condition (3.59) is, instead, continuity type of requirement. We also note that coercivity
condition (3.58) implies property (3.2) in Assumption 3.1 (see also (3.15)). Concerning (3.59)
we note that the substitution u = 0 in (3.59) leads to a less restrictive condition in comparison
with (3.3). Finally, condition (3.60) states local Lipschitz continuity of the nonlinear term F
(cf. (1.3)).

We conclude this section with some preliminary assertions which are important tool in
further considerations.

Lemma 3.23. Under Assumption 1.1 there exists T0 > 0 and a constant c > 0 independent
of T such that for any pair w and v of strong solutions to (1.1) we have the following relation

TEz(T ) +
∫ T

0

Ez(t)dt ≤ c

{∫ T

0

|M1/2zt(s)|2ds+ k

∫ T

0

(D(t, zt), zt)dt

+ k

∫ T

0

|(D(t, zt), z)| dt+ ΨT (w, v)

}
(3.61)

for every T ≥ T0, where z(t) = w(t)− v(t) and we use the following notations:

Ez(t) = E0(z(t), zt(t)) =
1
2

((Mzt(t), zt(t)) + (Az(t), z(t))) ,

D(t, zt) = D(vt(t) + zt(t))−D(vt(t)),

ΨT (w, v) =

∣∣∣∣∣
∫ T

0

(Gw,v(τ), zt(τ))dτ

∣∣∣∣∣+
∣∣∣∣∣
∫ T

0

(Gw,v(t), z(t))dt

∣∣∣∣∣
+

∣∣∣∣∣
∫ T

0

dt

∫ T

t

(Gw,v(τ), zt(τ))dτ

∣∣∣∣∣(3.62)

with Gw,v(t) given by

(3.63) Gw,v(t) = F (w(t), wt(t))− F (v(t), vt(t))

Proof. The variable z satisfies the equation

(3.64) Mztt +Az + kD(t, zt) = Gw,v(t)

and hence we have the following energy relation

(3.65) Ez(T ) + k

∫ T

t

(D(τ, zt), zt)dτ = Ez(t) +
∫ T

t

(Gw,v(τ), zt(τ))dτ.
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Multiplying (3.64) by z after integration we obtain that∫ T

0

Ez(t)dt ≤ c0 (Ez(T ) + Ez(0)) +
∫ T

0

|M1/2zt(s)|2ds

+
k

2

∫ T

0

|(D(s, zt), z)|ds+
1
2

∫ T

0

(Gw,v(s), z(s))ds.(3.66)

From (3.65) we have

Ez(0) = Ez(T ) + k

∫ T

0

(D(τ, zt), zt)dτ −
∫ T

0

(Gw,v(τ), zt(τ))dτ

and integrating (3.65) from 0 to T

TEz(T ) ≤
∫ T

0

Ez(t)dt+
∫ T

0

dt

∫ T

t

(Gw,v(τ), zt(τ))dτ.

Therefore (3.61) follows from (3.66). �

Remark 3.24. The inequality stated in Lemma 3.23 will constitute a common first step in
the proofs of several assertions in this and the next chapters on the existence and finite dimen-
sionality of global attractors. The inequality in (3.61) represents equipartition of the energy.
The potential energy is reconstructed from the kinetic energy and the nonlinear quantities
entering the equation. Eventually, these quantities will need to be absorbed (‘modulo’ lower
order terms) by the damping. The realization of this step depends heavily on the assumptions
imposed on the model.

For the estimates involving the damping operator the following inequality will be fre-
quently used:

Lemma 3.25. Let Assumption 1.1 be in force. Assume that w and v are strong solutions
to (1.1) possessing properties

(3.67) max
s∈[0,T ]

{
|A1/2w(s)|2 + |M1/2wt(s)|2 + |A1/2v(s)|2 + |M1/2vt(s)|2

}
≤ R2

for some R > 0. Then, with the notations from the previous lemma, we have that

(3.68)
1
2

max
t∈[0,T ]

|A1/2z(t)|2 ≤ Ez(T ) + k

∫ T

0

(D(t, zt), zt)dt+ cR

∫ T

0

Ez(t)dt,

hence, trivially,∫ T

0

[(D(wt), wt) + (D(vt), vt)] |A1/2z|2dt

≤ 2DT
0 ·

[
Ez(T ) + k

∫ T

0

(D(t, zt), zt)dt+ cR

∫ T

0

Ez(t)dt

]
,(3.69)

where cR > 0 does not depend on k and T ,

(3.70) DT
0 = DT

0 (w, v) ≡
∫ T

0

[(D(wt), wt) + (D(vt), vt)] dt.

Proof. With the same notations as in Lemma 3.23 we have that

|(Gw,v(t), zt)| ≤ CR

(
|A1/2z|+ |M1/2zt|

)
|M1/2zt| ≤ CREz(t)

under condition (3.67). Therefore, it follows from (3.65) that

max
t∈[0,T ]

Ez(t) ≤ Ez(T ) + k

∫ T

0

(D(τ, zt), zt)dτ + CR

∫ T

0

Ez(τ)dτ.

Since |A1/2z(t)| ≤ 2Ez(t), this implies (3.68) and (3.69). �
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Our main results on existence of global attractors for evolutions in (1.1) are formulated below.
We shall distinguish two separate cases: subcritical (η̃ > 0 in (3.60)) and critical (η̃ = 0)
nonlinearity.

3.3. Global attractors in subcritical case

Our main results read as follows.

Theorem 3.26. We assume Assumptions 1.1 and 3.21 with η̃ > 0. In addition, we also
assume that D(A1/2) is compactly embedded into V and there exists a closed bounded forward
invariant set B ⊂ H ≡ D(A1/2) × V for the dynamical system (H,St) generated by problem
(1.1). Then the restriction (B, St) of the dynamical system (H,St) on B possesses a compact
global attractor A.

The proof of this theorem is given later.
The following assertion is a direct corollary of the Theorem 3.26.

Corollary 3.27. Let Assumptions 1.1 and Assumption 3.21 with η̃ > 0 be satisfied. If
D(A1/2) is compactly embedded into V , then any bounded semitrajectory γ = {Sty : t ≥ 0}
of the dynamical system (H,St) is a relatively compact set in H.

Proof. We apply Theorem 3.26 with B = {Sty : t ≥ 0}. �

Corollary 3.28. We assume Assumptions 1.1 and 3.21 with η̃ > 0. In addition, we
also assume that D(A1/2) is compactly embedded into V . If the dynamical system (H,St)
generated by problem (1.1) is dissipative, then (H,St) possesses compact global attractor A.

Proof. Let B0 be a bounded absorbing set for (H,St). By the definition there exists
t0 ≥ 0 such that StB0 ⊂ B0 for all t ≥ t0. Let B̃ = ∪t≥t0StB0. It is clear that B̃ is a closed
bounded forward invariant set for this system. Since for any bounded set B we have that
StB ⊂ B0 for all t ≥ t(B), we obtain that StB ⊂ B̃ for all t ≥ t0 + t(B). Hence B̃ is also
an absorbing set for this system. Thus, by Theorem 3.26 (B̃, St) possesses compact global
attractor A. By absorption property of B̃ the set A is also a global attractor for (H,St). �

The following assertion shows that in some cases one does not need to know a priori the
ultimate dissipativity of (H,St). In fact, this property follows a-posteriori from asymptotic
smoothness and Lyapunov’s structure of the dynamics considered.

Corollary 3.29. Assume that F ∗ ≡ 0. Let Assumptions 1.1 and 3.21 with η̃ > 0 hold
and D(A1/2) is compactly embedded into V . If the set of the stationary solutions to (1.1) is
bounded in D(A1/2), then the dynamical system (H,St) generated by problem (1.1) possesses
compact global attractor A.

Proof. We can derive this assertion from Theorem 2.30. However for the sake of self-
containess we give independent argument.

Let N be the set of the stationary points for (H,St). Every element of N has the form
(w; 0), where w is a stationary solution to (1.1). Thus N is a bounded set in H.

By Theorem 1.5 the energy E(u, ut) given by (1.18) satisfies the relation

E(u(t), ut(t)) + k

∫ t

0

(Dut(τ), ut(τ))dτ = E(u0, u1)

on strong solutions. By (3.58) with u = 0 this implies that for all strong solutions we have

(3.71) E(u(t), ut(t)) + k

∫ t

0

H−1
0

(
|M1/2ut(τ)|2

)
dτ ≤ E(u0, u1).

Thus after passing with a limit on strong solutions (3.71) remains valid for any generalized
solution.
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We denote Ec = {y = (u0;u1) ∈ H : E(u0, u1) ≤ c}, where c ≥ c0 and c0 is chosen
such that N ⊂ Ec0 . It is clear from (3.71) that Ec is a closed bounded forward invariant
set for (H,St). Therefore by Theorem 3.26 the system (Ec, St) possesses compact global
attractor Ac for each c ≥ c0. Property (3.71) implies that the functional V (y) ≡ E(u0, u1),
y = (u0;u1) ∈ H, is a strict Lyapunov function for (Ec, St), i.e. (i) V (Sty) is not increasing
with respect to t > 0 and (ii) the equality V (Sty) = V (y) for some t > 0 implies that
y is a stationary point, Sty = y for all t ≥ 0. Thus (Ec, St) is a gradient system (see
Definition 2.26). This implies (see Theorem 2.28) that the global attractor A for (Ec, St) has
the form A = Mu(N ), where Mu(N ) is the unstable manifold emanating from the set N
of equilibria for (1.1), N = {(w; 0) : Aw = F (w)}. In particular, Ac does not depend on
c ≥ c0, Ac = Ac0 for all c ≥ c0. Since any bounded set belongs to Ec for some c ≥ c0, the set
Ac0 is a compact global attractor for (H,St). �

Proof of Theorem 3.26. In order to establish existence of a compact attractor, it
suffices to prove that the semiflow is asymptotically smooth. This property, roughly speaking,
amounts to the statement that the difference of two solutions is uniformly stable modulo
metric with zero noncompactness measure (cf. Corollary 2.7). This involves studying the flow
corresponding to the difference of two solutions.

Step 0: preliminaries. We shall apply Theorem 2.4 on the forward invariant set B which
we consider as a metric space with the distance d(y1, y2) = ‖y1 − y2‖H , y1, y2 ∈ B. We use
the same idea as in [27], where the case M = I is considered.

Let w(t) and v(t) be two generalized solutions to (1.1) corresponding to initial data in
the invariant set B:

(3.72) (w(t), wt(t)) ≡ Sty0, (v(t), vt(t)) ≡ Sty1, y0, y1 ∈ B.

We shall prove that the requirements imposed by Theorem 2.4 are satisfied. Since all terms
in (2.3) are continuous with respect to the distance d given by the energy norm ‖ · ‖H , we can
assume that w(t) and v(t) are two strong solutions. We shall also use the following shortcut
notations described in (3.62).

Let T > 0. Since B is a bounded forward invariant set, from energy equality (1.17) and
continuity of F we always have:

DT
0 ≡

∫ T

0

(D(vt), vt)dt+
∫ T

0

(D(wt), wt)dt ≤ CB(1 + T ).(3.73)

We denote z(t) = w(t)− v(t). The variable z satisfies

Mztt +Az + kD(t, zt) = Gw,v(t), (z(0), zt(0)) = y0 − y1,(3.74)

where as in (3.62) and (3.63) we use the notations

D(t, zt) = D(zt + vt)−D(vt)

and
Gw,v(t) = F (z + v, zt + vt)− F (v, vt).

The standard energy method gives with any t ∈ 0, T ]

Ez(T ) + k

∫ T

t

(D(t, zt), zt)dt = Ez(t) +
∫ T

t

(Gw,v(t), zt)dt.(3.75)

Step 1: energy reconstruction. It follow from the definition of ΨT given in (3.62) and
from (3.60) that

(3.76) ΨT (w, v) ≤ CB,ε(T )
∫ T

0

[
|A1/2−eηz|2 + n2

V (zt)
]
dt+ ε

∫ T

0

Ez(t)dt
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for every ε > 0. From coercivity assumption (3.58) and Jensen’s inequality we also obtain∫ T

0

|M1/2zt|2dt ≤ H0

(∫ T

0

(D(t, zt), zt)dt

)
,(3.77)

where H0(s) = TH0(s/T ). Therefore applying Lemma 3.23 and using (3.76) with ε > 0 small
enough, we obtain that

TEz(T ) +
1
2

∫ T

0

Ez(t)dt ≤ c

{
(H0 + k)

(∫ T

0

(D(t, zt), zt)dt

)
+ k

∫ T

0

|(D(t, zt), z)| ds

}

+CB(T )
∫ T

0

[
|A1/2−eηz|2 + n2

V (zt)
]
dt(3.78)

for every T ≥ T0. Thus using (3.59) more we have that

TEz(T ) +
∫ T

0

Ez(t)dt ≤ CB,ε · (H0 + I)

(∫ T

0

(D(t, zt), zt)dt

)

+CB
∫ T

0

[1 + (D(wt), wt) + (D(vt), vt)]
[
|A1/2−δz|κ + ε|A1/2z|2

]
dt

+CB(T )
∫ T

0

[
|A1/2−eηz|2 + n2

V (zt)
]
dt.(3.79)

Step 2: handling of the damping. Using (3.73) and Lemma 3.25 we obtain∫ T

0

[1 + (D(wt), wt) + (D(vt), vt)]|A1/2z|2dt

≤ CB,T ·

(
Ez(T ) + k

∫ T

0

(D(t, zt), zt)dt+
∫ T

0

Ez(t)dt

)
.(3.80)

For the further use we note that this relation holds for all 0 ≤ η̃ ≤ 1/2.
Selecting ε ≡ ε(B, T ) in (3.79) suitably small and using (3.80) yields

TEz(T ) +
∫ T

0

Ez(t)dt ≤ CB,T · (H0 + I)

(∫ T

0

(D(t, zt), zt)dt

)

+CB
∫ T

0

[1 + (D(wt), wt) + (D(vt), vt)]|A1/2−δz|κdt

+CB,T
∫ T

0

[
|A1/2−eηz|2 + n2

V (zt)
]
dt(3.81)

for all T ≥ T0. By (3.73) we also have that∫ T

0

[1 + (D(wt), wt) + (D(vt), vt)]|A1/2−δz|κdt

≤ CB,T sup
t∈[0,T ]

|A1/2−δz(t)|κ.(3.82)

Combining with (3.81) we obtain that

Ez(T ) ≤ CB,T (H0 + I)

(∫ T

0

(D(t, zt), zt)dt

)

+CB,T

{
sup
t∈[0,T ]

|A1/2−eδz(t)|κ +
∫ T

0

n2
V (zt(t))dt

}
,(3.83)
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where δ̃ = min{η̃, δ}. Let G0(s) = (H0 + I)−1
(

s
2CB,T

)
. Since G0(s) is a convex function and

(H0 + I)−1(s) ≤ s, for s ≥ 0,

from (3.83) we obtain that

G0(Ez(T )) ≤ 1
2

∫ T

0

(D(t, zt), zt)dt

+
1
2

{
sup
t∈[0,T ]

|A1/2−eδz(t)|κ +
∫ T

0

n2
V (zt(t))dt

}
.(3.84)

From energy relation (3.75) we have

k

∫ T

0

(D(t, zt), zt)dt ≤ Ez(0)− Ez(T )

+CB,T sup
t∈[0,T ]

|A1/2−eδz(t)|+ CB

∫ T

0

nV (zt(t))dt.

Thus from (3.84) we obtain

Ez(T ) + 2kG0(Ez(T ))

≤ Ez(0) + CB,T

{
sup
t∈[0,T ]

|A1/2−eδz(t)|min{1,κ} +
∫ T

0

nV (zt(t))dt

}
.

Since z(t) is uniformly bounded in D(A1/2), by interpolation we have that

Ez(T ) + 2kG0(Ez(T ))

≤ Ez(0) + CB,T

{
sup
t∈[0,T ]

|z(t)|eκ +
∫ T

0

nV (zt(t))dt

}
for some κ̃ ∈ (0, 1]. This implies that

‖ST y1 − ST y2‖H ≤ q
(
‖y1 − y2‖H + ρTB({Sτy1}, {Sτy2})

)
.

Here q(s) =
√

2
(
[I + 2kG0]−1(s2/2)

)1/2 and

ρTB({Sty1}, {Sty2}) = CB,T

{
sup
t∈[0,T ]

|v(t)− w(t)|κ
∗

+
∫ T

0

nV (vt(t)− wt(t))dt

}
for some κ∗ ∈ (0, 1/2], where Sty1 and Sty2 has the form (3.72).

Clearly, the function q satisfies all the requirements of Theorem 2.4.
Now we prove that the pseudometric ρTB is precompact on the set LB,T all solutions to

(1.1) on [0, T ] with initial data from B.
Let V1 be the completion of V with respect to the norm | · |V1 given by

|v|V1 = |A−1/2Mv|+ nV (v)

and W be the completion of V with respect to the norm | · |W = |A−1/2M · |. It is clear that
V ⊂ V1 ⊂W and the embedding V ⊂ V1 is compact.

It follows from (3.59) with u = 0 that

|(D(v), w)| ≤ C · [1 + (D(v), v)] for any w ∈ D(A1/2), |A1/2w| ≤ 1.

Therefore
|A−1/2D(v)| ≤ C · [1 + (D(v), v)].

Hence, using (3.73) and equation (1.1) we can conclude that

(3.85)
∫ T

0

|A−1/2Mvtt(t)|dt ≤ CB,T for all v ∈ LB,T ,
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i.e. the set {vtt : v ∈ LB,T } is bounded in L1(0, T ;W ). Since

sup
t∈[0,T ]

|vt(t)|V ≤ CB for every v ∈ LB,T ,

using [95, Corollary 4] we can conclude that the set {w ≡ vt : v ∈ LB,T } is precompact in
Lp(0, T ;V1) for every p ≥ 1. This means that

∫ T
0
nV (vt(t)−wt(t))dt is a precompact pseudo-

metric on LB,T . By the compactness of embedding

C([0, T ],D(A1/2)) ∩ C1([0, T ], V ) ⊂ C([0, T ],H))

we also have precompactness of the pseudometric supt∈[0,T ] |v(t) − w(t)|κ∗ . Therefore the
pseudometric ρTB is also precompact on LB,T .

Thus we can apply Theorem 2.4 to obtain the asymptotic smoothness of (H,St) and,
hence, the statement of Theorem 3.26. 2

The following remark is important in the proof of finite-dimensionality of the global
attractor. We use it in Chapter 4.

Remark 3.30. In the case when H0(s) = k−1
0 · s under the conditions of Theorem 3.26

we can obtain the following stabilizability estimate

E0(z(t), zt(t)) ≤ Ce−ωBtE0(z(0), zt(0))

+C(B)
{

sup
0≤s≤t

|A1/2−eδz(s)|κ +
∫ t

0

e−ωB(t−τ)n2
V (zt(τ))dt

}
(3.86)

for the difference z of two solutions v and w with initial data from B, where ωB > 0, δ̃ =
min{η̃, δ} and η̃, δ, κ are the constants from Assumption 3.21. Indeed, it follows from (3.83)
that

Ez(T ) ≤ C1

∫ T

0

(D(zt + vt)−D(vt), zt)dt

+C2

{
sup
t∈[0,T ]

|A1/2−eδz(s)|κ +
∫ T

0

n2
V (zt(τ))dt

}
,

where C1 and C2 may depend on B and T > 1. Since H0(s) = k−1
0 · s, from energy relation

(3.75) and estimate (3.60) it is easy to see that

c0(k, k0)
∫ T

0

(D(zt + vt)−D(vt), zt)dt ≤ Ez(0)− Ez(T )

+CB

{
sup
t∈[0,T ]

|A1/2−eδz(s)|κ +
∫ T

0

n2
V (zt(τ))dt

}
.

Therefore

(3.87) Ez(T ) ≤ CB(Ez(0)− Ez(T )) + CB

{
sup
t∈[0,T ]

|A1/2−eδz(s)|κ +
∫ T

0

n2
V (zt(τ))dt

}
.

The above implies

Ez(T ) ≤ γBEz(0) + γB

{
sup
t∈[0,T ]

|A1/2−eδz(s)|κ +
∫ T

0

n2
V (zt(τ))dt

}
,

where γB ≡ CB
CB+1 < 1 and T > 1. Therefore we obtain that

Ez((m+ 1)T ) ≤ γBEz(mT ) + γBcm, m = 0, 1, 2, . . . ,

where

cm ≡ sup
t∈[mT,(m+1)T ]

|A1/2−eδz(t)|κ +
∫ (m+1)T

mT

n2
V (zt(τ))dt.
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This yields

Ez(mT ) ≤ γmB Ez(0) +
m∑
l=1

γm+1−l
B cl−1.

Since γB < 1, there exists ωB > 0 such that

Ez(mT ) ≤ Ce−ωBmTEz(0)

+CB

{
sup

0≤s≤mT
|A1/2−eδz(s)|κ +

∫ mT

0

e−ωB(mT−τ)n2
V (zt(τ))dt

}
.

Using Proposition 1.15 we obtain (3.86).

Remark 3.31. As we will see in Chapter 4 the stabilizability estimate in (3.86) (with
κ = 2) is invoked in the proof of finiteness of fractal dimension of global attractors. However
we need this estimate only on the trajectories which belong to the global attractor (see, e.g.,
Theorem 4.4 in Chapter 4). Moreover, as we will see in Sect. 4.2, stabilizability estimates
are useful in the study of smoothness properties of elements from the attractor. We will use
this observation in the study of global attractors for wave equations in Chapter 5 and for von
Karman model with α = 0 in Chapter 6.

The observation made in the following remark will be invoked in Chapter 7 in the study
of strongly damped systems.

Remark 3.32. The statement of Theorem 3.26 remains true if we replace Assumption
3.21(F) by the following requirement:

• There exist 0 < η̃ < 1/2 and k0 < k such that
(i) D(A1/2−eη) is continuously embedded into V ;
(ii) for u, û ∈ D(A1/2), v, v̂ ∈ V satisfying the relations

|A1/2u|2 + |v|2V ≤ r and |A1/2û|2 + |v̂|2V ≤ r

the estimate

|(F (u, v)− F (û, v̂), v − v̂)| ≤ k0(D(v)−D(v̂), v − v̂)

+C(r)
[
|A1/2−eη(u− û)|2 + n2

V (v − v̂)
]

(3.88)

holds, where C(r) > 0 is non-decreasing function of r and nV is a compact
seminorm on V .

Indeed, the property D(A1/2−eη) ⊂ V and relation (1.3) imply that

(F (u, v)− F (û, v̂), u− û) ≤ |u− û)|V · |(F (u, v)− F (û, v̂)|V ′

≤ C(r)|A1/2−eη(u− û)| ·
[
|A1/2(u− û)|+ |v − v̂|V

]
≤ ε

[
|A1/2(u− û)|2 + |v − v̂|2V

]
+ Cε(r)|A1/2−eη(u− û)|2(3.89)

for any ε > 0. Using (3.88) and (3.89), with the notations of the proof of Theorem 3.26,
instead of (3.76) we obtain that

ΨT (w, v) ≤ CT

∫ T

0

(D(t, zt), zt)dt+ CB,ε(T )
∫ T

0

[
|A1/2−eηz|2 + n2

V (zt)
]
dt+ ε

∫ T

0

Ez(t)dt.

This relation allow us to apply Lemma 3.23 and obtain (3.79) for the case considered. It also
follows from energy relation (3.75) and from (3.88) that

(k − k0)
∫ T

0

(D(zt + vt)−D(vt), zt)dt ≤ Ez(0)− Ez(T )

+CB,T sup
t∈[0,T ]

|A1/2−eηz(t)|2 + CB

∫ T

0

n2
V (zt(t))dt.(3.90)
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Therefore we can complete the proof in the same way as in Theorem 3.26.
We also note that inequality (3.90) and the same argument as in Remark 3.30 make it

possible to establish estimate (3.86) in the case considered.

3.4. Global attractors in critical case

When the contribution of nonlinear term F is no longer of a lower order with respect to
the energy (i.e., η̃ = 0 in (3.60)) we still obtain an existence of a compact global attractor
under additional assumptions requiring that either the damping parameter k be sufficiently
large, or else, the nonlinear terms F and D satisfy additional structural conditions. We begin
with the latter case splitting it into two subcases.

3.4.1. The case of a compact potential energy functional. Our key assumption in
this subsection is a compactness requirement concerning the nonlinear part of potential energy
functional Π. As we shall see later, when discussing various applications, the postulated
compactness property of the energy is a very natural requirement satisfied by most models
arising in mathematical physics. A use of this property in the context of a simple von Karman
equation was illustrated in [65]. More precisely, in addition to our basic Assumption 1.1 we
impose the following hypotheses on D, Π and F ∗.

Assumption 3.33. (D) • (i) For any η > 0 there exist Cη > 0 such that

(3.91) (Mv, v) ≤ η + Cη · (D(u+ v)−D(u), v) for any u, v ∈ D(A1/2).

• (ii) Relation (3.59) holds true;
(F) • (i) The potential energy functional Π(u) is continuous on D(A1/2−δ) for some

δ > 0;
• (ii) the mapping u 7→ A−lΠ′(u) is continuous from D(A1/2−δ) into H for some
l, δ > 0;

• (iii) there exist 0 < η̃ ≤ 1/2 and a compact seminorm on V denoted by nV such
that

(3.92) |(F ∗(u, v)− F ∗(û, v̂)|2V ′ ≤ C(r)
[
|A1/2−eη(u− û)|2 + n2

V (v − v̂)
]

for any (u, v) and (û, v̂) from D(A1/2) × V such that |A1/2u| + |v|V ≤ r and
|A1/2û| + |v̂|V ≤ r. Here r > 0 is arbitrary, C(r) is a non-decreasing function
of r.

Instead of condition (F)(iii) we can assume that F ∗(u, v) is compact in the following sense:
• for any interval [0, T ] and for any sequence {un(t)} of solutions to (1.1) for initial

data from invariant (bounded) absorbing set such that

(un(t);unt (t)) → (u(t);ut(t)) weakly* in L∞(0, T ;D(A1/2)× V )

we have that

lim
n→∞

∫ T

0

|(F ∗(un(t);unt (t))− F ∗(u(t);ut(t))|V ′dt = 0.

Condition (F)(ii) can be altered in a similar way.

Under the above assumptions the following result holds.

Theorem 3.34. Let Assumptions 1.1 and 3.33 hold. Assume that D(A1/2−β) is compactly
embedded in V for some β > 0 and the system (H,St) generated by problem (1.1) in H =
D(A1/2)×V is dissipative. Then, the semiflow generated by problem (1.1) possesses a compact
global attractor A.
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Remark 3.35. As we shall see in Chapter 5, Theorem 3.34 which in applications allows to
relax compactness condition imposed on F by replacing this by a weaker notion of compactness
of the corresponding part of potential energy, leads to new set of results for the second order
systems such as wave equation and plate equations. Indeed, for semilinear wave equations with
critical nonlinearity (both in the source and the damping), Theorem 3.34 allows to establish
existence of attractors with a damping which may be strongly nonlinear and of an arbitrary
size. This result appears to be new in the literature, where previous results require either the
damping to be sufficiently large, or else globally Lipschitz [47, 48, 49, 50, 89]. Similarly, in
the case of plate equations with critical forces or sources Theorem 3.34 allows to dispense with
the previous requirement that the damping should be sufficiently large. First example of this
was given in [65] where a simple (with zero in-plane force) von Karman plate was considered.

Once we take into considerations the assumption imposed on potential energy (the idea
motivated by [65]), the proof of Theorem 3.34 is essentially embedded in the proof of Theo-
rem 3.26. For reader’s convenience we shall repeat the details. It suffices to prove

Proposition 3.36. Assume that Assumptions 1.1 and 3.33 hold true and the embedding
D(A1/2−β) ⊂ V is compact for some β > 0. Then, the semiflow St generated by problem (1.1)
is asymptotically smooth.

Proof. The proof is essentially embedded in the proof of Theorem 3.26 but it employs
a new idea that is credited to [65]. We shall apply Proposition 2.10 on the forward invariant
set B which we consider as a metric space with the distance d(y1, y2) = ‖y1−y2‖H , y1, y2 ∈ B.

Let w(t) and v(t) be two solutions to (1.1) corresponding to initial data in the invariant
set B:

(3.93) (w(t), wt(t)) ≡ Sty0, (v(t), vt(t)) ≡ Sty1, y0, y1 ∈ B.

Let T > 0. Since B is a bounded forward invariant set, from energy inequality and continuity
of F we always have that

DT
0 ≡

∫ T

0

(D(wt), wt)dt+
∫ T

0

(D(vt), vt)dt ≤ CB(1 + T ).(3.94)

We also note that, as in proof of Theorem 3.26 in further calculations we can assume that
w(t) and v(t) are strong solutions to (1.1). Thus z(t) ≡ w(t)− v(t) satisfies the equation

Mztt +Az + kD(t, zt) = Gw,v(t), (z(0), zt(0)) = y0 − y1,(3.95)

where we use the same notations as in (3.62), i.e.

(3.96) D(t, zt) = D(zt(t) + vt(t))−D(vt(t)), Gw,v(t) = F (w(t), wt(t))− F (v(t), vt(t)).

The standard energy method gives with any t ∈ 0, T ]

(3.97) Ez(T ) + k

∫ T

t

(D(t, zt), zt)dt = Ez(t) +
∫ T

t

(Gw,v(τ), zt(τ))dτ,

where, as above we use the following shortcut notation

Ez(t) ≡ E0(z(t), zt(t)) =
1
2

((Mzt(t), zt(t)) + (Az(t), z(t))) .

We start with the following consequence of Lemma 3.23.

Lemma 3.37. For any η > 0 and T > T0 there exist positive constants C(1)
B,η and C

(2)
B,T

such that

(3.98) Ez(T ) ≤ η +
C

(1)
B,η

T
· [1 + ΨT (w, v)] + C

(2)
B,T sup

t∈[0,T ]

|A1/2−δz(t)|κ,
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where δ and κ are the constants from (3.59) and ΨT (w, v) is given by (3.62), i.e.

ΨT (w, v) =

∣∣∣∣∣
∫ T

0

(Gw,v(τ), zt(τ))dτ

∣∣∣∣∣+
∣∣∣∣∣
∫ T

0

(Gw,v(t), z(t))dt

∣∣∣∣∣
+

∣∣∣∣∣
∫ T

0

dt

∫ T

t

(Gw,v(τ), zt(τ))dτ

∣∣∣∣∣(3.99)

with Gw,v(t) given in (3.96).

Proof. Using (3.59) from Lemma 3.23 we have that

TEz(T ) ≤ c

{∫ T

0

|M1/2zt|2dt+ ΨT (w, v)

}
+ CB,ε

∫ T

0

(D(t, zt), zt)dt

+CB
∫ T

0

[1 + (D(wt), wt) + (D(vt), vt)]
[
|A1/2−δz|κ + ε|A1/2z|2

]
dt.

Since |A1/2z(t)|2 ≤ CB for all t ≥ 0, by (3.94) we have that∫ T

0

[1 + (D(wt), wt) + (D(vt), vt)]
[
|A1/2−δz|κ + ε|A1/2z|2

]
dt

≤ εCB(1 + T ) + CB,T sup
t∈[0,T ]

|A1/2−δz(t)|κ.

Therefore relation (3.91) after rescaling εCB := ε yields that

TEz(T ) ≤ ε+ (η + ε) · T + CB,η,ε

∫ T

0

(D(t, zt), zt)dt+ cΨT (w, v)

+CB,T sup
t∈[0,T ]

|A1/2−δz(t)|κ(3.100)

for any η > 0 and ε > 0. Since Ez(0) ≤ CB, using energy relation (3.97) with t = 0 we obtain

k

∫ T

0

(D(t, zt), zt)dt ≤ CB +
∫ T

0

(Gw,v(τ), zt(τ))dτ ≤ CB + ΨT (w, v).

Therefore substituting η + ε := η in (3.100) we obtain that

TEz(T ) ≤ η · T + CB,η + CB,ηΨT (w, v) + CB,T sup
t∈[0,T ]

|A1/2−δz(t)|κ.

This implies (3.98). �

Using Lemma 3.37 we obtain the following assertion.

Lemma 3.38. For any η > 0 and T > T0 there exist positive constants C(1)
B,η and C(3)

B,η,T
such that

(3.101) Ez(T ) ≤ η +
C

(1)
B,η

T
· [1 + Ψ∗(w, v;T )] ,

where z = w − v and

Ψ∗(w, v;T ) =

∣∣∣∣∣
∫ T

0

(G0(τ), zt(τ))dτ

∣∣∣∣∣+
∣∣∣∣∣
∫ T

0

dt

∫ T

t

(G0(τ), zt(τ))dτ

∣∣∣∣∣
+C(3)

B,η,T

[
sup
t∈[0,T ]

|A1/2−β∗z(t)|κ∗ +
∫ T

0

nV (zt(t))dt

]
(3.102)

with positive β∗ and κ∗ and with G0(t) given by

(3.103) G0(t) ≡ G0(w(t), v(t)) = −Π′(w(t)) + Π′(v(t)).
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Proof. It follows from (3.96) and (3.92) that Gw,v(t) = G0(t) +G1(t), where

|G1(t)| ≤ CB

[
|A1/2−eηz(t)|+ nV (zt(t))

]
.

We also have that ∫ T

0

(G0(t), z(t))dt ≤ CB

∫ T

0

|z(t)|V dt.

Therefore, since the function ΨT (w, v) given by (3.99) is sub-additive with respect to Gw,v,
relation (3.101) follows from (3.98). This completes the proof of Lemma 3.38. �

To apply Proposition 2.10 it is sufficient to prove that

(3.104) lim inf
m→∞

lim inf
n→∞

Ψ∗(wn, wm;T ) = 0

for every T > 0, where Ψ∗(w, v;T ) is given by (3.102) and (wn(t);wnt (t)) ≡ Sty
n
0 are solutions

to (1.1) with initial data {yn0 }∞n=1 from B. We can assume that

(3.105) (wn(t);wnt (t)) → (w(t);wt(t)) *-weakly in L∞(0, T ;D(A1/2)× V ).

Step 1: The following claim results from the assumed compactness.

(3.106) lim
m,n→∞

[
sup
t∈[0,T ]

|A1/2−β∗(wn(t)− wm(t))|κ∗ +
∫ T

0

nV (wnt (t)− wmt (t))dt

]
= 0.

Indeed, let V1 be the completion of V with respect to the norm | · |V1 given by

|v|V1 = |A−1/2Mv|+ nV (v)

and W be the completion of V with respect to the norm | · |W = |A−1/2M · |. It is clear that
V ⊂ V1 ⊂W and the embedding V ⊂ V1 is compact.

It follows from (3.59) with u = 0 that

|(D(v), w)| ≤ C · [1 + (D(v), v)] for any w ∈ D(A1/2), |A1/2w| ≤ 1.

Therefore
|A−1/2D(v)| ≤ C · [1 + (D(v), v)].

Hence, using (3.94) and equation (1.1) we can conclude that∫ T

0

|A−1/2Mwntt(t)|dt ≤ CB,T for all n = 1, 2, . . . ,

i.e. the sequence {wntt} is bounded in L1(0, T ;W ). Since

sup
t∈[0,T ]

|wnt (t)|V ≤ CB for all n = 1, 2, . . . ,

using [95, Corollary 4] we can conclude that the sequence {wnt } is precompact in L1(0, T ;V1).
This implies that ∫ T

0

nV (wnt (t)− wmt (t))dt→ 0 as m,n→∞.

Therefore, by the compactness of embedding

(3.107) C([0, T ],D(A1/2)) ∩ C1([0, T ], V ) ⊂ C([0, T ],D(A1/2−β∗))

we obtain (3.106).

Step 2: We claim that

(3.108) lim
m→∞

lim
n→∞

∫ T

t

(Gn,m0 (τ), wnt (τ)− wmt (τ))dτ = 0
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for any t < T , where Gn,m0 (t) = G0(wn(t), wm(t)) and G0(w, v) is defined by (3.103). Indeed,
since ∫ T

t

(Gn,m0 (τ), wnt (τ)− wmt (τ))dτ

= −Π(wn(T )) + Π(wn(t))−Π(wm(T )) + Π(wm(t)) + ITt (n,m),

where

ITt (n,m) =
∫ T

t

[(Π′(wn(τ)), wmt (τ)) + (Π′(wm(τ)), wnt (τ))] dτ,

by (F)(i) and (3.107) we have that

lim
m→∞

lim
n→∞

∫ T

t

(Gn,m0 (τ), wnt (τ)− wmt (τ))dτ

= −2Π(w(T )) + 2Π(w(t)) + lim
m→∞

lim
n→∞

ITt (n,m).(3.109)

It follows from (F)(ii), (3.105) and (3.107) that

Π′(wn(t)) → Π′(w(t)) *-weakly in L∞(0, T ;V ′).

Therefore using (3.105) we have

lim
m→∞

lim
n→∞

∫ T

t

(Π′(wn(τ)), wmt (τ))dτ = lim
m→∞

∫ T

t

(Π′(w(τ)), wmt (τ))dτ

=
∫ T

t

(Π′(w(τ)), wt(τ))dτ

In a similar way we also have that

lim
m→∞

lim
n→∞

∫ T

t

(Π′(wm(τ)), wnt (τ))dτ = lim
m→∞

∫ T

t

(Π′(wm(τ)), wt(τ))dτ

=
∫ T

t

(Π′(w(τ)), wt(τ))dτ.

Therefore

(3.110) lim
m→∞

lim
n→∞

ITt (n,m) = 2
∫ T

t

(Π′(w(τ)), wt(τ))dτ.

Hence after substituting (3.110) in (3.109) we get (3.108).

Concluding Step: It follows from (3.102), (3.106) and (3.108) and also from the Lebesgue
Dominated Convergence Theorem that (3.104) holds. Thus we can apply Proposition 2.10 to
obtain the asymptotic smoothness of St and, hence, the statement of Proposition 3.36. �

In the case when the nonlinear forces F (u, ut) ≡ F (u) in (1.1) are conservative, the
conditions imposed on the damping operator D in Assumption 3.33 can be relaxed. More
precisely, let us introduce the following hypotheses.

Assumption 3.39. (D) • (i) For any η > 0 there exist Cη > 0 such that

(3.111) (Mv, v) ≤ η + Cη · (D(v), v) for any v ∈ D(A1/2).

• (ii) Relation (3.3) holds true, i.e. for any δ > 0 there exists a non-decreasing
function Kδ(s) > 0 such that

(3.112) |(Dv, u)| ≤ Kδ(E0(u, v)) · (Dv, v) + δ · (1 + E0(u, v)), u, v ∈ D(A1/2) ,

where E0(u, v) = 1
2 ((Mv, v) + (Au, u)).

(F) • (i) The potential energy functional Π(u) is continuous on D(A1/2−δ) for some
δ > 0;
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• (ii) the mapping u 7→ A−lΠ′(u) is continuous from D(A1/2−δ) into H for some
l, δ > 0;

• (iii) the nonlinear forces F (u, v) are conservative, i.e. F (u, v) ≡ F (u) = −Π′(u).

Under the above assumptions the following result holds.

Theorem 3.40. Let Assumptions 1.1 and 3.39 hold. Assume that D(A1/2−β) is compactly
embedded in V for some β > 0 and the nonlinear operator F (u) possesses the property: there
exist 0 ≤ η < 1 and a positive constant c2 such that

(3.113) (u, F (u)) ≤ η|A1/2u|2 + c2, u ∈ D(A1/2) .

Then, the system (H,St) generated by problem (1.1) in H = D(A1/2)×V possesses a compact
global attractor A.

Proof. Relation (3.113) and Assumption 3.39(D) imply Assumption 3.1. Therefore by
Theorem 3.4 the system (H,St) is dissipative. Thus to prove the existence of a compact global
attractor it is sufficient to establish the following assertion.

Proposition 3.41. Assume that Assumptions 1.1 and 3.39 hold true and the embedding
D(A1/2−β) ⊂ V is compact for some β > 0. Then, the semiflow St generated by problem (1.1)
is asymptotically smooth.

Proof. As above we shall apply Proposition 2.10 on the forward invariant set B. For
this we will check that in the case of conservative forces it is possible to establish Lemma 3.37
and Lemma 3.38 under Assumption 3.39.

With the same notations as in the proof of Proposition 3.36, for any pair of strong solutions
(w(t), wt(t)) and (v(t), vt(t)) with initial data form B from energy inequality we always have
that

DT
0 ≡

∫ T

0

(D(wt), wt)dt+
∫ T

0

(D(vt), vt)dt ≤ CB,(3.114)

where, in contrast with (3.94), the constant CB does not depend on T . This fact is crucial in
our argument.

We shall apply Lemma 3.23. For this we need to estimate the terms involving the damping
operator. As above we can assume that w(t) and v(t) are strong solutions to (1.1).

From (3.112) we have that

|(D(t, zt), z)| ≤ |(D(wt), z)|+ |(D(vt), z)|
≤ CδB [(D(wt), wt)|+ (D(vt), vt)] + δCB

for any δ > 0. Therefore by (3.114) after rescaling of δ we obtain that∫ T

0

|(D(t, zt), z)|dt ≤ δT + CδB

for any δ > 0. In a similar way relation (3.111) implies that∫ T

0

|zt|2dt ≤
∫ T

0

(
|wt|2 + |vt|2

)
dt ≤ ηT + CηB

for any η > 0. Therefore from Lemma 3.23 we get the estimate

TEz(T ) ≤ (δ + η) · T + CB,δ,η + cΨT (w, v), T ≥ T0,

for any positive δ and η, where ΨT (w, v) is given by (3.99). This implies relation (3.98) in
Lemma 3.37. Thus we can obtain the conclusion of Lemma 3.38 with Ψ∗(w, v;T ) given by
(3.102) with nV ≡ 0. Now we can apply Proposition 2.10. The argument is the same as in
the proof of Proposition 3.36. �

To complete the proof of Theorem 3.40 we use Proposition 3.41 and Theorem 2.3. �
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3.4.2. The case of a non-compact potential energy functional. In this subsection
we do not assume the compactness property of Assumption 3.33(F)(i). This requires more
structural hypotheses concerning the nonlinear operators F and D.

We impose the following structural conditions.

Assumption 3.42. (F) • (i) There exists a constant γ > 0 such that

Π(u)−Π(0)− (Π′(0), u) +
γ

2
|u|2 ≥ 0.

Moreover, we assume that the following uniqueness property holds: Au+Π′(u)−
Π′(0) + γu = 0 ⇒ u ≡ 0 for u ∈ D(A1/2).

• (ii) there exists ε > 0 and a continuous function C(r) such that Π′(·) maps
D(A1/2+ε) into D(Aε) and

|Aε(Π′(u+ z)−Π′(u))| ≤ C(r)|A1/2+εz|
for all u, z ∈ D(A1/2) such that |A1/2u|, |A1/2z| ≤ r.

• (iii) |AεF ∗(w, v)| ≤ C(|A1/2w|, |v|V ) for (w, v) ∈ D(A1/2) × V and η̃ = 0 in
(3.60).

• (iv) there exists ε > 0 and a continuous function C(r) such that

(3.115) |A−1(Π′(u+ z)−Π′(u))| ≤ C(r)|A1/2−εz|
for all u, z ∈ D(A1/2), v, v̂ ∈ V such that |A1/2u|, |A1/2z| ≤ r.

(D) We assume that the operator D satisfies the conditions:
• (i) There exists the Frechet derivative D′(u) satisfying the inequality

|A−1/2D′(v)u| ≤ C(r)(D′(v)u, u)1/2 for |v| ≤ r, u ∈ D(A1/2).

• (ii) Either (a) |D(v)| ≤ C(r)|A1/2v|, |v| ≤ r or else, (b) for any 0 < T ≤ 1 and
v ∈ C([0, T ],D(A1/2)) we have∫ T

0

|D(v)|2dt ≤ C

(∫ T

0

(D(v), v)ds

)
sup
t∈[0,T ]

|A1/2v(t)|2

and

(3.116) |A−1(F ∗(u+ û, v + v̂)− F ∗(u, v))| ≤ C(r)|
[
|A1/2−εû|+ |A−εv̂|

]
for all u, û ∈ D(A1/2), v, v̂ ∈ V with the property

(3.117) |A1/2u|, |A1/2û|, |v|V , |v̂|V ≤ r.

Here above C(·) is a nondecreasing function.
• (iii) For any ε > 0 there exists a constant Cε such that

(3.118)

|(D(u+ v)−D(u), w)|

≤ CεC1(r) · (D(u+ v)−D(u), v)

+εC2(r) (1 + (D(u), u) + (D(u+ v), u+ v))

for any u, v ∈ D(A1/2), w ∈ D(Al) such that |Alw| + |M1/2u| + |M1/2v| ≤ r
with arbitrary r > 0, where C1(r) and C2(r) are non-decreasing functions of r
and l is a positive integer.

Remark 3.43. We note that Assumption 3.42(D)(iii) follows from (3.59) with κ > 1 in
Assumption 3.21. Indeed, it is clear from (3.59) that

|(D(u+ v)−D(u), w)| ≤ C1(r) · (D(u+ v)−D(u), v)

+C2(r) (1 + (D(u), u) + (D(u+ v), u+ v)) |A1/2w|κ.
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Thus after the substitution w := w · ε1/(κ−1) we obtain (3.118) with Cε = ε−1/(κ−1) and l = 1.

Theorem 3.44. Let Assumptions 1.1 and 3.21 with M = I, η̃ = 0 in (3.60) hold and
the system (H,St) generated by problem (1.1) in H = D(A1/2)×H is dissipative and that the
resolvent of A is compact in H. Moreover we assume that the structural conditions imposed
on F and D in Assumption 3.42 are satisfied. Then, the semiflow generated by problem (1.1)
possesses a compact global attractor A.

Remark 3.45. The assumption that M = I is not essential. If M is not an identity,
the assumption requiring local Lipschitz continuity of F needs to be appropriately modified.
Since this particular setup finds most interesting applications in wave dynamics, where M = I
(see Chapter 5), we did not strive for a fully general abstract formulation accounting also for
the operator M .

A situation when structural assumption imposed on the critical nonlinearity F in As-
sumption 3.42 may be dispensed with is when the damping provides some regularizing effect
on the dynamics. This case is typical for semilinear waves with superlinear coercive damping.
The theorem stated below pertains to this situation under the following hypotheses:

Assumption 3.46. • (i) There exists a Banach space V0 ⊂ H ⊂ V ′0 , such that
Cδ · (Dv, v) + δ ≥ |v|2V0

, for some δ > 0 and Cδ > 0.
• (ii) Assumption 3.42(D)(iii) holds.
• (iii) The mapping (u, v) 7→ F (u, v) is compact from the space[

H1(0, T ;H) ∩ Lr(0, T ;D(A1/2))
]
× Lr(0, T ;H) into L2(0, T ;V ′0)

for some r ≥ 2. Here the space H1(0, T ;H) ≡W 1
2 (0, T ;H) is given by (1.14) and

F (u, v)(t) ≡ F (u(t), v(t)) ≡ −Π′(u(t)) + F ∗(u(t), v(t))

is the substitution operator.

Theorem 3.47. Let Assumptions 1.1 and 3.21 with M = I, η̃ = 0 in (3.60) hold. Assume
that the system (H,St) generated by problem (1.1) is dissipative and that the resolvent of A
is compact in H. Then under Assumption 3.46 the semiflow St possesses a compact global
attractor A in H = D(A1/2)×H.

In the special case, when F ∗ = 0 one can dispense with the a priori assumption on ultimate
dissipativity of the system. In fact, an analogous result to that of Corollary 3.29 holds true.

Corollary 3.48. Assume that F ∗ = 0, and the set of stationary solutions is bounded in
D(A1/2). Then, the results of Theorems 3.44 and Theorem 3.47 hold without assuming that
the system (H,St) is dissipative.

The proof of this Corollary is identical to that of Corollary 3.29.

Proof of Theorem 3.44. The proof of this result relies on a classical idea of decompo-
sition of the flow into uniformly stable part and compact part (see Proposition 2.11). The
technical details follow closely arguments given in [20] which paper deals with wave equation
subject to boundary dissipation and critical exponent semilinearity.

We begin by decomposing the flow Stx = (w(t), wt(t)), x = (u0, u1), into two parts,
St = S(t) + K(t), where the ”stable” part S(t)x ≡ (v(t), vt(t)) and compact part K(t)x ≡
(z(t), zt(t)) are defined as follows:

vtt +Av + k(D(zt + vt)−D(zt)) + Π′(v)−Π′(0) + γv = 0,
(v(0), vt(0)) = (u0, u1),(3.119)
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and

ztt +Az + kD(zt) + Π′(w)−Π′(w − z)− γ(w − z) + Π′(0)− F ∗(w,wt) = 0,
(z(0), zt(0)) = (0, 0).(3.120)

It is a simple matter to show that both equations have global, finite energy solutions. More-
over, these solutions are strong, provided the initial conditions are taken in D(A), where A is
defined by (1.23) with M = I. In fact, we argue as follows. We begin with local well-posedness
of the second equation (3.120). We already know that for all initial conditions (u0, u1) ∈ H
we have weak solution (w,wt) ∈ C([0,∞),H) which, moreover, is uniformly bounded in t ≥ 0.
Since Π′ is locally Lipschitz from D(A1/2) into H, the map

z → Π′(w)−Π′(w − z)− γ(w − z),

is locally Lipschitz C([0, T ),D(A1/2)) → C([0, T )H). Thus equation (3.120) can be seen as
a locally Lipschitz perturbation of monotone problem driven by the forcing term −Π′(0) +
F ∗(w,wt) ∈ C([0,∞),H). Standard monotone operator theory argument gives local existence
and uniqueness of generalized solutions to (3.120), i.e: (z, zt) ∈ C([0, Tm,H) for some Tm ≤ ∞
- maximal time of existence. Moreover, by Theorem 1.5 for (u0, u1) ∈ D(A) where A is
given in (1.23) with M = I, solutions (w,wt) are strong and possess properties (1.16) with
V = V ′ = H, i.e.

(3.121)
(wt, wtt) ∈ L∞(0, T ;D(A1/2)×H), wt ∈ Cr([0, T );D(A1/2)),

wtt ∈ Cr([0, T );H) and Aw(t) + kDwt(t) ∈ Cr([0, T );H).

As a consequence, solutions (z, zt) corresponding to ”smooth” initial data (u0, u1) from D(A)
are also strong (a priori only local) solutions and enjoy the properties (3.121) with T = Tmax.
Thus the function (v, vt) = (w − z, wt − zt) ∈ C(0, Tm,H) satisfies (3.119) in a weak sense.
Moreover, for initial data (u0, u1) ∈ D(A) we have that (3.121) holds with T = Tmax. From
the structure of equation (3.119) we can conclude that the solution v is global in time. Indeed,
by noting that

(D(zt + vt)−D(zt), vt) ≥ 0
for strong solutions, applying energy identity first to strong solutions, and then extending to
weak solutions we obtain

(3.122) Ev(t) ≤ Ev(0), t ≥ 0,

where the energy is given by

Ev(t) ≡
1
2

(
|A1/2v(t)|2 + |vt(t)|2

)
+ Π(v(t))−Π(0)− (Π′(0), v) +

γ

2
|v(t)|2.

From Assumption 3.42 we know that for a suitably large γ

Ev(t) ≥ C|A1/2v(t)|2 + |vt(t)|2 and Ev(0) ≤ C(|A1/2v(0)|, |vt(0)|).
Thus, selecting γ > 0 suitably large we obtain global bound for all t ≥ 0

|A1/2v(t)|2 + |vt(t)|2 ≤ C(|A1/2u0|, |v1|)
and consequently, since (w(t), wt(t)) enjoy similar bound we conclude as well

|A1/2z(t)|2 + |zt(t)|2 ≤ C(|A1/2u0|, |v1|).
Thus, local solutions to (3.119) and (3.120) become global solutions and uniformly bounded
for positive times. This shows that Tmax = ∞. Finally, since (u0, u1) belong to absorbing set
we can restrict our analysis to the functions with values in a fixed bounded set. Taking initial
conditions (u0, u1) ∈ D(A) implies the improved regularity of solutions as well.

In order to prove Theorem 3.44 it suffices to establish that S(t) is uniformly stable and
the operator K(t) is compact for positive t (see Proposition 2.11). This will be done below
with the help of supporting Lemmas.
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Lemma 3.49. The evolution operator S(t) is uniformly stable. This is to say, there exists
a continuous function k : [0,∞)× [0,∞) → R+ such that k(t, r) → 0 for every r > 0 as t→∞
and |S(t)y|H ≤ k(t, r) for all y ∈ BH(0, r).

Proof. We choose γ > 0 such that Assumption 3.42F(i) holds. Due to the dissipative
nature of the term γv + Π′(v), and monotonicity of D(zt + vt)−D(zt), the proof of uniform
stability is very much similar to the proof of Theorem 3.26 (see also Theorem 3.58 below). The
lack of linear growth condition for D from below is responsible for potential lack of exponential
stability. For sake if completeness we shall outline the details.

As in the proof of Theorem 3.26 it suffices to consider strong solutions. We define

Ev(t) ≡
1
2

(
|A1/2v(t)|2 + |vt(t)|2

)
+ Π(v(t))−Π(0)− (Π′(0), v) +

γ

2
|v(t)|2.

On the strength of the first condition in Assumption 3.42(F) we have that Ev(t) ≥ 0. Moreover

(3.123) Ev(t) + k

∫ t

s

(D(zt + vt)−D(zt))vtdτ = Ev(s), t ≥ s.

Step 1: We notice first that Lipschitz continuity of Π′ from D(A1/2) → V ′ = H yields the
estimate

(3.124) |(Π′(v)−Π′(0) + γv, v)| ≤ CB,ε|v|2 + ε|A1/2v|2

for every ε > 0. Multiplying equation (3.119) by v, integrating by parts and exploiting (3.123)
and (3.124) along with interpolation inequalities yields∫ τ+T

τ

Ev(t)dt ≤ C

[
Ev(τ + T ) +

∫ τ+T

τ

|vt|2ds

]

+C1
k

∫ ∫ τ+T

τ

(D(zt + vt)−D(zt))vtds

+C2
k

∫ τ+T

τ

|(D(zt + vt)−D(zt), v)|ds+ CB

∫ τ+T

τ

|v(s)|2ds

for every τ ≥ 0, where the constants in the inequality above do not depend on τ . Noting from
(3.123) that∫ τ+T

τ

(D(zt + vt), zt + vt) + (D(zt), zt))ds ≤ CB for all τ ≥ 0(3.125)

and recalling Assumption 3.21(D) (see (3.58) and (3.59)) imposed on D gives (after taking the
parameter ε sufficiently small in (3.59) and using the corresponding analog of relation (3.80)):∫ τ+T

τ

Ev(t)dt ≤ C1Ev(τ + T ) + C2(H0 + I)

(∫ τ+T

τ

(D(zt + vt)−D(zt), vt)ds

)
+C3 sup

s∈(0,T )

|A1/2−δv(τ + s)|κ,

where H0(s) = TH0(s/T ) (a similar argument was used in the proof of Theorem 3.26).
Recalling monotonicity of Ev(t) which follows from (3.123), we have, with sufficiently large T
that

Ev(τ + T ) ≤ C1(H0 + I)

(∫ τ+T

τ

(D(zt + vt)−D(zt), vt)ds

)
+C2 sup

s∈(0,T )

|A1/2−δv(τ + s)|κ(3.126)

for every τ ≥ 0, where the constants C1 and C2 do not depend on τ .
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Step 2: In order to establish the uniform stability of S(t) it suffices to prove the following
claim: For every M > 0 there exists a constant p(M) > 0 such that we have:

(3.127) k

∫ τ+T

τ

(D(zt + vt)−D(zt), vt)dt ≥ p(M)

for every τ ≥ 0 and for all solutions (v(t), vt(t)) of (3.119) with the property that Ev(τ +T ) ≥
M . Indeed, notice first that in view of energy identity (3.123) the above inequality is equivalent
to

(3.128) Ev(τ + T ) + p(M) ≤ Ev(τ)
Thus, assuming (3.128) holds and taking τ = mT yielding

(3.129) Ev((m+ 1)T ) + p(M) ≤ Ev(mT ), m = 1, 2 . . . ,

where p(M) > 0, as long as Ev((m+ 1)T ) ≥M . We claim that inequality (3.129) implies the
uniform stability of S(t). If not, there exists ε0 > 0 and a sequence of solutions (vn(t), vn(t))
in the absorbing ball, along with a sequence of points tn →∞ such that

ε0 < Evn(tn) ≤ R0, tn →∞.

Since Ev(t) ≤ Ev(s) for t ≥ s, we have that

ε0 < Evn(t) ≤ R0 for all t ∈ [0, tn].

Therefore, setting M = ε0 in (3.129) we obtain

Evn
((m+ 1)T ) + p(ε0) ≤ Evn

(mT )

provided (m+ 1)T ≤ tn. Hence

ε0 +mp(ε0) ≤ Evn
((m+ 1)T ) +mp(ε0) ≤ Evn

(0) ≤ R0

under the condition (m+ 1)T ≤ tn. Since tn →∞, we have that

ε0 +mp(ε0) ≤ R0, for all m = 1, 2 . . .

which is impossible because p(ε0) > 0.
Thus, it suffices to prove (3.127). To this end we argue, again, by contradiction. If not,

there exist a positive constant M > 0, a sequence of numbers τn and a sequence of solutions
vn(t) such that

0 < M ≤ Evn
(τn + t) ≤ R0 for all t ∈ [0, T ],∫ τn+T

τn

(D(zt + vn,t)−D(zt), vn,t)ds→ 0, n→∞.(3.130)

Let un(t) = vn(τn + t). From (3.130) we have

0 < M ≤ Eun(t) ≤ R0 for all t ∈ [0, T ],∫ T

0

(D(znt + unt )−D(znt ), unt )ds→ 0, n→∞,(3.131)

where zn(t) = z(τn + t). Thus, after renumeration we have that there exists u(t) lying in
L∞(0, T,D(A1/2)) such that ut ∈ L∞(0, T,H) and

un → u ∗-weakly in L∞(0, T,D(A1/2)),
unt → ut ∗-weakly in L∞(0, T,H).(3.132)

From (3.131) and (3.58) we infer that
∫ T
0
H−1

0 (|unt |2)dt → 0. Hence we have that unt → 0
∗-weakly in L∞(0, T,H). Due to compactness of the resolvent A−1, (3.132) and Aubin’s
Lemma (see Corollary 4 in [95]) we have

(3.133) sup
s∈[0,T ]

|A1/2−δ(un(s)− u(s))| → 0.
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Therefore Assumption 3.42(F)(iv) implies that Π′(un(t)) → Π′(u(t)) in [D(A)]′ for every
t ≥ 0.

Under Assumption 3.42(D)(iii) we have that for every ε > 0 there exists Cε such that∫ T

0

|(D(znt + unt )−D(znt ), ϕ)|ds ≤ CεC1 ·
∫ T

0

(D(znt + unt )−D(znt ), unt )ds

+εC2

∫ T

0

[1 + (D(zn + unt ), z
n + unt ) + (D(znt ), znt )] ds

for any ϕ ∈ L∞(0, T,D(Al) such that sups∈[0,T ] |Alϕ(s)| < 1. By (3.131) and (3.125) we have
that

lim sup
n→∞

∫ T

0

|(D(zn + unt )−D(znt ), ϕ)|ds ≤ CB · ε

for any ε > 0. This implies that

lim
n→∞

∫ T

0

|(D(zn + unt )−D(znt ), ϕ)|ds = 0 for any ϕ ∈ L∞(0, T,D(Al)).

Now we can pass with the limit in the equation

untt +Aun + k(D(znt + unt )−D(znt )) + Π′(un)−Π′(0) + γun = 0,

which follows from (3.119), on the interval [0, T ] to obtain that u solves the equation

Au+ Π′(u)−Π′(0) + γu = 0.

Hence, by the assumed uniqueness property in Assumption 3.42(F)(i) we must have u ≡ 0.
Thus (3.133) holds with u ≡ 0 and hence, by (3.126) Eun(T ) ≡ Evn(τn + T ) → 0, which leads
to contradiction. �

Lemma 3.50. For any T > 0, the operator K(T ) is compact on the space H = D(A1/2)×
H.

Proof. The argument is different for the two cases considered in Assumption 3.42(D):
(i) Condition (ii)(a) holds, (ii) Condition (ii)(b) holds. We shall begin with
Case 1: Condition (ii)(a) in Assumption 3.42(D) holds. The statement of the Lemma
follows from the following regularity result.

Proposition 3.51. Under the Assumptions of Theorem 3.44 there exists ε > 0 such that
for any solution (w(t), wt(t)) from the absorbing ball B and for all T > 0 solution z(t) to
equation (3.120) satisfies the conditions

z ∈ C([0, T ];D(A1/2+ε) and zt ∈ C([0, T ];D(Aε)).
Moreover |A1/2+εz(t)|+ |Aεzt(t)| ≤ C(B, T ) for all t ∈ [0, T ].

Proof. The proof is based on the study of regularity of a monotone problem

(3.134) ztt +Az + kD(zt) = f, z(0) = zt(0) = 0,

along with nonlinear interpolation theorem applied to the map

T : L1([0, T ];H) → H defined by T f ≡ (z(T ), zt(T )),

where z is given by (3.134).
In order to apply Tartar’s interpolation theorem [99] we need to establish supporting

results:

Proposition 3.52. For any solution z to (3.134) and all 0 ≤ θ ≤ 1/2 the following
estimate holds for t ≥ 0:

(3.135) |A1/2+θz(t)|2 + |Aθzt(t)|2 ≤ C
(
|f |L1(0,t,H)

) [∫ t

0

|Aθf |2dt+ |f |2L∞(0,t,H)

]
.
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Proof. The proof of this Proposition is based on interpolation of the regularity posted
in (3.135) with indexes θ = 0 and θ = 1/2.

Step 1: For θ = 0 we apply standard energy inequality along with positivity of (D(zt), zt) to
obtain the relation

(3.136) |A1/2z(t)|2 + |zt(t)|2 ≤ C

[∫ t

0

|f(s)|ds
]2
,

Step 2: For θ = 1/2 the argument is more involved. In fact, the resulting estimate takes the
form:

(3.137) |Az(t)|2 + |A1/2zt(t)|2 + |ztt(t)|2 ≤ C
(
|f |L1(0,t,H)

) [∫ t

0

|A1/2f |2dt+ |f |2L∞(0,t,H)

]
.

In order to prove (3.137) we consider the equation in the variable z̄ ≡ zt:

z̄tt +Az̄ + kD′(zt)z̄t = ft

z̄(0) = 0, z̄t(0) = f(0)(3.138)

For a fixed zt equation (3.138) is linear. Multiplying (3.138) by z̄t and integrating in time
yields:

|z̄t(t)|2 + |A1/2z̄(t)|2 + 2k
∫ t

0

(D′(zt)z̄t, z̄t)ds = |f(0)|2 + 2
∫ t

0

(ft, z̄t)ds

= |f(0)|2 + 2(f(t), z̄t(t))− 2|f(0)|2 − 2
∫ t

0

(f, z̄tt)ds.(3.139)

Computing the last term above with the use of equation (3.138) gives∫ t

0

(f, z̄tt)ds =
∫ t

0

(f,−Az̄ − kD′(zt)z̄t + ft)ds(3.140)

=
1
2
(
|f(t)|2 − |f(0)|2

)
−
∫ t

0

(A1/2f,A1/2z̄)ds

−k
∫ t

0

(A1/2f,A−1/2D′(zt)z̄t)ds.

Combining (3.139) with (3.140) gives

|z̄t(t)|2 + |A1/2z̄(t)|2 + 2k
∫ t

0

(D′(zt)z̄t, z̄t)ds

≤ C

[
|f |2L∞(0,t,H) +

(
1 +

k

ε

)∫ t

0

|A1/2f |2ds
]

+εk
∫ t

0

|A−1/2D′(zt)z̄t|2ds+ C

∫ t

0

|A1/2z̄|2ds.

Therefore using Assumption 3.42(D)(i) imposed on D′ we have that

|z̄t(t)|2 + |A1/2z̄(t)|2 + 2k
∫ t

0

(D′(zt)z̄t, z̄t)ds

≤ C

[
|f |2L∞(0,t,H) +

(
1 +

k

ε

)∫ t

0

|A1/2f |2ds
]

+εkC(|zt|L∞(0,t;H))
∫ t

0

(D′(zt)z̄t, z̄t)ds+ C

∫ t

0

|A1/2z̄|2ds.
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From (3.136) and the fact that the function C(s) is increasing we conclude that

|z̄t(t)|2 + |A1/2z̄(t)|2 + 2k
∫ t

0

(D′(zt)z̄t, z̄t)ds

≤ C

[
|f |2L∞(0,t,H) +

(
1 +

k

ε

)∫ t

0

|A1/2f |2ds
]

+εkC(|f |L1(0,t;H))
∫ t

0

(D′(zt)z̄t, z̄t)ds+ C

∫ t

0

|A1/2z̄|2ds.(3.141)

Selecting εC(|f |L1(0,t;H)) < 1 and applying Gronwall’s lemma give

|z̄t(t)|2 + |A1/2z̄(t)|2

≤ C

[
|f |2L∞(0,t,H) +

(
1 + Ck

(
|f |L1(0,t;H)

)) ∫ t

0

|A1/2f |2ds
]
.(3.142)

The above inequality gives the estimates for |ztt| and |A1/2zt|. In order to obtain the estimate
for Az, we rewrite equation (3.134) in the form

Az = −z̄t − kD(zt) + f.

Using Assumption 3.42(D)(ii)(a) on D(zt) we have that

|Az(t)| ≤ |z̄t(t)|+ |f(t)|+ k|D(zt)|
≤ |z̄t(t)|+ |f(t)|+ kC(|zt(t)|)|A1/2z̄(t)|.

Combining with (3.142) and (3.136) we obtain

(3.143) |Az(t)|2 ≤ C
(
|f |L1(0,t;H)

) [
|f |2L∞(0,t,H) + +

∫ t

0

|A1/2f |2ds
]
.

Now relations (3.142) and (3.143) imply the estimate in (3.137).

Step 3: interpolation. We shall use the following interpolation result due to [99]. For
reader’s convenience, we quote this theorem in a form suitable for our applications.

Theorem 3.53 ([99], Theorem 2). Let A0 ⊂ A1, B0 ⊂ B1 be given Banach spaces. Let
T : A1 → B1 be given nonlinear operator with the following properties:

(1) ‖T a− T b‖B1 ≤ f1(‖a‖A1 , ‖b‖A1)‖a− b‖A1 .
(2) ‖T a‖B0 ≤ f2(‖a‖A1)‖a‖A0 ,

where f1 and f2 are continuous functions. Then

‖T a‖[B0,B1]θ ≤ Ch(‖a‖A1)‖a‖[A0,A1]θ for all 0 < θ < 1,

where h(t) = f2(2t)1−θf1(t, 2t)θ.

We shall apply this theorem with the following choices of spaces:
• A1 ≡ L1(0, t;H),
• A0 ≡ L2(0, t;D(A1/2)) ∩ L∞(0, t;H),
• B1 ≡ H = D(A1/2)×H,
• B0 ≡ D(A)×D(A1/2),

where t > 0 is fixed. The operator T we define by the formula

T (f) ≡ (z(t), zt(t)), where z satisfies (3.134).

Since (3.134) is monotone, by monotone operator theory we infer that for any f ∈ L1(0, t;H),
there exist unique generalized solution (z, zt) ∈ C([0, t];H) [94, Theorem 4.1A, Chapter IV].
Thus, the nonlinear operator T is a well defined bounded operator from L1(0, t;H) into H.
Moreover, the following Lipschitz estimate

(3.144) ‖T f1 − T f2‖H ≤
∫ t

0

|f1(s)− f2(s)|Hdt
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holds [94, Theorem 4.1A, Chapter IV]. This gives the first inequality (with f1 ≡ 1) assumed in
Theorem 3.53. Inequality in (3.137) validates the second inequality in Theorem 3.53 satisfied
with f1(s) = C(s). Thus, nonlinear interpolation theorem applied to estimates in (3.137) and
(3.144) and the relation

L2(0, t;D(Aθ) ∩ L∞(0, t;H) ⊂ [A0, A1]θ

complete the proof of the Proposition 3.52 (see also [20, Section 4.2] for a similar argument
in the case of boundary damping). �

We apply the result of Proposition 3.52 with

f ≡ Π′(w)−Π′(w − z) + Π′(0) + γ(w − z) + F ∗(w,wt), θ = ε.

Recalling the hypotheses imposed on Π and F ∗ in Assumption 3.42(F)(ii,iii) yield the following
inequality valid for solutions to equation (3.120)

(3.145) |Aεf | ≤ C(r)
[
|A1/2+εz|+ γ|Aεz|+ |A1/2−δw|+ 1

]
≤ C(B)

[
1 + |A1/2+εz|

]
.

Moreover |f |L∞(0,T ;H) ≤ C(B). Hence

(3.146) |A1/2+εz(t)|2 + |Aεzt(t)|2 ≤ CB

[
1 +

∫ t

0

|A1/2+εz|2dt
]
,

where the constant CB denotes the dependence on the absorbing set. Applying Cronwall’s
inequality to inequality in (3.146) yields the desired result in Proposition 3.51. �

Proposition 3.51 along with the compactness of the resolvent of A in H completes the
proof of Lemma 3.50 in the first case.

We proceed next with the second case in Assumption 3.42(D)(ii).

Case 2: condition (ii)(b) is assumed. In this case some modifications of the previous
argument are needed. Instead of Proposition 3.51 we now have a weaker regularity for the
variable z.

Proposition 3.54. Under the Assumptions of Theorem 3.44 there exist ε > 0 and T > 0
such that for any solution (w(t), wt(t)) from the absorbing ball B the solution z(t) to equation
(3.120) satisfies:

z ∈ L2(0, T ;D(A1/2+ε)) and zt ∈ C([0, T ;D(Aε)).

Moreover,
|z|L2(0,T ;D(A1/2+ε)) + |zt|C(0,T ;D(Aε)) ≤ CB.

Proof. In analogy with the previous case, we shall consider a nonlinear map

T : L1([0, T ];H) → L2(0, T ;D(A1/2))×H defined by T f ≡ (z(·), zt(T )),

where z is given by (3.134). We have:

Proposition 3.55. For any solution z to (3.134) and all 0 ≤ θ ≤ 1/2 the following
estimate holds for T ≥ 0:

(3.147)
∫ T

0

|A1/2+θz(t)|2dt+ |Aθzt(T )|2 ≤ C
(
|f |L1(0,T,H)

) [∫ T

0

|Aθf |2dt+ |f |2L∞(0,T,H)

]
and with θ < 1/2

(3.148)
∫ T

0

|A1/2+θz(t)|2dt ≤ CT · C
(
|f |L1(0,T,H)

) [∫ T

0

|Aθf |2dt+ |f |2L∞(0,T,H)

]
,

where CT → 0 as T → 0.
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Proof. As before, the proof of this Proposition is based on interpolation of the regularity
posted in (3.147) with indexes θ = 0 and θ = 1/2.

Step 1: For θ = 0 we apply the standard energy inequality which gives

(3.149) |A1/2z(t)|2 + |zt(t)|2 +
∫ t

0

(D(zt), zt)ds ≤ C

[∫ t

0

|f |dt
]2
.

Hence

(3.150)
∫ T

0

|A1/2z(t)|2dt ≤ CT

[∫ T

0

|f |dt

]2

.

Step 2: For θ = 1/2 we have

(3.151) |A1/2zt(t)|2 + |ztt(t)|2 ≤ C
(
|f |L1(0,t,H)

) [∫ t

0

|A1/2f |2dt+ |f |2L∞(0,t,H)

]
.

The above inequality (cf. (3.142)) is obtained by arguments identical to the ones used in the
previous case (the proof does not depend on conditions (D)(ii) in the Assumption 3.42). In
order to obtain higher regularity of the displacement we take advantage of the condition (b)
in Assumption 3.42(D)(ii) applied to the elliptic problem:

Az = −ztt − kD(zt) + f

along with the estimate in (3.151). These give:∫ T

0

|Az(t)|2dt ≤ 3
∫ T

0

[
|ztt(t)|2 + |f(t)|2 + k2|D(zt)|2

]
dt

using the second assumption (ii)(b) on D(zt)
≤ 3T sup

t∈[0,T ]

[
|ztt(t)|2 + |f(t)|2

]
+C

(∫ T

0

(Dzt, zt)dt)

)
sup
t∈[0,T ]

|A1/2zt(t)|2.

Combining the above inequality with (3.149) and (3.151) yields

(3.152)
∫ T

0

|Az(t)|2dt ≤ C
(
|f |L1(0,T ;H)

) [
|f |2L∞(0,T,H) +

∫ T

0

|A1/2f |2dt

]
,

which leads to the estimate (3.147) with θ = 1/2.

Step 3: interpolation. Here the argument is similar to that used before - though applied
twice. Indeed, we first apply Interpolation Theorem 3.53 with the following choice of spaces:

• A1 ≡ L1(0, T ;H),
• A0 ≡ L2(0, T ;D(A1/2)) ∩ L∞(0, T ;H),
• B1 ≡ L2(0, T ;D(A1/2))×H,
• B0 ≡ L2(0, T ;D(A))×D(A1/2),

and with the operator T given by:

T (f) ≡ (z(·), zt(T )), where z satisfies (3.134).

Inequalities (3.149) and (3.152) along with Interpolation Theorem imply the first estimate in
Proposition 3.55.

For the second estimate, we need control of the size of the constant CT . This can be
accomplished by applying the same interpolation Theorem in a slightly different setting:

• A1 ≡ L1(0, T ;H),
• A0 ≡ L2(0, T ;D(A1/2)) ∩ L∞(0, T ;H),
• B1 ≡ L2(0, T ;D(A1/2)),
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• B0 ≡ L2(0, T ;D(A)),
• T (f) ≡ z(·), where z satisfies (3.134).

Indeed, inequalities (3.150) , (3.152) and Interpolation Theorem 3.53 give the desired estimate
with a constant CT ∼ T 1/2−θ → 0 when T → 0 and θ < 1/2. The proof of Proposition 3.55
is thus completed. �

To continue with the proof of Proposition 3.54 we proceed very much as before with the
only difference that this time we must take advantage of the fact that the small size of the
constant CT is controlled. Indeed, applying Proposition 3.55 with

f ≡ Π′(w)−Π′(w − z) + Π′(0) + γ(w − z) + F ∗(w,wt), θ = ε,

and recalling Assumptions imposed on Π and F ∗ in Theorem 3.44 yields (see (3.145)) the
following inequalities valid for solutions to equation (3.120):

|Aεf | ≤ C(B)
[
1 + |A1/2+εz|

]
and |f |L∞(0,T ;H) ≤ C(B).

Hence

(3.153)
∫ T

0

|A1/2+εz(t)|2 ≤ CB

[
1 + CT

∫ T

0

|A1/2+εz|2dt

]
,

where, we recall that CT → 0 as T → 0 . Taking T sufficiently small gives the estimate

(3.154)
∫ T

0

|A1/2+εz(t)|2 ≤ CB

Since from (3.147) we also have

(3.155)
∫ T

0

|A1/2+εz(t)|2 + sup
t∈[0,T ]

|Aεzt(t)|2 ≤ CB

∫ T

0

|A1/2+εz(t)|2dt+ CB,

combining with (3.154) yields

(3.156)
∫ T

0

|A1/2+εz(t)|2dt+ sup
t∈[0,T ]

|Aεzt(t)|2 ≤ CB

as desired for the proof of Proposition 3.54. �

Finally, we shall prove the compactness statement in Lemma 3.50. For this we con-
sider initial conditions (u0, u1) in the absorbing set. The corresponding sequence of solutions
(zn, znt) is bounded in C([0, T ];H). By Proposition 3.54 we also have that znt are uniformly
bounded in C(0, T ∗;D(Aε)) for some T ∗ > 0. Denote

F(u0, u1) ≡ Π′(w)−Π′(w − z) + Π′(0)− γ(w − z)− F ∗(w,wt)

and consider (u0, u1) 7→ F(u0, u1) as a mapping from B into L1/2ε

(
0, T ; [D(Aε)]′

)
and prove

it is compact.
It follows from Assumption 1.1(F) that the set

F(B) = {F(u0, u1) : (u0, u1) ∈ B}

is bounded in C([0, T ];H). Using (3.115) and (3.116) it is also easy to see that for any
G ∈ F(B) we have that∣∣A−1 (G(t+ h)−G(t))

∣∣ ≤ CB

(∣∣∣A1/2−ε (z(t+ h)− z(t))
∣∣∣

+
∣∣∣A1/2−ε (w(t+ h)− w(t))

∣∣∣+ ∣∣A−ε (wt(t+ h)− wt(t))
∣∣) .

By interpolation we have that

|A1/2−εψ| ≤ C · |ψ|2ε · |A1/2ψ|1−2ε, ψ ∈ D(A1/2)
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and
|A−εψ| ≤ C · |A−1/2ϕ|2ε · |ϕ|1−2ε, ψ ∈ H.

Therefore we can obtain that

∣∣A−1 (G(t+ h)−G(t))
∣∣ ≤ CB

|h|2ε +

[∫ h

0

|A−1/2wtt(t+ τ)|dτ

]2ε
 .

In the same way as it was shown in the proof of Theorem 3.26 (see (3.85)) we can conclude
that ∫ T

0

|A−1/2Mvtt(t)|dt ≤ CB,T for all (u0, u1) ∈ B.

Therefore ∫ T−h

0

∣∣A−1 (G(t+ h)−G(t))
∣∣1/2ε dt ≤ CB · h.

Thus by Aubin’s Lemma (see [95, Theorem 5]) the set of images F(B) is compact in the space
L1/2ε(0, T ;D(Aε)′).

Now, standard energy inequality applied to equation for z yields compactness of the set
(z(T ), zt(T )) in H for any 0 < T ≤ T ∗. Indeed, by considering appropriate weakly convergent
subsequences {zn} and {znt} and taking the differences of solutions z̃ ≡ zn − zm we obtain

|A1/2z̃(T )|2 + |z̃t(T )|2 ≤ 2
∫ T

0

(F(u0n, u1n)−F(u0n, u1n), z̃t)ds

≤ 2
∫ T

0

|A−ε(F(u0n, u1n)−F(u0n, u1n)||Aεz̃t|ds

≤ CB

(∫ T

0

|A−ε(F(u0n, u1n)−F(u0n, u1n)|1/2εds

)2ε

→ 0.

Therefore the operator K is compact for every 0 < T ≤ T ∗. For T > T ∗ we can present this
operator in the form

(3.157) K(T )x = U(T, T ∗)[K(T ∗)x], x = (u0, u1).

Here U(t, s), t > s, is the evolution operator for the differential equation from (3.120) which
is defined by the formula

U(t, s)(z0, z1) = (z(t), zt(t)), t > s,

where z(t) is the solution to the differential equation in (3.120) with initial data at the moment
s: z(s) = z0, zt(s) = z1. This operator depends on w(t) and, hence, on x = (u0, u1). However,
by the standard energy argument one can prove that for every fixed t and s the operator
U(t, s) is a continuous mapping from H into itself uniformly with respect to (u0, u1) ∈ B.
Thus by (3.157) K(T ) is a compact operator for every T > 0. This completes the proof of
Lemma 3.50. �

Now using Lemmas 3.49 and 3.50 and also Proposition 2.11 we obtain the statement of
Theorem 3.44.

Proof of Theorem 3.47. As in the previous case, the proof is based on a decomposition
of the flow into stable and compact part. We thus have Stx = (u(t), ut(t)) and St = S(t) +
K(t), where the ”stable” part S(t)x ≡ (v(t), vt(t)) and compact part K(t)x ≡ (z(t), zt(t)) are
defined as follows:

vtt +Av + k(D(zt + vt)−D(zt)) = 0,
(v(0), vt(0)) = (u0, u1),(3.158)
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ztt +Az + kD(zt) + Π′(u)− F ∗(u, ut) = 0,
(z(0), zt(0)) = (0, 0).(3.159)

Since Π′(u) ∈ C(0,∞,H), equation (3.159) is just a forced dissipative system. On the other
hand, solutions (v(t), vt(t)) belong to the absorbing set. Since the same is true for (u(t), ut(t)),
we conclude the same bounds for all positive time solutions to the system (z(t), zt(t)). This
allows us to restrict the entire analysis to the absorbing set, as the entire dynamics of v
and z system remains in the absorbing set. In order to prove the Theorem 3.47 it suffices
to establish that the evolution operator S(t) is uniformly stable and the operator K(t) is
compact for positive t. The proof of uniform stability consists of a strict subset of arguments
used in the case of Theorem 3.44. Indeed, we have

Lemma 3.56. The evolution operator S(t) is uniformly stable. This is to say, there exists
a continuous function k : [0,∞) × [0,∞) → R+, k(t, r) → 0, t → ∞, r > 0 such that
|S(t)x|H ≤ k(t, r),∀x ∈ BH(0, r).

As for compactness of K(t) we also have

Lemma 3.57. The operator K(T ) is compact on H for any T > 0.

Proof. To prove the Lemma it suffices to show that the map

(u0, u1) → u→ −Π′(u) + F ∗(u, ut) → (z(T ), zt(T ))

is compact from H into itself. Since the map

(u0, u1) → (u, ut)

is continuous, H → C([0, T ];H) ⊂ Lr(0, T ;H), and by the Assumption 3.46(iii):

(u0, u1) → u→ −Π′(u) + F ∗(u, ut)

is compact from H into L2(0, T ;V ′0). Thus, it suffices to establish continuity of the map

(3.160) f → (z(T ), zt(T ))

from L2(0, T ;V ′0) into H, where z satisfies

(3.161) ztt +Az + kD(zt) = f, z(0) = zt(0) = 0

Energy relation applied to (3.161) gives

|A1/2z(T )|2 + |zt(T )|2 + 2k
∫ T

0

(D(zt), zt)dt ≤ C

∫ T

0

|f(t)|V ′0 |zt(t)|V0dt

≤ Cε

∫ T

0

|f(t)|2V ′0 + ε

∫ T

0

|zt(t)|2V0
dt(3.162)

From the coercivity Assumption 3.46(i) imposed on D and from (3.162) we infer∫ T

0

|zt|2V0
dt ≤ Cδ

∫ T

0

(D(zt), zt)dt+ δ

≤ Cεk,δ

∫ T

0

|f(t)|2V ′0dt+ Cδε

∫ T

0

|zt(t)|2V0
dt+ δ.(3.163)

Choosing ε suitably small we obtain∫ T

0

|zt|2V0
dt ≤ Cδ,k

∫ T

0

|f |2V ′0dt+ δ

for each solution z. Denoting by f̃ = fn − fm and z̃ = zn − zm, where zn corresponds to a
solution of (3.161) with a forcing term fn, we obtain

|A1/2z̃(T )|2 + |z̃t(T )|2 ≤ 2
∫ T

0

|f̃ |V ′0 |z̃t|V0dt
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and by (3.163)

|A1/2z̃(T )|2 + |z̃t(T )|2 ≤ C

∫ T

0

|f̃ |V ′0 [|znt|V0 + |zmt(t)|V0 ]dt

≤ C

(∫ T

0

|f̃ |2V ′0dt

)1/2(
1 +

∫ T

0

[|fn|2V ′0 + |fm|2V ′0 ]dt

)1/2

,

which implies the desired continuity of the map (3.160). �

To complete the proof of Theorem 3.47 it remains to apply Proposition 2.11 and Theo-
rem 2.3.

3.4.3. The case of large damping. The two theorems stated the previous subsection
are rather special, as they require certain structure of nonlinearities. A situation which is
more demanding is when the ”damping” is nonlinear and unstructured (Theorem 3.47 does
not apply) and nonlinear term in the equation does not have a structure leading to the
requirement (ii) in Assumption 3.42(F) or to the compactness hypothesis in Assumption
3.33(F)(i). In such cases, existence of global attractors can be proved under the assumption
that the damping parameter k is sufficiently large. The corresponding result is stated below:

Theorem 3.58. Let Assumptions 1.1 and 3.21 with η̃ = 0 in (3.60) hold. Moreover, we
assume that H0(s) = m−1

0 · s and

(i) D(A1/2−δ) ⊂ V is compact embedding for some δ > 0,
(ii) there exists α > 0 such that the system (H,St) generated by problem (1.1) in H =

D(A1/2)× V is dissipative for every k ≥ α and the corresponding absorbing set B is
forward invariant with the size independent of k for k ≥ α.

Then there exists k0 > 0 such that the dynamical system (H,St) generated by problem (1.1)
possesses a compact global attractor A provided the damping parameter k satisfies the condition
k ≥ k0.

The proof of Theorem 3.58 based on generalization of Lopez-Ceron criterion for asymptotic
smoothness is in the style of the proof Theorem 3.26.

Proof of Theorem 3.58. The argument now depends on the size of the damping. The
following inequality is critical for the proof.

Lemma 3.59. Let w(t) and v(t) be two generalized solutions to (1.1) corresponding to
initial data in the forward invariant absorbing set B:

(w(t), wt(t)) ≡ Sty0, (v(t), vt(t)) ≡ Sty1, y0, y1 ∈ B.

Let z(t) = w(t)−v(t). Then under the assumptions of Theorem 3.58 there is k0 > 0 such that
for every k ≥ k0 there exists a positive constant ωB > 0 and a constant C(B) such that

E0(z(t), zt(t)) ≤ Ce−ωBtE0(z(0), zt(0))

+C(B)
{

sup
0≤s≤t

|A1/2−δz(s)|κ +
∫ t

0

e−ωB(t−s)n2
V (zt(s))ds

}
,(3.164)

for some positive δ, where E0(z, zt) = 1
2

(
|zt|2V + |A1/2z|2

)
.

Proof. We shall use the same notation as in the proof of Theorem 3.26 and consider
strong solutions first.
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Step 1: reconstruction of kinetic energy. Recalling energy relation (3.75) and the
hypotheses imposed on F we obtain:

|Ez(T ) + k

∫ T

t

(D(zt + vt)−D(vt), zt)dt− Ez(t))|

≤ CBε

∫ T

t

|A1/2z|2dt+
(
CB + Cε−1

) ∫ T

t

|M1/2zt|2dt(3.165)

for any ε > 0 and t ∈ [0, T ]. On the other hand, by applying coercivity property (3.58) with
H0(s) = m−1

0 · s and (3.165) with t = 0 we also obtain

m0k

∫ T

0

|M1/2zt|2dt ≤ k

∫ T

0

(D(zt + vt)−D(vt), zt)dt

≤ Ez(0) + CBε

∫ T

0

|A1/2z|2dt+
(
CB + Cε−1

) ∫ T

0

|M1/2zt|2dt

Let k1 > 2CBm−1
0 be fixed, Taking ε > 0 such that CB + Cε−1 = m0k1/2 yields:

(3.166) k

∫ T

0

|M1/2zt|2dt ≤ CEz(0) + CB

∫ T

0

|A1/2z|2dt for every k > k1.

Relation (3.165) with CB + Cε−1 = m0k yields for any t ∈ [0, T ]

|Ez(t)− Ez(T )| ≤ 2k
∫ T

0

(D(zt + vt)−D(vt), zt)dt

+
CB
k

∫ T

0

|A1/2z|2dt, k > k1.(3.167)

Step 2: potential energy. Since D(A1/2−δ) ⊂ V , we have that

(F (z + v, zt + vt)− F (v, vt), z) ≤ CB|A1/2−δz|
[
|A1/2z|+ nV (zt)

]
≤ ε|A1/2z|2 + CB,ε

[
|A1/2−δz|2 + n2

V (zt)
]
.

Therefore multiplying equation (3.74) by z and integrating by parts, yields:∫ T

0

|A1/2z|2dt ≤
∫ T

0

|M1/2zt|2dt+ C[Ez(0) + Ez(T )]

+C · k
∫ T

0

|(D(zt + vt)−D(vt), z)|dt

+CB,ε
∫ T

0

[|A1/2−δz|2 + n2
V (zt)]dt+ ε

∫ T

0

|A1/2z|2dt.

From here, after taking ε = 1/2 we have that∫ T

0

|A1/2z|2dt ≤ 2
∫ T

0

|M1/2zt|2dt+ C[Ez(0) + Ez(T )]

+C · k
∫ T

0

|(D(zt + vt)−D(vt), z)|dt+ CB

∫ T

0

[|A1/2−δz|2 + n2
V (zt)]dt.
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Therefore using (3.59) we obtain that

∫ T

0

|A1/2z|2dt ≤ 2
∫ T

0

|M1/2zt|2dt+ CEz(0) + CEz(T )

+CB,ε · k
∫ T

0

(D(zt + vt)−D(vt), zt)dt

+CB,k
∫ T

0

[1 + (D(wt), wt) + (D(vt), vt)] [|A1/2−δz|κ

+ε|A1/2z|2]dt+ CB

∫ T

0

[|A1/2−δz|2 + n2
V (zt)]dt.

As in the subcritical case, taking ε sufficiently small and using (3.80) we obtain

1
2

∫ T

0

|A1/2z|2dt ≤ 3
∫ T

0

|M1/2zt|2dt+ CEz(0) + CEz(T )

+CB,T · k
∫ T

0

(D(zt + vt)−D(vt), zt)dt

+CB,k
∫ T

0

[1 + (D(wt), wt) + (D(vt), vt)] |A1/2−δz|κdt

+CB
∫ T

0

|A1/2−δz|2 + n2
V (zt)]dt.

Combining with (3.166) and (3.82) and taking without loss of generality k−2(1+3CB) > k/2
we obtain that

k

∫ T

0

|M1/2zt|2dt+
∫ T

0

Ez(t)dt

≤ C(Ez(0) + Ez(T )) + CB,T k

∫ T

0

(D(zt + vt)−D(vt), zt)dt

+CB,k,T

{
sup
t∈[0,T ]

|A1/2−δz(t)|κ +
∫ T

0

n2
V (zt)dt

}
(3.168)

for k > k2 ≥ k1.
Step 4: completion of the argument. It follows from (3.167) that

Ez(0) ≤ Ez(T ) + 2k
∫ T

0

(D(zt + vt)−D(vt), zt)dt

+
CB
k

∫ T

0

|A1/2z|2dt

and

TEz(T ) ≤
∫ T

0

Ez(t)dt+ 2kT
∫ T

0

(D(zt + vt)−D(vt), zt)dt

+
CB,T
k

∫ T

0

|A1/2z|2dt.
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Therefore (3.168) implies that

k

∫ T

0

|M1/2zt|2dt+ TEz(T ) +
∫ T

0

Ez(t)dt

≤ CEz(T ) + CB,T k

∫ T

0

(D(zt + vt)−D(vt), zt)dt+
CB,T
k

∫ T

0

|A1/2z|2dt

+CB,k,T ·

{
sup
t∈[0,T ]

|A1/2−δz(t)|κ +
∫ T

0

n2
V (zt)dt

}
.

Taking T > C + 1 yields

k

∫ T

0

|M1/2zt|2dt+ Ez(T ) +
∫ T

0

Ez(t)dt

≤ CB,T k

∫ T

0

(D(zt + vt)−D(vt), zt)dt+
CB,T
k

∫ T

0

|A1/2z|2dt

+CB,k,T ·

{
sup
t∈[0,T ]

|A1/2−δz(t)|κ +
∫ T

0

n2
V (zt)dt

}
.(3.169)

From (3.165) applied with t = 0 we have

CB,T k

∫ T

0

(D(zt + vt)−D(vt), zt)dt ≤ C ′B,T (Ez(0)− Ez(T ))

+
C ′B,T
k

∫ T

0

|A1/2z|2dt+ k

∫ T

0

|M1/2zt|2dt

for k > k1. Therefore from (3.169) we obtain

Ez(T ) +
∫ T

0

Ez(t)dt ≤ CB,T (Ez(0)− Ez(T ))

+CB,k,T ·

{
sup
t∈[0,T ]

|A1/2−δz(t)|κ +
∫ T

0

n2
V (zt)dt

}
+
CB,T
k

∫ T

0

|A1/2z|2dt.

Taking k large enough and recalling that CB,T does not depend on k, the inequality above
implies

Ez(T ) ≤ CB,T (Ez(0)− Ez(T )) + CB,k,T ·

{
sup
t∈[0,T ]

|A1/2−δz(t)|κ +
∫ T

0

n2
V (zt)dt

}
for some T > 1. The remaining part of the proof is now identical to that in the case of
Theorem 3.26 (see Remark 3.30). Lemma 3.59 has been proved completely. �

The inequality in Lemma 3.59 establishes asymptotic smoothness of the flow (see Corol-
lary 2.7). Indeed, it follows from (3.164) that

E0(w(t)− v(t), wt(t)− vt(t)) ≤ Ce−ωBtE0(w(0)− v(0), wt(0)− vt(0)) + %tB({w}, {w})
for every couple of solutions (w(t), wt(t)) and (v(t), vt(t)) from the absorbing set, where

%tB({w}, {v}) = C(B)
{

sup
0≤s≤t

|w(s)− v(s)|κ
∗

+
∫ t

0

n2
V (wt(s)− vt(s))ds

}
with some κ∗ > 0. By the same argument as in the proof of Theorem 3.26 the pseudometric
%tB is precompact on trajectories from the invariant absorbing set. Thus %tB satisfies the
hypotheses of Corollary 2.7 with KB(t) = Ce−ωBt. This combined with dissipativity of (H,St)
and Theorem 2.3 implies the assertion of the Theorem 3.58. 2



CHAPTER 4

Properties of global attractors for evolutions of the
second order in time

The goal of this chapter is to study properties of global attractors for dynamics governed
by equations of the form (1.1), i.e. by the problem:

(4.1)
{
Mutt(t) +Au(t) + k ·D(ut(t)) = F (u(t), ut(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2).

We rely on the abstract results presented in Chapter 2. The main technical tool which we use
here are stabilizability estimates (3.86) and (3.164) and some generalizations thereof. These
estimates will allow us to verify conditions postulated by abstract results of Chapter 2.

4.1. Finite dimensionality of attractors

We start with finiteness of fractal dimension of global attractors in the context of prob-
lem (4.1).

Theorem 4.1. Assume the hypotheses of either Corollary 3.28 or Theorem 3.58 with
κ = 2 in (3.59) and H0(s) = m−1

0 s in (3.58). The following assertions hold.
• If the nonlinear term F (u, ut) ≡ F (u) does not depend on the velocity ut, then

the global attractor A of the system (H,St) generated by (4.1) has a finite fractal
dimension.

• In the general case the same statement remains true if we assume in addition that
there exists l ≥ 1/2 such that

(4.2) |A−l(D(u+ v)−D(v))| ≤ C(r)|u|V
for any r > 0 and u, v ∈ V such that |u|V ≤ r and |v|V ≤ r, where C(r) > 0 is a
non-decreasing function of r.

Remark 4.2. The theorem formulated above relies on either Corollary 3.28 or Theorem
3.58. As a consequence of this, the applicability of this Theorem is restricted to cases which are
either ”subcritical” (η > 0) or the damping parameter is sufficiently large. On the other hand,
one can formulate more general results that do not require a-priori the above restrictions. In
fact, as we shall see below, Theorem 4.1 follows from a such more general result.

The first part of Theorem 4.1 follows from Proposition 1.15, the inequality in Remark 3.30
or Lemma 3.59 (with nV ≡ 0) and from the following more general assertion which we shall
state and prove below.

Theorem 4.3. Let the operator A−1 be compact. Assume that the system (H,St) gener-
ated by (4.1) in the space H = D(A1/2) × V possesses the global attractor A and there exist
non-negative scalar functions a(t), b(t) and c(t) on R+ such that (i) a(t) and c(t) are locally
bounded on [0,∞), (ii) b(t) ∈ L1(R+) possesses the property limt→∞ b(t) = 0 and (iii) for
every y1, y2 ∈ A and t > 0 the following relations

(4.3) |Sty1 − Sty2|2H ≤ a(t) · |y1 − y2|2H
79
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and

(4.4) |Sty1 − Sty2|2H ≤ b(t) · |y1 − y2|2H + c(t) · sup
0≤s≤t

|Aσ(u1(s)− u2(s))|2

hold for some σ ∈ [0, 1/2). Here we denote Styi = (ui(t);uit(t)), i = 1, 2. Then the attractor
A has a finite fractal dimension.

Proof. We apply Theorem 2.15 in the space HT = H ×W1(0, T ) with an appropriate
choice of T . Here

(4.5) W1(0, T ) =

{
z(t) : |z|2W1(0,T ) ≡

∫ T

0

(
|A1/2z(t)|2 + |M1/2zt(t)|2

)
dt <∞

}
.

The norm in HT is given by

(4.6) ‖U‖2HT
= |A1/2u0|2 + |M1/2u1|2 + |z|2W1(0,T ), U = (u0, u1, z).

Let z(t) = u1(t)− u2(t). Integrating (4.4) from T to 2T with respect to t we obtain

(4.7)
∫ 2T

T

|Sty1 − Sty2|2Hdt ≤ b̃T |y1 − y2|2H + c̃T sup
0≤s≤2T

|Aσz(s)|2,

where

(4.8) b̃T =
∫ 2T

T

b(t)dt, and c̃T =
∫ 2T

T

c(t)dt.

It also follows from (4.4) that

|ST y1 − ST y2|2H ≤ b(T ) · |y1 − y2|2H + c(T ) · sup
0≤s≤T

[|Aσz(s)|2.

Therefore (4.7) implies that

(4.9)
|ST y1 − ST y2|2H +

∫ 2T

T
|Sty1 − Sty2|2Hdt

≤ bT |y1 − y2|2H + cT sup
0≤s≤2T

|Aσz(s)|2,

where

(4.10) bT = b(T ) +
∫ 2T

T

b(t)dt, and cT = c(T ) +
∫ 2T

T

c(t)dt.

Let A be the global attractor for (H,St). Consider in the space HT the set

AT := {U ≡ (u(0);ut(0);u(t), t ∈ [0, T ]) : (u(0);ut(0)) ∈ A} ,
where u(t) is the solution to the initial problem with initial data (u(0);ut(0)), and define
operator V : AT 7→ HT by the formula

V : (u(0);ut(0);u(t)) 7→ (u(T );ut(T );u(T + t)).

It is clear from (4.3) that V is Lipschitz on AT . Since A is a strictly invariant set (with respect
to St) and it consists of full trajectories, we also have that V AT = AT .

Since |Aσu|2 ≤ ε|A1/2u|2 + Cε|u|2 for any ε > 0, it follows from (4.3) that

sup
0≤s≤2T

|Aσz(s)|2 ≤ ε|y1 − y2|2H + Cε(T ) sup
0≤s≤2T

|z(s)|2

for any ε > 0. Consequently, from (4.9) we obtain

‖V U1 − V U2‖2HT
≤ ηεT ‖U1 − U2‖2HT

+Kε
T · (n2

T (U1 − U2) + n2
T (V U1 − V U2)),

for any U1, U2 ∈ AT , where Kε
T > 0 is a constant, nT (U) := sup0≤s≤T |u(s)| and

(4.11) ηεT = b(T ) +
∫ 2T

T

b(t)dt+ ε ·

(
c(T ) +

∫ 2T

T

c(t)dt

)
.
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Here T > 1 and ε > 0 are arbitrary. Since W1(0, T ) is compactly embedded into C(0, T ;H),
nT (U) is a compact seminorm on HT and we can choose T and ε > 0 such that ηεT < 1.
Therefore we can apply Theorem 2.15 which implies that AT is a compact set in HT of finite
fractal dimension.

Let P : HT 7→ H be the operator defined by the formula

P : (u0;u1; z(t)) 7→ (u0;u1).

Since A = PAT and P is Lipshitz continuous, we have that

dimH
fracA ≤ dimHT

fracAT <∞.

Here dimY
frac stands for fractal dimension of a set in the space Y . This concludes the proof

of Theorem 4.3. �

The proof of the second part of Theorem 4.1 employs, again, Proposition 1.15, inequalities
either (3.86) or (3.164) and the following more general assertion which is a generalization of
Theorem 4.3.

Theorem 4.4. Let (4.2) hold, the operator A−1 be compact, and Assumption 1.1 be in
force. Assume that the system (H,St) generated by (4.1) possesses global attractor A and
there exist a compact seminorm nV on V and non-negative scalar functions a(t), b(t) and c(t)
on R+ such that (i) a(t) and c(t) are locally bounded on [0,∞), (ii) b(t) ∈ L1(R+) possesses
the property limt→∞ b(t) = 0 and (iii) for every y1, y2 ∈ A and t > 0 we have relation (4.3)
and also

|Sty1 − Sty2|2H ≤ b(t) · |y1 − y2|2H

+c(t) ·
{

sup
0≤s≤t

|Aσ(u1(s)− u2(s))|2 +
∫ t

0

n2
V (u1

t (s)− u2
t (s))ds

}
(4.12)

for some σ ∈ [0, 1/2). Here we denote Styi = (ui(t);uit(t)), i = 1, 2. Then the attractor A has
a finite fractal dimension.

Proof. We apply Theorem 2.15 in the space XT = H ×W2(0, T ) with an appropriate
T . Here W2(0, T ) is the space of functions z(t) for which the norm

|z|W2(0,T ) ≡

(∫ T

0

(
|A1/2z(t)|2 + |M1/2zt(t)|2 + |A−lMztt(t)|2

)
dt

)1/2

is finite. The norm in XT is given by

‖U‖2XT
= |A1/2u0|2 + |M1/2u1|2 + |z|2W2(0,T ), U = (u0, u1, z).

Let z(t) = u1(t)− u2(t). As in the proof of Theorem 4.3 we can obtain that

|ST y1 − ST y2|2H +
∫ 2T

T

|Sty1 − Sty2|2Hdt

≤ bT |y1 − y2|2H + cT

{
sup

0≤s≤2T
|Aσz(s)|2 +

∫ 2T

0

n2
V (zt(s))dt

}
,(4.13)

where bT and cT is given by (4.10). Using equation (4.1) and relation (4.2) we have that

(4.14) |A−lMztt(t)|2 ≤ CA

(
|A1/2z(t)|2 + |M1/2zt(t)|2

)
≤ c2A|Sty1 − Sty2|2H
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for every y1, y2 ∈ A. Therefore, it follows from the corresponding analog (with nV ) of relation
(4.7) that ∫ 2T

T

|A−lMztt(t)|2dt

≤ c2Ab̃T |y1 − y2|2H + c2Ac̃T

{
sup

0≤s≤2T
|Aσz(s)|2 +

∫ 2T

0

n2
V (zt(s))dt

}
,(4.15)

where b̃T and c̃T is defined by (4.8).
As above consider in the space XT the set

AT := {U ≡ (u(0);ut(0);u(t), t ∈ [0, T ]) : (u(0);ut(0)) ∈ A} ,
where u(t) is the solution to the initial problem with initial data (u(0);ut(0)), and define
operator V : AT 7→ XT by the formula

V : (u(0);ut(0);u(t)) 7→ (u(T );ut(T );u(T + t)).

It is clear from (4.3) and (4.14) that V is Lipschitz on AT . Since A is a strictly invariant set
(with respect to St) and it consists of full trajectories, we also have that V AT = AT .

Similarly to the proof of Theorem 4.3, from (4.13) and (4.15) we obtain

‖V U1 − V U2‖2XT
≤ ηεT ‖U1 − U2‖2HT

+Kε
T · (n2

T (U1 − U2) + n2
T (V U1 − V U2)),

for any U1, U2 ∈ AT , where Kε
T > 0 is a constant,

nT (U) := sup
0≤s≤T

|u(s)|+

(∫ T

0

n2
V (ut(s))ds

)1/2

and

ηεT = b(T ) + (1 + c2A)
∫ 2T

T

b(t)dt+ ε ·

(
c(T ) + (1 + c2A)

∫ 2T

T

c(t)dt

)
.

We can choose T > 1 and ε > 0 such that ηεT < 1. Therefore to complete the proof we only
need to prove that nT (U) is a compact seminorm on XT .

Let V1 be the completion of V with respect to the norm | · |V1 given by

|v|V1 = |A−1/2Mv|+ nV (v)

and W be the completion of V with respect to the norm | · |W = |A−lM · |. It is clear that
V ⊂ V1 ⊂ W and the embedding V ⊂ V1 is compact. Therefore by [95, Corollary 4] the
embedding

XT ⊂ C([0, T ],H) ∩ L2([0, T ], V1)
is compact. This implies that the seminorm nT (U) is compact on XT .

Applying Theorem 2.15 we conclude the proof in the same way as it was done in Theo-
rem 4.3. �

Remark 4.5. The idea to use a space of ”pieces” of trajectories in the proof of finite
dimension goes back to the method of the so-called short trajectories suggested in the paper
[83] and developed in [84]. For applications of this method we also refer to [27, 88] in the
case of wave dynamics with interior dissipation, to [22, 26] for wave and plate systems with
boundary damping, and to the paper [33] which involves the same idea in the study metric
properties of trajectory attractors.

We conclude this section with the following proposition which provides more specific
conditions implying the validity of hypotheses of Theorem 4.4 imposed on the system (H,St)
generated by (4.1). The main trust of this result is that elements on the attractor may be
more regular. This regularizing effect of the attractor may produce nonlinear terms in the
equation that behave ”subcritically” rather than ”critically”. This is a rather natural idea
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that has been exploited in the past in the context of hyperbolic-like dynamics (where there
is no natural smoothing effect generated by dynamics) [48, 4, 57, 76, 80]. A variant of
this idea, presented below, axiomatizes needed regularity properties, so that the previous
arguments given in Lemma 3.59 can be repeated without the necessity of assuming large
damping parameter. In fact, this particular setup has been used recently in [31] for proving
finite dimensionality of attractors arising in von Karman equations. Theorem 4.16, formulated
at the end of this section, provides an explicit statement, along with explicitly stated sufficient
conditions insuring finite dimensionality of attractors in a critical case.

To begin the exposition, we shall introduce the following hypothesis imposed on

(4.16) Gu1,u2(t) ≡ F (u1(t), u1
t (t))− F (u2(t), u2

t (t)),

where y1(t) = (u1(t);u1
t (t)) and y2(t) = (u2(t);u2

t (t)) are two trajectories of the system.

Assumption 4.6. Given any two trajectories lying on the attractor y1(t) = (u1(t);u1
t (t))

and y2(t) = (u2(t);u2
t (t)), let z(t) = u1(t)− u2(t). Let T0 > 0 be given. Assume that for any

ε > 0 and for some T ≥ T0, there exists bε(T ) > 0 such that

sup
t∈[0,T ]

∣∣∣∣∣
∫ s+T

s+t

(Gu1,u2(τ), zt(τ))dτ

∣∣∣∣∣ ≤ ε

∫ s+T

s

Ez(τ)dτ

+ bε(T )

{
sup

0≤τ≤T
|Aσz(s+ τ)|2 +

∫ s+T

s

n2
V (zt(s))dτ

}
(4.17)

for all s ∈ R, where σ < 1/2, nV is a compact seminorm on V and the energy function Ez(t)
corresponding to (z; zt) is defined as follows

(4.18) Ez(t) ≡
1
2

[(Mzt(t), zt(t)) + (Az(t), z(t))] .

Proposition 4.7. Let Assumption 1.1 and Assumption 3.21 with H0(s) = m−1
0 s in (3.58)

and κ = 2 in (3.59) be in force. Let D(A1/2−β) ⊂ V be compact for some β > 0. Assume
that the system (H,St) generated by (4.1) possesses the global attractor A and for every pair
y1(t) = (u1(t);u1

t (t)) and y2(t) = (u2(t);u2
t (t)) - trajectories from the attractor- Assumption

4.6 holds true. Then relation (4.12) holds with b(t) = b0e
−ωt, ω > 0. Thus, if in addition

(4.2) holds, then the global attractor A has a finite fractal dimension.

We note that the Assumption 4.6 expresses certain smoothing mechanism for the source
term F (u) with trajectories y(t) = (u(t);ut(t)) on the attractor. Indeed, all the terms on the
right side of inequality (4.17) are ”subcritical”. The mechanism for smoothing is related to
the fact that trajectories on the attractor may converge as t→ −∞ to the set of equilibria and
this set is ”smooth”. Thus, it can be expected that the inequality in (4.17) holds at least for s
approaching −∞. The fact that this inequality should also hold for all s ∈ R results -roughly
speaking- from the fact that ”smooth” states near −∞ propagate smooth trajectories in the
forward direction. Thus, the additional hypothesis imposed in Proposition 4.7 is natural for
systems with conservative loads.

Remark 4.8. We can provide the following sufficient condition for (4.17) which some-
times may be easier to verify. Assume that the value Gu1,u2(t) given by (4.16) admits the
representation

(4.19)
(
Gu1,u2(t), u1

t (t)− u2
t (t)

)
=

d

dt
Q(t) +R(t),

where the scalar functions Q(t) ≡ Q(u1(t);u2(t)) and R(t) ≡ R(y1(t); y2(t)) enjoy the follow-
ing properties: (i) there exists a number 0 ≤ σ < 1/2 and a locally bounded function c(t) on
[0,∞) such that

(4.20) |Q(t)| ≤ c(t)|Aσ(u1(t)− u2(t))|2,
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and (ii) for every ε > 0 there exists bε(T ) > 0 such that

(4.21)
∫ T

0

|R(t)|dt ≤ ε

∫ T

0

Ez(t)dt+ bε(T )

{
sup

0≤s≤T
|Aσz(s)|2 +

∫ T

0

n2
V (zt(s)))ds

}

for every T > 0, where z(t) = u1(t)− u2(t) and Ez(t) is given by (4.18). Then it is clear that
(4.19) implies (4.17).

We note that Theorem 4.25, given in the next section, provides concrete conditions im-
posed on the semilinear source F which guarantee representation (4.19) with properties (4.20)
and (4.21) and applicability of Proposition 4.7, hence finite dimensionality of attractor.

Another sufficient condition for (4.17) on the attractor can be described as follows. Let
Ac be the convex hull of the global attractor A. Assume that (u0;u1) 7→ F (u0, u1) is a
C1-mapping from H into H on the hull Ac and for every ε > 0 there exists Cε > 0 such that

(4.22) sup
(u0;u1)∈Ac

|〈F ′(u0, u1);w0, w1〉|H ≤ ε
(
|A1/2w0|+ |w1|V

)
+ Cε (|Aσw0|+ nV (w1))

for every (w0;w1) ∈ H = D(A1/2) × V , where 〈F ′(u0, u1);w0, w1〉 denotes the value of the
first derivative F ′ at (u0;u1) on the element (w0;w1), 0 ≤ σ < 1/2 and nV is a compact
seminorm on V . Then relation (4.17) holds for any couple of trajectories from the attractor.
Indeed, one can see that

Gu1,u2(t) =
∫ 1

0

〈F ′(λu1 + (1− λ)u2, λu1
t + (1− λ)u2

t ); z, zt〉dλ

and hence by (4.22) we have that∣∣Gu1,u2(t)
∣∣ ≤ ε

(
|A1/2z|+ |zt|V

)
+ Cε (|Aσz|+ nV (zt)) .

This implies (4.17). We use this idea in a bit different form in Theorem 4.27 below.

Proof of Proposition 4.7. The argument is basically the same as in Remark 3.30 or in
the proof of Lemma 3.59 and relies on the estimate given in Lemma 3.23. However, due to
the new assumption (4.17) we will not need the requirement that η > 0 (subcriticality) or a
restriction on the size of the damping. For readers convenience we repeat the main steps.

The proof follows through a sequence of lemmas.

Lemma 4.9. Let Assumption 1.1 and Assumption 3.21 with H0(s) = m−1
0 s in (3.58) and

κ = 2 in (3.59) be in force. Assume that w and v are strong solutions to (4.1) possessing
properties

(4.23) max
s∈[0,T ]

{
|A1/2w(s)|2 + |M1/2wt(s)|2 + |A1/2v(s)|2 + |M1/2vt(s)|2

}
≤ R2

for some R > 0. Then for the difference z(t) = w(t)− v(t) we have that

TEz(T ) +
∫ T

0

Ez(t)dt

≤ C(R, T )

[∫ T

0

(D(t, zt), zt)dt+ max
s∈[0,T ]

|A1/2−δz(s)|2
]

+ c0ΨT (w, v),(4.24)
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for T ≥ T0, where c0 > 0 does not depend on R and T . Here above Ez(t) is given by (4.18)
and D(t, zt) and ΨT (w, v) are the same as in Lemma 3.23, i.e.

D(t, zt) = D(vt(t) + zt(t))−D(vt(t)),

ΨT (w, v) =

∣∣∣∣∣
∫ T

0

(Gw,v(τ), zt(τ))dτ

∣∣∣∣∣+
∣∣∣∣∣
∫ T

0

(Gw,v(t), z(t))dt

∣∣∣∣∣
+

∣∣∣∣∣
∫ T

0

dt

∫ T

t

(Gw,v(τ), zt(τ))dτ

∣∣∣∣∣(4.25)

with Gw,v(t) given by (4.16).

Proof. It follows from Lemma 3.25 and from (3.59) with κ = 2 that∫ T

0

(D(t, zt), z)dt ≤ C(R, T ) max
s∈[0,T ]

|A1/2−δz(s)|2

+ Cε(R, T )
∫ T

0

(D(t, zt), zt)dt+ ε

[
Ez(T ) +

∫ T

0

Ez(t)dt

]
for any ε > 0. Therefore using (3.77) with H0(s) = m−1

0 s and inequality (3.61) in Lemma 3.23
we obtain (4.24). �

To complete the proof of Proposition 4.7 we need the following assertion.

Lemma 4.10. Assume that hypotheses of Lemma 4.9 are in force. In addition assume
(4.17) with T0 as in Lemma 4.9 and with trajectories y1(t) = (u1(t);u1

t (t)) and y2(t) =
(u2(t);u2

t (t)) taken from the global attractor A. Then there exists γ = γ(T ) < 1 such that

(4.26) Ez(s+ T ) ≤ γEz(s) + CT

{
sup

0≤τ≤T
|Aσ∗z(s+ τ)|2 +

∫ s+T

s

n2
V (zt(s))dτ

}
for all s ∈ R with σ∗ < 1/2.

Proof. It follows from Lemma 4.9 that

TEz(s+ T ) +
∫ s+T

s

Ez(τ)dτ

≤ CT

[∫ s+T

s

(D(t, zt), zt)dt+ max
s∈[0,T ]

|A1/2−δz(s)|2
]

+ c0Ψs
T (u1, u2),(4.27)

where

(4.28) Ψs
T (u1, u2) = (1 + T ) sup

t∈[0,T ]

∣∣∣∣∣
∫ s+T

s+t

(Gu1,u2(τ), zt(τ))dτ

∣∣∣∣∣+
∣∣∣∣∣
∫ s+T

s

(Gu1,u2(t), z(t))dt

∣∣∣∣∣ .
By (4.17) we obtain that

Ψs
T (u1, u2) ≤ ε

∫ s+T

s

Ez(τ)dτ + CεT

{
sup

0≤τ≤T
|Aσz(s+ τ)|2 +

∫ s+T

s

n2
V (zt(s))dτ

}
for all s. From energy relation (3.65) we also have that

(4.29) k

∫ s+T

s

(D(t, zt), zt)dt ≤ Ez(s)− Ez(s+ T ) + Ψs
T (u1, u2).

Therefore we arrive at

Ez(s+ T ) ≤ CT (Ez(s)− Ez(s+ T ))

+CT

{
sup

0≤τ≤T
|Aσ∗z(s+ τ)|2 +

∫ s+T

s

n2
V (zt(s))dτ

}
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for all s ∈ R, where σ∗ = min{σ, 1/2− δ} < 1/2. This implies (4.26). �

To complete the proof of Proposition 4.7 we proceed as in the proof of Remark 3.30.
Indeed, we note that (4.26) applied with s = 0 is a counterpart of inequality just below
(3.87). The fact that (4.17) is assumed for all s ∈ R allows to reiterate the estimates on each
subinterval (mT, (m + 1)T ), m = 1, 2 . . . leading to the conclusion in (3.86). This, in turn,
implies (4.12). Theorem 4.4 yields the final result stated in Proposition 4.7. �

Hypotheses in Assumption 4.6 may be complicated to verify in general. However in the
case of conservative forces (F ∗(u, v) ≡ 0) one can take an advantage of the finiteness of the
dissipation integral

(4.30)
∫ ∞

0

(D(ut(t)), ut(t))dt

evaluated along trajectories. As we shall see below, finiteness of the integral in (4.30) on
trajectories may compensate for the lack of sufficient smoothness. This is in line with a
general philosophy, not unusual in quasihyperbolic dynamics, that damping → smoothness.
In order to exploit beneficial effects of the damping, we formulate the following hypothesis
imposed on the nonlinear term F .

Assumption 4.11. Assume that
• F (u, v) = F (u) is independent of velocities and does not contain non-conservative

terms, i.e. F (u) = −Π′(u).
• The functional Π : D(A1/2) 7→ R is a Frechet C3-mapping.
• The second Π(2)(u) and the third Π(3)(u) Frechet derivatives of Π(u) satisfy the

conditions

(4.31)
∣∣∣〈Π(2)(u); v, v〉

∣∣∣ ≤ Cρ|Aσv|2, v ∈ D(A1/2),

for some σ < 1/2, and

(4.32)
∣∣∣〈Π(3)(u); v1, v2, v3〉

∣∣∣ ≤ Cρ|A1/2v1||A1/2v2||v3|V , vi ∈ D(A1/2),

for all u ∈ D(A1/2) such that |A1/2u| ≤ ρ, where ρ > 0 is arbitrary and Cρ is a
positive constant. Here above 〈Π(k)(u); v1, . . . , vk〉 denotes the value of the derivative
Π(k)(u) on elements v1, . . . , vk,

We recall that the Frechet derivatives Π(k)(u) of the functional Π are symmetric k-
linear continuous forms on D(A1/2) (see, e.g., [10]). Moreover, if Π ∈ C3, then (F (u), v) ≡
−〈Π′(u); v〉 is C2-functional for every fixed v ∈ D(A1/2) and the following Taylor’s expansion
holds

(4.33) (F (u+ w)− F (u), v) = −〈Π(2)(u);w, v〉 −
∫ 1

0

(1− λ)〈Π(3)(u+ λw);w,w, v〉dλ

for any u, v ∈ D(A1/2) [10]. This structure of F (u) is important for our subsequent considera-
tions because it leads to a representation of the form (4.19). Indeed, assume that u(t) and z(t)
belong to the class C1(a, b;D(A1/2)) for some interval [a, b] ⊆ R. Then by the differentiation
rule for composition of mappings [10] using the symmetry of the form Π(2)(u) we have that

d

dt
〈Π(2)(u); z, z〉 = 〈Π(3)(u);ut, z, z〉+ 2〈Π(2)(u); z, zt〉.

Therefore from (4.33) we obtain the representation

(4.34) (F (u(t) + z(t))− F (u(t)), zt(t)) =
d

dt
Q(t) +R(t), t ∈ [a, b] ⊆ R,
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with

(4.35) Q(t) = −1
2
〈Π(2)(u(t)); z(t), z(t)〉

and

(4.36) R(t) = −1
2
〈Π(3)(u);ut, z, z〉 −

∫ 1

0

(1− λ)〈Π(3)(u+ λz); z, z, zt〉dλ.

Remark 4.12. Instead of Assumption 4.11 one could also postulate the decomposition
as in (4.34) with Q(t) and R(t) given by (4.35) and (4.36) subject to (4.31) and (4.32).

We also note that under Assumption 4.11 it is easy to see from (4.34) that for any
(u(t);ut(t)), (z(t); zt(t)) ∈ C(a, b;D(A1/2)× V ) such that

(4.37) sup
t∈[a,b]

{
|A1/2u(t)|+ |A1/2z(t)|

}
≤ R

we have the relation∣∣∣∣∫ t

s

(Gu+z,u(τ), zt(τ))dτ
∣∣∣∣ ≤ C1(R) sup

s≤τ≤t
|Aσz(τ)|2

+ C2(R)
∫ t

s

(|ut(τ)|V + |zt(τ)|V ) |A1/2z(τ)|2dτ(4.38)

for all a < s ≤ t < b, where σ < 1/2 and Gu1,u2(t) is given by (4.16), i.e. Gu1,u2(t) =
F (u1(t)) − F (u2(t)) in the case considered. This property implies the following assertion,
which constututes the main ingredient of the proof of stabilizability estimate. The latter is
critical for both finite-dimensionality and regularity of attractors.

Proposition 4.13. Let Assumption 4.11 be in force. Assume that functions (u1(t);u1
t (t))

and (u2(t);u2
t (t)) from C(R+;D(A1/2)× V ) possess the property

(4.39) max
s∈R+

{
|A1/2u1(s)|2 + |M1/2u1

t (s)|2 + |A1/2u2(s)|2 + |M1/2u2
t (s)|2

}
≤ R2

for some R > 0. Then for any ε > 0 and T > 0 there exist aε(R, T ) and bε(R, T ) such that
for z(t) = u1(t)− u2(t) we have the following relation

sup
t∈[0,T ]

∣∣∣∣∣
∫ s+T

s+t

(Gu1,u2(τ), zt(τ))dτ

∣∣∣∣∣ ≤ ε

∫ s+T

s

Ez(τ)dτ

+ aε(R, T )
∫ s+T

s

d(τ ;u1, u2)Ez(τ)dτ + bε(R, T ) sup
0≤τ≤T

|Aσz(s+ τ)|2(4.40)

for all s ≥ 0, where σ < 1/2. Here above Ez(t) and Gu1,u2(t) is given by (4.18) and (4.16),
and

(4.41) d(t;u1, u2) = |u1
t (t)|2V + |u2

t (t)|2V .
The main tool for proving finite dimensionality and regularity of attractors is stabilizabil-

ity estimate formulated below.

Proposition 4.14. Let Assumption 1.1 and Assumption 3.21 with H0(s) = m−1
0 s in

(3.58) and κ = 2 in (3.59) be in force. Assume that u1(t) and u2(t) are two generalized
solutions to problem (4.1) possessing properties (4.39) and satisfying relation (4.40) with
some non-negative function d(τ ;u1, u2) such that

(4.42) d∞ =
∫ ∞

0

d(t;u1, u2) dt ≤ CR <∞.

Then for Styi = (ui(t), uit(t)) we have the following relation

(4.43) ‖Sty1−Sty2‖2H ≤ C1(R)e−ωRt‖y1−y2‖2H +C2(R) max
[0,t]

|Aσ(u1(τ)−u2(τ))|2 , t > 0 ,
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where C1(R), C2(R) and ωR are positive constants, 0 ≤ σ < 1/2.

Proof. Without loss of generality we can assume that u1(t) and u2(t) are strong solu-
tions. As above we denote z(t) = u1(t)− u2(t).

As in the proof of Lemma 4.10 we have relation (4.27) with the constant CT which may
also depend on R. Now using (4.40) for Ψs

T (u1, u2) given by (4.28) we obtain the following
estimate

Ψs
T (u1, u2) ≤ ε

∫ s+T

s

Ez(τ)dτ

+ ãε(R, T )
∫ s+T

s

d(τ ;u1, u2)Ez(τ)dτ + b̃ε(R, T ) sup
0≤τ≤T

|Aσz(s+ τ)|2(4.44)

for every ε > 0. Consequently, using (4.27) and (4.29) we arrive at

Ez(s+ T ) ≤ C1(R, T ) (Ez(s)− Ez(s+ T ))

+C2(R, T )
∫ s+T

s

d(τ ;u1, u2)Ez(τ)dτ + C3(R, T ) sup
0≤τ≤T

|Aσz(s+ τ)|2

for all s > 0 and T ≥ T0. This implies that

Ez((m+ 1)T ) ≤ γEz(mT ) + cR,T bm, m = 0, 1, 2, . . . ,

with 0 < γ ≡ γT,R < 1, where

bm ≡ sup
τ∈[mT,(m+1)T ]

|Aσz(τ)|2 +
∫ (m+1)T

mT

d(τ ;u1, u2)Ez(τ)dτ.

This yields

Ez(mT ) ≤ γmEz(0) + c
m∑
l=1

γm−lbl−1.

Since γ < 1, by the same argument as in Remark 3.30 along with the definition of bl given
above we obtain that there exists ω > 0 such that

Ez(t) ≤ C1e
−ωtEz(0)

+C2

{
sup
τ∈[0,t]

|Aσz(τ)|2 +
∫ t

0

e−ω(t−τ)d(τ ;u1, u2)Ez(τ)dτ

}
for all t ≥ 0. Therefore, applying Gronwall’s lemma to a function Ez(t)eωt we find that

Ez(t) ≤

[
C1Ez(0)e−ωt + C2 sup

τ∈[0,t]

|Aσz(τ)|2
]

exp
{
C2

∫ t

0

d(τ ;u1, u2) dτ
}
.

Now using (4.42) we obtain estimate (4.43). This concludes the proof of Proposition 4.14. �

A direct consequence of Proposition 4.14 is the following assertion.

Proposition 4.15. Let Assumption 1.1 and Assumption 3.21 with H0(s) = m−1
0 s in

(3.58) and κ = 2 in (3.59) be in force. Let D(A1/2−β) ⊂ V be compact for some β > 0.
Assume that the system (H,St) generated by (4.1) possesses the global attractor A and for
every pair y1(t) = (u1(t);u1

t (t)) and y2(t) = (u2(t);u2
t (t)) - trajectories from the attractor-

relation (4.40) holds true with d(t;u1, u2) possessing property (4.42). Then the global attractor
A has a finite fractal dimension.

Proof. By Proposition 4.14 relation (4.4) holds for semi-flow St with b(t) = b0e
−ωt,

ω > 0. Therefore the application of Theorem 4.3 along with Proposition 1.15 leads to the
result desired. �
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Now we are in position to conclude this section with the following theorem which recapitu-
lates the ideas presented above and supplies the main result pertaining to finite-dimensionality
of attractors in the critical and conservative case.

Theorem 4.16. Let Assumption 1.1 with F ∗(u, v) ≡ 0, Assumption 3.21 with H0(s) =
m−1

0 s in (3.58) and κ = 2 in (3.59) and Assumption 3.39 be in force. Assume that D(A1/2−β)
is compactly embedded in V for some β > 0, the nonlinear mapping F (u) = −Π′(u) satisfies
Assumption 4.11, and the dissipativity condition in (3.113) holds. Then the system (H,St)
generated by (1.1) possesses a compact global attractor A of a finite fractal dimension.

Proof. The existence of a compact global attractor A follows from Theorem 3.40. By
(3.58) we have that

(4.45) d(t;u1, u2) ≡ |u1
t (t)|2V + |u2

t (t)|2V ≤ m−1
0

[
D(u1

t (t), u
1
t (t)) +D(u2

t (t), u
2
t (t))

]
.

Therefore it follow from (3.114) that relation (4.42) holds. Thus we can apply Proposition 4.15
to prove that A has a finite dimension. �

4.2. Regularity of elements from attractors

In this section we address a question of additional smoothness of elements in the attractor.
With some additional hypotheses we will be able to prove that elements in the attractor
are more regular than indicated by the topology of the phase space. While this kind of
result is typical for parabolic-like flows, it is more unusual in hyperbolic dynamics with a
nonlinear damping. This is due to an inherent to hyperbolic problems lack of smoothing that
is particularly acute in the presence of strongly nonlinear dissipation.

For the second order in time evolution equations the problem of regularity of elements
from a global attractor has been studied in abstract setting in [56] for the case of scalar linear
damping and M = I.

We start with the following assertion which shows how stabilizability estimates can be
used for the regularity of elements of the global attractor and which gives us the result in the
case of the attractors constructed in Theorem 4.1 or in Theorem 4.16.

Theorem 4.17. Let the hypotheses of either Theorem 4.1 or Theorem 4.16 be in force.
In addition, we assume that

• if the seminorm nV is not absent in (3.60), then (i) it possesses the property

(4.46) n2
V (v) ≤ ε|v|2V + Cε|Mv|2[D(A1/2)]′ , v ∈ V,

with arbitrary ε > 0, and (ii) the operator D maps V into [D(A1/2)]′ and is bounded
on bounded sets.

Then any full trajectory {(u(t);ut(t)) : t ∈ R} which belongs to the global attractor enjoys the
following regularity properties:

(4.47) Au+ kD(ut) ∈ Cr(R;V ′), ut ∈ Cr(R;D(A1/2)), utt ∈ Cr(R;V ),

where Cr denotes the space right continuous functions. Moreover, there exists R > 0 such
that

(4.48) |utt(t)|2V + |A1/2ut(t)|2 + |Au(t) + kD(ut(t))|2V ′ ≤ R2, t ∈ R.

Proof. It follows from the inequality in Remark 3.30 or Lemma 3.59 (in the case of
Theorem 4.1) and from Proposition 4.14 (in the case of Theorem 4.16) that for any two
trajectory

γ = {y(t) ≡ (u(t);ut(t)) : t ∈ R} and γ∗ = {y∗(t) ≡ (u∗(t);u∗t (t)) : t ∈ R}
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from the global attractor we have that there exist positive constants ω, δ and C such that

E0(z(t), zt(t)) ≤ Ce−ω(t−s)E0(z(s), zt(s))

+ C

{
sup
s≤τ≤t

|A1/2−δz(τ)|2 +
∫ t

s

e−ω(t−τ)n2
V (zt(τ))dτ

}
,(4.49)

for all s ≤ t, s, t ∈ R, where z(t) = u∗(t) − u(t) and E0(z, zt) = 1
2

(
|zt|2V + |A1/2z|2

)
. In the

limit s→ −∞ relation (4.49) gives us that

E0(z(t), zt(t)) ≤ C

{
sup

−∞≤τ≤t
|A1/2−δz(τ)|2 +

∫ t

−∞
e−ω(t−τ)n2

V (zt(τ))dτ
}
,

for every t ∈ R and for every couple of trajectories γ and γ∗. Using the interpolation and
property (4.46) we can conclude that

(4.50) sup
−∞≤τ≤t

E0(z(τ), zt(τ)) ≤ C sup
−∞≤τ≤t

{
|z(τ)|2V + |Mzt(τ)|2[D(A1/2)]′

}
,

or every t ∈ R and for every couple of trajectories γ and γ∗ from the attractor.
Now we fix the trajectory γ and for 0 < |h| < 1 we consider the shifted trajectory

γ∗ ≡ γh = {y(t+ h) : t ∈ R}.
Applying for this pair of trajectories relation (4.50) and using the fact that all terms (4.50)
are quadratic with respect to z we obtain that

(4.51) sup
−∞≤τ≤t

E0(uh(τ), uht (τ)) ≤ C sup
−∞≤τ≤t

{
|uh(τ)|2V + |Muht (τ)|2[D(A1/2)]′

}
,

where uh(t) = h−1 · [u(t+ h)− u(t)]. On the attractor we obviously have that

|uh(t)|V ≤
1
h
·
∫ h

0

|ut(τ + t)|V dτ ≤ C, t ∈ R,

and

|Muht (t)|[D(A1/2)]′ ≤
1
h
·
∫ h

0

|Mutt(τ + t)|[D(A1/2)]′dτ ≤ C, t ∈ R,

with uniformity in h. Therefore (4.51) implies that

|uht (t)|2V + |A1/2uh(t)|2 ≤ C, t ∈ R.
Passing with the limit on h yields then

(4.52) |utt(t)|2V + |A1/2ut(t)|2 ≤ C, t ∈ R.
Return to the original equation we obtain that

(4.53) |Au(t) + kD(ut(t))|V ′ ≤ C|utt|V + |F (u(t), ut(t))|V ′ ≤ C, t ∈ R.
Thus, we have that

(Au+ kD(ut);ut;utt) ∈ L∞(R;W ×D(A1/2)× V ).

In particular Au(t) + kD(ut(t)) ∈ V ′ for almost all t ∈ R. Therefore by Theorem 1.5 u(t) is
a strong solution to the original equation and hence relations (4.47) hold. The estimate in
(4.48) follows from (4.52) and (4.53). �

Corollary 4.18. In addition to the hypotheses of Theorem 4.17 we assume that the
damping operator D maps D(A1/2) into V ′ and is bounded on bounded sets. Then the global
attractor A is a closed bounded set in the space W × D(A1/2), where W = {u ∈ D(A1/2) :
Au ∈ V ′}.

Proof. Under the additional assumption imposed on the damping operator D we have
that |D(ut(t))|V ′ ≤ C for all t ∈ R on the attractor. Therefore the conclusion follows from
(4.48). �
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In the reminder of this section we restrict ourselves to the case when nonlinear forces does
not depend on velocities, i.e. we consider the following problem{

Mutt(t) +Au(t) + k ·D(ut(t)) = F (u(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2).

The result provided below extends linear result of [56] to the case of nonlinear dissipation
and more general vectorial structure of the model.

Theorem 4.19. Assume that Assumption 1.1 holds and the system (H,St) generated by
(1.1) possesses a global attractor A. Additionally assume that

• The damping operator D maps D(A1/2) into V ′ continuously and is bounded on
bounded sets.

• D is Frechet differentiable as a mapping from D(A1/2) into
[
D(A1/2)

]′
, the deriva-

tive D′(u) generates a symmetric bilinear form on D(A1/2), and there exist positive
constants k1 and k2 such that

k1(Mw,w) ≤ (〈D′(λu+ (1− λ)v), w〉, w)

≤ k2 [1 + (D(u), u) + (D(v), v)] |A1/2w|2(4.54)

for any 0 ≤ λ ≤ 1 and u, v, w ∈ D(A1/2) such that |u|V , |v|V ≤ 1 +R0, where R0 is
a dissipativity radius of the system.

• Concerning the nonlinear mapping F (u, v) we assume that F (u, v) = F (u) is a C1

mapping from D(A1/2) into V ′ and

(4.55) |〈F ′(u), w〉|V ′ ≤ Cρ · |A1/2−δw|

for every ρ > 0, where |A1/2u| ≤ ρ, w ∈ D(A1/2) and δ ∈ (0, 1/2].
Then the global attractor is bounded set in W × D(A1/2)), where W = {u ∈ D(A1/2) :
Au ∈ V ′} and any full trajectory {(u(t);ut(t)) : t ∈ R} which belongs to the global attractor
possesses the following regularity properties

(4.56) u ∈ C(R;W ), ut ∈ C(R;D(A1/2)), utt ∈ C(R;V ).

Moreover, there exists R > 0 such that

(4.57) |utt(t)|2V + |A1/2ut(t)|2 + |Au(t)|2V ′ ≤ R2, t ∈ R.

Remark 4.20. A natural way to establish an additional regularity of attractors is to
differentiate (with respect to time) the original dynamics and to consider regularity of the
resulting solutions originating with initial conditions taken a priori in a larger dual (distribu-
tional) spaces. However, this method works well for linear damping only (see [56]), as only in
that case principal part of evolution obtained is time independent. Thus, standard semigroup
theory provides a meaning to trajectories originating with initial conditions taken in the duals
to the domains of the generator. Instead, in a more general case of nonlinear damping, the
evolution becomes time dependent and the trajectories are not generally defined for initial
conditions that are taken in the dual spaces. Thus, the difficulty is intrinsic to poorly charac-
terized regularity of domains of the generators corresponding to time dependent evolutions.
These domains are no longer dense in a phase space, as it is the case with the semigroups
(time independent case). In order to alleviate this difficulty, we shall consider approximation
scheme for which we derive certain uniform estimates. This method is more technical and
elaborate than in the time independent case, but as we shall see, it leads to the sought-after
estimates. Passing with the limit on the final quantities will yield the desired inequality.

Proof. In order to proceed with the program outlined above we define

(4.58) uh(t) =
u(t+ h)− u(t)

h
, 0 < h < 1,
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where {(u(t);ut(t)) : t ∈ R} is a trajectory from the attractor. It is easy to verify that uh

satisfies the equation

(4.59) Muhtt +Dh(t)uht +Auh = Fh(t),

where

Dh(t)w = k

∫ 1

0

〈D′(ut(t) + ξ(ut(t+ h)− ut(t))), w〉dξ

and

(4.60) Fh(t) =
∫ 1

0

〈F ′(u(t) + ξ(u(t+ h)− u(t))), uh(t)〉dξ.

We consider the following (time-dependent) evolution

(4.61) Mvtt +Dh(t)vt +Av = 0.

The above equation, when considered for a fixed trajectory u(t), is linear in the variable v,
however non-autonomous. Standard evolution theory argument applies in order to assert an
existence of evolution operator Uh(t, s) : H → H such that for t > s

(v(t), vt(t)) = Uh(t, s)(v(s), vt(s)) ∈ H.

Our first step is to ensure that this evolution is exponentially stable with the parameters that
are uniform (with respect to h).

Lemma 4.21. There exist positive constants CR and ωR such that for all s < t the following
estimate

‖Uh(t, s)‖L(H) ≤ CRe
−ωR(t−s)

holds uniformly in 0 < h < 1.

Proof. We begin by defining the energy function associated with the system (4.61). Let

E(t) ≡ |M1/2vt(t)|2 + |A1/2v(t)|2 = |Uh(t, s)(v(s), vt(s))|2H .

The standard energy calculations give:

(4.62) E(t) + 2
∫ t

s

(Dh(τ)vt(τ), vt(τ))dτ = E(s).

From (4.54) and the definition of Dh we have

(4.63) (Dh(t)vt, vt) ≥ k1 · k · |M1/2vt|2.

Multiplying equation (4.61) by v and integrating from s to s+ T give

−
∫ T+s

s

|M1/2vt|2dt+
∫ T+s

s

|A1/2v|2dt+
∫ T+s

s

(Dh(t)vt, v)dt

≤ C[E(s) + E(T + s)],

and by (4.63), (4.62) we have that∫ T+s

s

E(t)dt+ sup
s≤t≤T+s

E(t)

≤ C1

∫ T+s

s

(Dh(t)vt, vt)dt+ C2E(T + s) +
∫ T+s

s

|(Dh(t)vt, v)|dt.(4.64)

Recalling the assumption imposed on D′ along with the fact that∫ s+T

s

[(D(ut(τ + h), ut(τ + h)) + (D(ut(τ), ut(τ))] dt ≤ CR,T ,
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we obtain∫ T+s

s

|(Dh(t)vt, v)|dt ≤ Cε

∫ T+s

s

(Dh(t)vt, vt)dt+ ε

∫ T+s

s

(Dh(t)v, v)dt

≤ Cε

∫ T+s

s

(Dh(t)vt, vt)dt+ CRε sup
s≤t≤T+s

|A1/2v(t)|2.

Combining the above inequality with (4.64) and selecting ε suitably small give∫ T+s

s

E(t)dt ≤ CE(T + s) + CR

∫ T+s

s

(Dh(t)vt, vt)dt.(4.65)

Since by (4.62) E(t) is not increasing, the above inequality implies:

TE(T + s) ≤
∫ T+s

s

E(t)dt ≤ CE(T + s) + CR

∫ T+s

s

(Dh(t)vt, vt)dt.

After taking T large enough and using once more (4.62) yields

E(T + s) ≤ CR

∫ T+s

s

(Dh(t)vt, vt)dt ≤ CR(E(s)− E(T + s)).

From here we find that

E(T + s) ≤ CR
CR + 1

E(s) ≡ γRE(s), where γR < 1, s ∈ R,

and γR does not depend on s. Reiterating this argument on subintervals (mT, (m+ 1)T ) and
recalling evolution property of the operator Uh(t, s) yield the desired conclusion. �

To continue with the proof of Theorem 4.19 we write

(4.66) yh(t) = Uh(t, s)yh(s) +
∫ t

s

Uh(t, τ)(0;M−1Fh(τ)dτ, t ≥ s,

with yh(t) = (uh(t);uht (t)). Since yh(t) belongs to the attractor, for each fixed h the function
|yh(t)|H is bounded for all t ∈ R with the bound possibly depending on h. Sending s→ −∞
in (4.66) and applying Lemma 4.21 we obtain with a fixed h the following representation:

(4.67) yh(t) =
∫ t

−∞
Uh(t, τ)(0;M−1Fh(τ))dτ, t ≥ s.

From condition (4.55) we also obtain

|Fh(t)|V ′ ≤ CR|A1/2−δuh(t)| ≤ ε|A1/2uh(t)|+ CR,ε|uh(t)|
≤ ε|A1/2uh(t)|+ CR,ε,

where in the last step we account for the fact that

(4.68) |uh(t)| ≤ 1
h
·
∫ h

0

|ut(τ + t)|dτ ≤ CR, t ∈ R,

with uniformity in h. Hence combining with (4.67) and Lemma 4.21

(4.69) |yh(t)|H ≤ CR

∫ t

−∞
e−ωR(t−τ |Fh(τ)|V ′dτ ≤ ε sup

s≤t
|yh(s)|H + Cε,R.

Taking ε suitably small gives

(4.70) |yh(t)|H ≤ CR for all t ∈ R.

Passing with the limit on h yields then

(4.71) |utt(t)|2V + |A1/2ut(t)|2 ≤ CR, t ∈ R.
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It is clear that v(t) = ut(t) solves the linear problem

(4.72) Mvtt + 〈D′(ut(t)), vt〉+Av = 〈F ′(u(t)), v〉

and hence by the standard energy method, Frechet differentiability of F in (4.55) (where we
can take δ = 0) and (4.71) we have that∫ T

0

(〈D′(ut), vt〉, vt)dt ≤ C.

Thus (〈D′(ut(t)), vt(t)〉, vt(t)) and (〈F ′(u(t)), v(t)〉vt(t)) are in Lloc1 (R). This implies by stan-
dard energy considerations that E(t) is continuous in time. Since (4.71) implies weak conti-
nuity in time of (v, vt) with values in H, we obtain that

ut ∈ C(R;D(A1/2)), utt ∈ C(R;V ).

In order to obtain the improved regularity for u(t) we return to the original equation, which
gives the relation

(4.73) |Au(t)|V ′ ≤ C|utt|V ′ + |F (u(t))|V ′ + k|D(ut)|V ′ ,

and account for the improved regularity in (4.71) along with the assumptions imposed. �

The following observation is important in the study of smoothness properties of an at-
tractor in Theorem 4.25 below.

Remark 4.22. In Theorem 4.19 the we need the continuity and boundedness of the map
D : D(A1/2) → V ′ only to conclude, via ”elliptic” regularity argument, that u ∈ Cbnd(R;W )
on the attractor (from (4.71) via (4.73) we have that |Au(t)| < C). This condition imposes
certain restrictions on the ”growth” of the damping operator. Without this requirement im-
posed on D we can only conclude that t 7→ Au(t)+kD(ut(t)) is bounded and right continuous
in V ′ (see the argument given in the proof of relation (4.47) in Theorem 4.17). In particular,
there exits R > 0 such that for any trajectory (u(t);ut(t)) from the attractor we have the
relation

Au(t) ∈WD(R) ≡
{
w − kD(v) : w ∈ V ′, v ∈ D(A1/2), |w|V ′ + |A1/2v| ≤ R

}
for all t ∈ R. This implies that, if, for instance, D maps D(A1/2) into

[
D(A1/2−δ)

]′
, δ ≥ 0, and

is bounded on bounded sets, then one can still conclude some additional regularity of elements
from the global attractor. Namely, in the case when M = I from (4.71) we can conclude that
|A1/2+δu(t)| < C on the attractor. In this case the argument given in Theorem 4.19 allow us
to state that the attractor A is a bounded set in D(A1/2+δ)×D(A1/2).

Assuming more regularity on the damping D one can reiterate the argument of Theorem
4.19 in order to obtain even higher regularity of trajectories lying in the attractor. In fact,
this was done in the case of wave equation in [80]. However, the method necessitates rather
strong limitations imposed on the nonlinear damping. For this reason we shall not pursue this
line of argument, but rather limit ourselves to a linear damping where ”infinite smoothness”
of attractors can be easily deduced as a corollary of Theorem 4.19.

Corollary 4.23. Assume that Assumption 1.1 holds and the system (H,St) generated
by (1.1) possesses a global attractor A. Additionally assume that

• the damping operator D is a linear positive self-adjoint operator in H which is
bounded from D(A1/2) into V ′ and possesses the property

(4.74) k1(Mw,w) ≤ (Dw,w) ≤ k2|A1/2w|2

for any w ∈ D(A1/2), where k1 and k2 are positive constants.
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• Concerning the nonlinear mapping F (u) we assume that F (u) belongs to Cm as a
mapping from D(A1/2) into V ′ and

(4.75) |〈F (k)(u);w1, . . . , wk〉|V ′ ≤ Cρ ·
k∏
j=1

|A1/2−δwj |,

for every ρ > 0, where k = 0, 1, . . . ,m, |A1/2u| ≤ ρ, wj ∈ D(A1/2) and δ ∈ (0, 1/2].
Here F (k)(u) is the k-order Frechet derivative of F (u) and 〈F (k)(u);w1, . . . , wk〉 is
the value of F (k)(u) on elements w1, . . . , wk.

Then any full trajectory {(u(t);ut(t)) : t ∈ R} which belongs to the global attractor possesses
the following regularity properties:

(4.76)
u(k)(t) ∈ C(R;W ), k = 0, 1, 2, . . . ,m− 1,

u(m)(t) ∈ C(R;D(A1/2)), u(m+1)(t) ∈ C(R;V ),

where W = {u ∈ D(A1/2) : Au ∈ V ′}. Here and below u(k)(t) = ∂kt u(t). Moreover

(4.77) |u(k+1)(t)|2V + |A1/2u(k)(t)|2 + |Au(k−1)(t)|2V ′ ≤ R2, t ∈ R,
where k = 0, 1, . . . ,m.

Remark 4.24. The result stated above, in the special case of abstract wave equation with
linear scalar damping (M = D = I), has been proved in [56]. Thus Corollary 4.23 extends
this result to more general vectorial structures.

Proof. By Theorem 4.19 the statement of this corollary is true for m = 1.
Now we apply induction argument. Assume that (4.76) and (4.77) holds true for m = n.

Then v(t) = u(n)(t) satisfies the equation

Mvtt +Dvt +Av = Φ(t) ≡ Φ(v(t);u′(t), . . . , u(n−1)(t)),

where
Φ(v(t);u′(t), . . . , u(n−1)(t)) =

dn

dtn
F (u(t)).

As above the function vh(t) = h−1(v(t+ h)− v(t)), h > 0, satisfies the equation

Mvhtt +Dvht +Avh = Φh(t) ≡ 1
h

(Φ(t+ h)− Φ(t)) .

Using (4.75) and the induction hypothesis one can show that

|Φh(t)|V ′ ≤ ε|A1/2vh|2 + CR,ε.

Thus the same argument as in Theorem 4.19 allows us to prove (4.76) and (4.77) for m =
n+ 1. �

Under some conditions it is also possible to transfer time regularity of trajectories lying
in the attractor into spatial smoothness of its elements. For details we refer to [56], where
the case M = D = I is discussed.

The most restrictive assumption in Theorem 4.19 is inequality (4.55), which requires
that the nonlinear term F is - in some sense - subcritical. However, in the special case of
gradient systems subcriticality restriction can be removed. We have seen this already in
Proposition 4.14 and Theorem 4.16. Subcriticality allows (due to compactness of Sobolev’s
emebeddings) to introduce a small parameter into the estimates controlling principal part of
the energy function. On the other hand, the velocity damping may also play a role of ”small
parameter” - at least for large values of time. Thus, the key idea is that the ”damping”
implies hidden smoothness and compensated compactness. In fact, this is precisely the key
idea behind stabilizability estimate in Proposition 4.14 where the function d∞ is controlled by
the damping in the system according to (4.45). This philosophy leads, in a simple manner, to
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a powerful criterion for regularity (and also finite dimensionality) of attractors in the ”critical”
and conservative case. Indeed, theorem stated below, which builds on the results of Theorem
4.16 and Theorem 4.17, recapitulates with an explicit statement conditions sufficient for both
regularity and finite-dimensionality.

Theorem 4.25. Let Assumption 1.1 with F ∗(u, v) ≡ 0 and Assumption 3.21 with H0(s) =
m−1

0 s in (3.58) and κ = 2 in (3.59) be in force. Assume D(A1/2−β) ⊂ V is compact for some
β > 0 and the nonlinear mapping F (u) = −Π′(u) satisfies Assumption 4.11. If the system
(H,St) generated by (1.1) possesses a compact global attractor A, then the following assertions
hold.

• The attractor A is a closed bounded set in D(A1/2) × D(A1/2), more precisely, we
have that

(4.78) A ⊂
{

(u; v) ∈ D(A1/2)×D(A1/2)
∣∣∣∣ w ≡ Au+ kD(v) ∈ V ′,
|w|V ′ + |A1/2v|+ |A1/2u| ≤ R

}
for some R > 0.

• Any full trajectory γ = {(u(t);ut(t)) : t ∈ R} lying in the global attractor A satisfies
the regularity properties in (4.47) and (4.48).

• The attractor A has a finite fractal dimension.

Proof. We note that the assumptions imposed by the present theorem imply validity
of hypotheses assumed in Proposition 4.14. Indeed, Assumption 4.11 implies the validity
of integral relation (4.40) and F ∗ ≡ 0 implies that (4.42) holds true (see (4.45). Thus by
Proposition 4.14 the stabilizability inequality (4.43) holds true. On the other hand, this
stabilizability inequality implies finite dimensionality of the attractor via Theorem 4.3. The
same inequality proves also regularity of the attractor by the argument used in Theorem
4.17. The quantitative description of the regularity follows from obvious calculations involving
differential equation. �

The following corollary gives additional smoothness of the attractor under the same
smoothness hypotheses concerning the damping operator as in Theorem 4.19.

Corollary 4.26. In addition to hypotheses of Theorem 4.25 assume that the damping
operator D maps D(A1/2) into V ′ continuously and is bounded on bounded sets. Then

• The attractor A is a closed bounded set in the space H1 = W × D(A1/2), where
W = {u ∈ D(A1/2) : Au ∈ V ′}.

• Assume in addition that (i) D : D(A1/2) 7→ V ′ is continuous and (ii) D is Frechet
differentiable as a mapping from D(A1/2) into

[
D(A1/2)

]′
and the derivative D′(u)

generates a symmetric bilinear form on D(A1/2) such that (4.54) holds. Then any
full trajectory γ = {(u(t);ut(t)) : t ∈ R} lying in the global attractor A satisfies the
following regularity properties:

(4.79) u(t) ∈ C(R;W ), ut(t) ∈ C(R;D(A1/2)), utt(t) ∈ C(R;V ),

where W = {u ∈ D(A1/2) : Au ∈ V ′}. Moreover, there exists R > 0 such that

(4.80) |utt(t)|2V + |A1/2ut(t)|2 + |Au(t)|2V ′ ≤ R2, t ∈ R.

Proof. The first statement follows from relation (4.78) and from the fact that under
additional boundedness imposed on the damping operator D we have that |D(ut(t))|V ′ ≤ C
for all t ∈ R on the attractor.

To prove the second statement we need to consider v = ut as a solution to the non-
autonomous problem in (4.72) and apply the same argument as in Theorem 4.19. �

Although the Theorem 4.25 is all that is needed for our purposes, for sake of completeness
of presentation we shall present another approach to the study of smoothness and finite
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dimensionality of attractors, which is rooted in more classical arguments of dynamical system
theory originally introduced in [2] (see also [4]). In fact, a variant of this method was used
recently by [66] in the study of attractors arising in von Karman evolutions. What we shall
present below is an ”abstract version” of that approach. The main idea is to take advantage
of the structure of the attractor and, in particular, of additional smoothness displayed by the
stationary solutions. In that case, the nonlinear term acting on stationary solutions behaves
subcritically. Thus, the same method as used in the proof of Theorem 4.19 gives the result
which covers nonlinear terms F that are critical. In short, one can relax assumption (4.55)
in the case when the system (H,St) generated by (1.1) is gradient and possesses a compact
global attractor. The main assumption in this case is relation (4.55), but imposed on the
convex hull of the set of equilibria. Precise formulation is given below.

Theorem 4.27. Assume that Assumption 1.1 holds with F ∗(u, v) ≡ 0, A−1 is compact,
and the system (H,St) generated by (1.1) possesses a compact global attractor A. Additionally,
assume that

• The damping operator D is a continuous mapping from D(A1/2) into V ′ and is
bounded on bounded sets.

• D is Frechet differentiable as a mapping from D(A1/2) into
[
D(A1/2)

]′
and the

derivative D′(u) generates a symmetric bilinear form on D(A1/2) such that (4.54)
holds.

• Concerning the nonlinear mapping F (u) = −Π′(u) we assume that
(i) F is a C1 mapping from D(A1/2) into V ′ and

(4.81) |〈F ′(u1)− F ′(u2), w〉|V ′ ≤ Cρ · |A1/2(u1 − u2)||A1/2w|

for every ρ > 0, where |A1/2ui| ≤ ρ, w ∈ D(A1/2);
(ii) we have

(4.82) sup {|〈F ′(e), w〉|V ′ : e ∈ co(N∗)} ≤ C · |A1/2−δw|,

where co(N∗) is the convex hull of the set N∗ of stationary solutions, N∗ = {v ∈
D(A1/2) : Av = F (v)};

(iii) for every fixed u, u∗ ∈ W = {u ∈ D(A1/2) : Au ∈ V ′} there exits a constant
C = Cu,u∗ such that

(4.83) |〈F ′(λu+ (1− λ)u∗), w〉|V ′ ≤ C · |A1/2−δw|

for all w ∈ D(A1/2) and 0 ≤ λ ≤ 1.
Then, any full trajectory γ = {(u(t);ut(t)) : t ∈ R} lying in the global attractor A enjoys the
regularity properties in (4.79) and (4.80).

Proof. Follows the line of argument given in the proof of Theorem 4.19. However we need
to overcome some additional difficulties related to the fact that the regularity assumptions
imposed on F are weaker -allowing critical exponent in (4.81). This is done by exploiting
gradient structure of the system along with the assumed regularity of the set of equilibria -see
[2] and most recently [66], where the same idea was applied to some von Karman equations.

Step 1: proof of relation (4.79). This property is implied by the following lemma which
establishes the additional smoothness of attractor’s trajectories along the negative time scale
(−∞, T ] . More specifically we have:

Lemma 4.28. For any full trajectory γ = {(u(t);ut(t)) : t ∈ R} which belongs to the
global attractor there exists time Tγ such that

(4.84)

 u(t) ∈ C((−∞, Tγ ];W ), ut(t) ∈ C((−∞, Tγ ];D(A1/2)),

utt(t) ∈ C((−∞, Tγ ];V ).
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Moreover, there exists R∗ > 0 independent of the trajectory γ such that

(4.85) |utt(t)|2V + |A1/2ut(t)|2 + |Au(t)|2V ′ ≤ R2
∗ for all t ∈ (−∞, Tγ ].

Proof. We use the same idea as in the proof of Theorem 4.19. Let uh be given by (4.58)
and yh(t) = (uh(t);uht (t)). This function solves (4.67) with Fh(t) given by (4.60).

Now we estimate Fh(t). Since F ∗ = 0, by Theorem 2.28 we have that A = Mu(N ),
where N is the set of equilibria, N = {(v; 0) : v ∈ N∗}. Thus

(4.86) y(t) ≡ (u(t);ut(t)) → N as t→ −∞.

Therefore, for any ε > 0 there exists Tε = Tε(γ) such that

distH(y(t),N ) ≤ ε/2 for all t ∈ (−∞, Tε].

This implies that for any t ∈ (−∞, Tε] there exists ψt ∈ N∗ such that

(4.87) |A1/2(u(t)− ψt)| ≤ ε for all t ∈ (−∞, Tε].

We denote

Fhψ (t) =
∫ 1

0

〈F ′(ψt + ξ(ψt+h − ψt)), uh(t)〉dξ.

Since ψt + ξ(ψt+h − ψt) ∈ co(N∗) , By (4.82) we have that

|Fhψ (t)|V ′ ≤ C|A1/2−δuh(t)|, t ∈ (−∞, Tε].

Therefore using (4.68) by interpolation we have that

(4.88) |Fhψ (t)|V ′ ≤ η|A1/2uh(t)|+ Cη, t ∈ (−∞, Tε],

for every η > 0. On the other hand, by (4.81) and (4.87) we obtain that

|Fh(t)− Fhψ (t)|V ′ ≤ Cε|A1/2uh(t)|, t ∈ (−∞, Tε].

Consequently, using (4.88) we obtain the following estimate with the constants independent
on h:

|Fh(t)|V ′ ≤ (Cε+ η)|A1/2uh(t)|+ Cη, t ∈ (−∞, Tε].
Taking ε and η suitably small and using Lemma 4.21 and (4.67) we can prove that

(4.89) |uht (t)|2V + |A1/2uh(t)|2 ≤ C for all t ∈ (−∞, Tγ ], 0 < h ≤ h0,

where C does not depend on h and on the trajectory γ, and conclude the proof in the same
way as in Theorem 4.19. �

In order to extend the smoothness property from ”negative” to ”positive” times (as
claimed in (4.79)) we appeal to standard energy argument. Consider uh as a solution to
problem (4.59) with iniitial data (uh(Tγ);uht (Tγ)) at at the moment Tγ and consider forward
dynamics. For this we apply the energy inequality

Euh(t) ≤ Euh(Tγ) +
∫ t

Tγ

(Fh(t), uht )dτ, for all t ≥ Tγ ,

where Euh(t) = 1
2

(
|M1/2uht |2 + |A1/2uh|2

)
. Since |Fh(t)|V ′ ≤ CR|A1/2uh(t)| for all t ∈ R

and for any trajectory from the attractor, Gronwall’s lemma and (4.89) yield

Euh(t) ≤ C1 exp{CR(t− Tγ)} for all t ≥ Tγ ,

where the constants C1 and CR does not depend on h. Therefore the same argument as above
implies (4.79).

Step 2: proof of relation (4.80). Relation (4.79) implies that the global attractor A is a
subset in H1 = W × D(A1/2). However it does not guarantee boundedness of A in H1. For
this we need an additional argument that exploits the compactness of the attractor. This step
follows the argument inspired by [66]. We start with the following lemma.
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Lemma 4.29. For any ε > 0 there exists Cε such that

(4.90) sup {|〈F ′(λu+ (1− λ)u∗), z〉|V ′ : (u; v), (u∗; v∗) ∈ A} ≤ ε|A1/2z|+ Cε|z|

for all z ∈ D(A1/2) and 0 ≤ λ ≤ 1.

Proof. Since A is a compact set in H, for any ε > 0 there exists a finite set {(ϕi;ϕ′i) :
i = 1, 2, . . . , N} ⊂ A ⊂ H1 such that for any (u; v), (u∗; v∗) ∈ A we can find number i and j
with the property

|A1/2(u− ϕi)|+ |A1/2(u∗ − ϕj)| ≤ ε

In this case, by (4.81) and (4.83) we obtain

|〈F ′(λu+ (1− λ)u∗), z〉|V ′ ≤ |〈F ′(λu+ (1− λ)u∗)− F ′(λϕi + (1− λ)ϕj), z〉|V ′
+ |〈F ′(λϕi + (1− λ)ϕj), z〉|V ′

≤ ε · CR|A1/2z|+ Cij |A1/2−δz|

This implies that

|〈F ′(λu+ (1− λ)u∗), z〉|V ′ ≤ ε · CR|A1/2z|+ max
ij

Cij · |A1/2−δz|

for all z ∈ D(A1/2) and (u; v), (u∗; v∗) ∈ A. We note that the constants Cij depend on ε.
However, using subcriticality δ > 0 we can write

max
ij

Cij · |A1/2−δz| ≤ η|A1/2z|+ Cε,η|z|, ∀η > 0,

which inequality leads to (4.90). �

Lemma 4.29 and relation (4.68) implies that

(4.91) |Fh(t)|V ′ ≤ ε|A1/2uh(t)|+ Cε for all t ∈ R,

for any positive ε, where the constant Cε > 0 does not depend on the trajectory γ =
{(u(t);ut(t)) : t ∈ R} from the global attractor. Therefore we can return to relation (4.67)
and complete the proof of (4.80) in the same way as in Theorem 4.19. �

4.3. Rate of stabilization to equilibria

In this section we consider properties of global attractors in the case when non-conservative
forces are absent (F ∗ ≡ 0 in representation (1.4)), i.e. we deal with the problem{

Mutt(t) +Au(t) + k ·D(ut(t)) = −Π′(u(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2).

We shall show that in this case the attractor has a regular structure and any trajectory
converges to the set N of equilibria. If N is finite and hyperbolic in some (weak) sense to be
described below, we estimate the rate of this convergence. We note that the results on the
rate of stabilization to equilibria which are available in literature rely usually on the study
of the linearization near an equilibrium point and the corresponding local unstable manifold
(see. e.g., [4]). This approach requires a rather strong hyperbolicity condition which may fail
in the case of nonlinear damping. In contrast, our method is completely analytic and covers
the case of a damping operator degenerated near zero. We note however that the fact that
the energy is non-increasing is critical to our proofs.

We start with the following simple structural property.

Proposition 4.30. Let Assumption 1.1 hold with F ∗ ≡ 0 in representation (1.4). Assume
also that property (3.58) is satisfied for u = 0, i.e. there exist a strictly increasing, concave
function H0 ∈ C(R+) with the property H0(0) = 0, such that

(4.92) H0((D(v), v)) ≥ (Mv, v) for any v ∈ D(A1/2).
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If the dynamical system (H,St) generated by (1.1) in H = D(A1/2)× V possesses a compact
global attractor A, then

A = Mu(N ),
where Mu(N ) is the unstable manifold emanating form the set N of equilibria for (1.1),
N = {(u; 0) : Au = F (u)}. Moreover, the statements of Theorem 2.31 and Corollary 2.32
are in force. In particular, every trajectory Sty converges to the set N as t→∞.

Proof. The energy E(u, ut) given by (1.18) satisfies the relation

E(u(t), ut(t)) + k

∫ t

0

(Dut(τ), ut(τ))dτ = E(u0, u1)

on strong solutions. This implies that

(4.93) E(u(t), ut(t)) + k

∫ t

0

H−1
0

(
|M1/2ut(τ)|2

)
dτ ≤ E(u0, u1).

Thus after limit transition we obtain that (4.93) remains true for any generalized solution.
This property implies that the energy E(u0, u1) is a strict Lyapunov function for (H,St) (see
Definition 2.26). Therefore we can apply Theorem 2.28, Theorem 2.31 and Corollary 2.32 to
conclude the proof. �

The main result of this section read as follows:

Theorem 4.31. Assume that Assumption 1.1 holds with F ∗ ≡ 0 in the representation
(1.4), A−1 is compact, and the dynamical system (H,St) generated by (1.1) possesses a com-
pact global attractor A. Assume additionally that

• Relation (4.92) holds and we have the inequality

(4.94) |(D(v), w)| ≤ C1(r) · (D(v), v) + C2(r) · |A1/2w|2

for any v, w ∈ D(A1/2) such that |A1/2w|+ |M1/2v| ≤ r with arbitrary r > 0, where
C1(r) and C2(r) are non-decreasing functions of r.

• F (u) is Frechet differentiable and its derivative F ′(u) possesses the properties: there
exists δ > 0 such that

(4.95) |〈F ′(u), w〉|[D(A1/2)]′ ≤ CR|A1/2−δw|, w ∈ D(A1/2),

and

(4.96) |〈F ′(u)− F ′(v), w〉|[D(A1/2)]′ ≤ CR|A1/2−δ(u− v)| · |A1/2w|

for any w ∈ D(A1/2) and u, v ∈ D(A1/2) such that |A1/2u| ≤ R and |A1/2v| ≤ R.
• Any generalized solution u(t) satisfies the energy inequality

(4.97) E(u(t), ut(t)) + k

∫ t

s

(Dut(τ), ut(τ))dτ ≤ E(u(s), ut(s))

for any 0 ≤ s ≤ t <∞, where the energy E(u, ut) given by (1.18).
• The set N of equilibrium points is finite and all equilibria are hyperbolic in the sense

that the equation Au = 〈F ′(w), u〉 has only trivial solution for each (w; 0) ∈ N .
Then for any y ∈ H there exists an equilibrium y0 ∈ N such that

(4.98) |Sty − y0|2H ≤ C · σ
([
tT−1

])
, t > 0,

where C and T = Ty are positive constants, [a] denotes the integer part of a and σ(t) satisfies
the following ODE:

(4.99)
dσ

dt
+Q(σ) = 0, t > 0, σ(0) = C(y, y0).

Here C(y, y0) is a constant depending on y and y0, Q(s) = s − (I +G0)
−1 (s) with G0(s) =

c1 (I +H0)
−1 (c2s), where c1 and c2 are positive numbers.
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In particular, if H0(s) = a0s, then for any y ∈ H there exist γ > 0, C > 0 and an
equilibrium y0 ∈ N such that

(4.100) |Sty − y0|H ≤ Ce−γt, t > 0.

Proof of this theorem will be given below.

Remark 4.32. Relation (4.94) holds if we assume that (3.59) in Assumption 3.21 is
satisfied for u = 0 with κ = 2. We also note that the substitution ε · w in (4.94) instead of w
gives the relation

(4.101) |(D(v), w)| ≤ C1(r)ε−1 · (D(v), v) + ε · C2(r) · |A1/2w|2, 0 < ε < 1,

for any v, w ∈ D(A1/2) such that |A1/2w|+ |M1/2v| ≤ r with arbitrary r > 0.

Remark 4.33. The standard hyperbolicity conditions (see, e.g., [4]) requires that the
spectrum of the linearization of the semiflow St around an equilibrium does not intersect the
unit circumference in the complex plane. In Theorem 4.31 we do not assume the existence of
this linearization. However, if the linearization exists, our hyperbolicity condition is equivalent
to the requirement that λ = 1 does not belong to the spectrum. This allow us to apply
Theorem 4.31 in the case of wave equation (1.8) with the damping function g(s) possessing
the property g′(0) = 0 (see Chapter 5). In this case the linearization of St, if it exists, is an
unitary operator and, hence, its’ spectrum is on the unit circumference.

Remark 4.34. As one can see from the proof of Theorem 4.31 given below we need the
existence of a global attractor (together with finiteness of the set N ) only for separating
trajectories converging to different equilibria. Therefore we can state Theorem 4.31 in the
conditional form: if some trajectory converges to an isolated equilibrium, then it converges
with the rate prescribed in (4.98). Moreover, in the case of a single equilibrium (N is a single
point set) there is no need to assume a priori convergence of a trajectory to some attractor.
In this case Theorem 4.31 provides us with a rate of global stabilization to an equilibrium
which, a posteriori, is a global attractor.

Remark 4.35. It is clear that the function Q(s) in (4.99) is continuous and possesses the
properties (i) Q(s) > 0 for s > 0 and (ii) Q(0) = 0. This implies that any nonzero solution
σ(t) to problem (4.99) is decreasing and tends to zero when t→ +∞. Moreover the function
σ(t) can be found as a solution to the functional equation

(4.102)
∫ σ(0)

σ(t)

ds

Q(s)
= t.

Thus the rate of stabilization in (4.98) is determined by the behaviour of the function Q(s)
(and hence H0(s)) around zero. For an example, in the case when H0(s) ∼ c0s

α as s → +0
with 0 < α < 1, one can see that Q(s) ∼ c1s

1/α as s→ +0. This makes it possible to derive
from (4.102) that

σ(t) ∼ c t−α/(1−α) as t→ +∞.

Proof of Theorem 4.31. By Proposition 4.30 for any y ∈ H there exists an equilibrium
y0 ∈ N such that

(4.103) |Sty − y0|H → 0, t→∞.

Thus we need only prove that Sty tends to y0 with the stated rate.
If Sty = (u(t);ut(t)) and y0 = (w; 0), then the function v(t) = u(t) − w satisfies the

following equation

(4.104) Mvtt + kD(vt) +Av = F (w + v(t))− F (w), t > 0.

We first establish some auxiliary inequality for the function v.



102 4. PROPERTIES OF GLOBAL ATTRACTORS

Lemma 4.36. Under the hypotheses of Theorem 4.31 any (generalized) solution v(t) to
problem (4.104) possessing the property

(4.105) sup
t≥0

|A1/2v(t)| < R for some R > 0

satisfies the inequality

(4.106) TẼ(T ) +
∫ T

0

E0(t)dt ≤ C1(I +H0)
(
k−1

[
Ẽ(0)− Ẽ(T )

])
+ C2 sup

t∈[0,T ]

|v(t)|2

for all T > 1 large enough, where the constants C1 and C2 may depend on R and T and

Ẽ(t) ≡ Ẽ(v(t), vt(t)) = E0(v(t), vt(t)) + Φ(v(t))

with
E0(t) ≡ E0(v(t), vt(t)) =

1
2

(
|M1/2vt(t)|2 + |A1/2v(t)|2

)
and

Φ(v) = Π(u)−Π(w) + (F (w), v) ≡ −
∫ 1

0

(F (w + zv)− F (w), v)dz.

Proof. It is sufficient to prove (4.106) for a strong solution with the property (4.105).
The desired inequality remains true for generalized (weak) solutions because they can be
approximate by a sequence of strong solutions.

Multiplying equation (4.104) in H by vt we obtain:

(4.107)
1
2
· d
dt

(
|M1/2vt(t)|2 + |A1/2v(t)|2

)
+ k(D(vt), vt) = (F (u)− F (w), vt).

It is not difficult to see that

(F (u)− F (w), vt) = (F (u), ut)− (F (w), vt) = − d

dt
Φ(v(t)).

Consequently from (4.107) we obtain the equality:

(4.108)
d

dt
Ẽ(v(t), vt(t)) + k(D(vt), vt) = 0.

This implies that

(4.109) Ẽ(v(t), vt(t)) + k

∫ t

0

(Dvt(τ), vt(τ))dτ = Ẽ(v0, v1).

In particular we have that Ẽ(t) ≡ Ẽ(v(t), vt(t)) is non-increasing. Moreover, it follows from
(4.103) that Ẽ(t) ≥ 0 for all t > 0. It is also clear from (4.95) that

(4.110) |Ẽ(v(t), vt(t))− E0(v(t), vt(t))| = |Φ(v(t))| ≤ ε|A1/2v(t)|2 + CR,ε|v(t)|2

for any ε > 0.
Multiplying equation (4.104) by v we find

d

dt
(Mvt, v) = |M1/2vt|2 − |A1/2v|2 + (F (v + w)− F (w), v)− k(D(vt), v).

Therefore using (4.95) and also (4.92) and (4.101) one can prove that∫ T

0

E0(t)dt ≤ C1(E0(0) + E0(T )) + C2

∫ T

0

(H0 + I) ((Dvt(t), vt(t))) dt

+C3

∫ T

0

|v(t)|2dt,

where C1 does not depend on T . We also obviously have that

TẼ(T ) ≤
∫ T

0

Ẽ(t)dt ≤ CR

∫ T

0

E0(t)dt.
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Thus, using Jensen’s inequality we obtain that

TẼ(T ) +
∫ T

0

E0(t)dt ≤ C1(E0(0) + E0(T ))

+C2(I +H0)

(∫ T

0

(Dvt(t), vt(t))dt

)
+ C3

∫ T

0

|v(t)|2dt,

where H0(s) = TH0(s/T ). It follows from (4.110) that

(4.111) E0(t) ≤ 2Ẽ(t) + CR sup
t∈[0,T ]

|v(t)|2, t ∈ [0, T ].

Therefore using the relation (see (4.109))

Ẽ(0) = Ẽ(T ) + k

∫ T

0

(Dvt(t), vt(t))dt

we find that

TẼ(T ) +
∫ T

0

E0(t)dt ≤ C1Ẽ(T )

+ C2(I +H0)

(∫ T

0

(Dvt(t), vt(t))dt

)
+ C3 sup

t∈[0,T ]

|v(t)|2.

If we choose T > 2C1 we obtain that

(4.112) TẼ(T ) +
∫ T

0

E0(t)dt ≤ C1(I +H0)

(∫ T

0

(Dvt(t), vt(t))dt

)
+ C2 sup

t∈[0,T ]

|v(t)|2.

Therefore by (4.109) we obtain (4.106) for every strong solution v to problem (4.104). �

Lemma 4.37. Assume that T > 1 is such that (4.106) holds. Let v(t) be a solution to
(4.104) such that

(4.113)
∫ T

T−1

E0(v(t), vt(t))dt ≤ δ and sup
t∈R+

E0(v(t), vt(t)) ≤ %.

Then there exists δ0 > 0 such that

(4.114) max
[0,T ]

|v(t)|2 ≤ C(I +H0)
(
k−1

[
Ẽ(0)− Ẽ(T )

])
for every 0 < δ ≤ δ0 with some constant C depending on δ, % and T > 1. Here H0(s) =
TH0(s/T ) and Ẽ(t) is the same as in Lemma 4.36.

Proof. Assume that (4.114) is not true. Then for some δ > 0 small enough there exists
a sequence of solutions {vn(t)} satisfying (4.113) and such that

(4.115) lim
n→∞

max{|vn(t)|2 : t ∈ [0, T ]}

(I +H0)
(
k−1

[
Ẽ(0)− Ẽ(T )

]) = ∞.

It follows from (4.97) that∫ T

0

(D(vnt ), vnt )dt ≤ k−1
[
Ẽ(0)− Ẽ(T )

]
.

Therefore we also have that

(4.116) lim
n→∞

max{|vn(t)|2 : t ∈ [0, T ]}

(I +H0)
(∫ T

0
(D(vnt ), vnt )dt

) = ∞.
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By (4.113) we have that max{|vn(t)|2 : t ∈ [0, T ]} < C for all n = 1, 2, . . . and hence

(4.117) lim
n→∞

{∫ T

0

(D(vnt ), vnt )dt+H0

(∫ T

0

(D(vnt ), vnt )dt

)}
= 0.

By (4.92) this implies that

(4.118)
∫ T

0

(Mvnt , v
n
t )dt ≤ H0

(∫ T

0

(D(vnt ), vnt )dt

)
→ 0.

Therefore we can assume that there exist v∗ ∈ D(A1/2) such that

(4.119) (vn; vnt ) → (v∗; 0) ∗-weakly in L∞(0, T ;D(A1/2)× V ).

Now we prove that u∗ = w + v∗ ∈ D(A1/2) solves the problem Au = F (u). Indeed, from
(4.118) it follows that vnt → 0 in L2(0, T ;V ). On the other hand, from (4.94) with w = ε · ϕ
we can conclude that∫ T

0

|(D(vnt ), ϕ)|dt ≤ C1

ε

∫ T

0

(D(vnt ), vnt )dt+ CT · ε · sup
t∈[0,T ]

|A1/2ϕ(t)|2

for any ϕ(t) ∈ L∞(0, T ;D(A1/2)). Thus from (4.118) we infer that

lim sup
n→∞

∫ T

0

|(D(vnt ), ϕ)|dt ≤ CT · ε · sup
t∈[0,T ]

|A1/2ϕ(t)|2

for any ϕ(t) ∈ L∞(0, T ;D(A1/2)) and ε > 0. This implies that

D(vnt ) → 0 weakly in L1(0, T ; [D(A1/2)]′),

which allows us to make the limit transition in (4.104) and to conclude that Au∗ = F (u∗).
Our next step is to show that v∗ = 0. From (4.113) we have that |A1/2(u∗ − w)|2 ≤ 2δ. If
we choose δ0 > 0 such that |A1/2(w1 − w2)|2 > 2δ for every couple w1 and w2 of stationary
solutions (we can do it because the set N is finite), then we can conclude that u∗ = w provided
δ ≤ δ0. Thus we have v∗ = 0 in (4.119).

Now we normalize sequence vn by defining

v̂n ≡ vn

cn
, cn = max{|vn(t)| : t ∈ [0, T ]},

where we account only for a suitable subsequence of nonzero terms in cn (it is clear that
cn → 0 as n→∞). It follows from (4.116) and (4.118) that∫ T

0

|M1/2v̂nt (t)|2dt→ 0 as n→∞.

Relations (4.106), (4.111) and (4.115) imply that

sup
t∈[0,T ]

{
|M1/2v̂nt (t)|2 + |A1/2v̂n(t)|2

}
≤ C, n = 1, 2, . . . .

Thus we can suppose that

(4.120) (v̂n, v̂nt ) → (v̂∗; 0) ∗-weakly in L∞(0, T ;D(A1/2)× V ).

The function v̂n satisfies the equation

(4.121) Mv̂ntt +
k

cn
D(vnt ) +Av̂n =

1
cn

[F (w + vn)− F (w)],

As above, from (4.94) we conclude that

1
cn

∫ T

0

|(D(vnt ), ϕ)|dt ≤ C1

cnεn

∫ T

0

(D(vnt ), vnt )dt+ C2(T )
εn
cn

sup
t∈[0,T ]

|A1/2ϕ(t)|2
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for any ϕ(t) ∈ L∞(0, T ;D(A1/2)). If we choose εn ≡ cn · ε, then from (4.116) we infer that

lim sup
n→∞

1
cn

∫ T

0

|(D(vnt ), ϕ)|dt ≤ Cε sup
t∈[0,T ]

|A1/2ϕ(t)|2

for any ϕ(t) ∈ L∞(0, T ;D(A1/2)) and ε > 0. Thus

(4.122)
1
cn

(D(vnt ) → 0 weakly in L1(0, T ; [D(A1/2)]′).

It also follows from (4.95) and (4.96) that

1
cn

[F (w + vn)− F (w)] → 〈F ′(w), v̂∗〉 weakly in L2(0, T ; [D(A1/2)]′).

Therefore, using (4.122) after taking the limits in (4.121) we conclude that v̂∗ satisfies Av̂∗ =
〈F ′(w), v̂∗〉 and, by hyperbolicity of w we conclude that v̂∗ = 0. Thus (4.120) implies that

max
t∈[0,T ]

|v̂n(t)| → 0 as n→∞,

which is impossible. �

Completion of the proof of Theorem 4.31. By (4.103) we choose T0 > 0 such that
(4.113) holds with δ ≤ δ0 and T > T0. Therefore Lemma 4.37 and relation (4.106) in
Lemma 4.36 imply that

Ẽ(T ) ≤ C(I +H0)
(
k−1

[
Ẽ(0)− Ẽ(T )

])
.(4.123)

This relation implies that

Ẽ((m+ 1)T ) +G0

(
Ẽ((m+ 1)T )

)
≤ Ẽ(mT ), m = 0, 1, 2 . . . ,

where G0(s) = k(I +H0)−1(s/C). Therefore Lemma 3.3 [79] implies that

Ẽ(mT ) ≤ σ(m), m = 0, 1, 2 . . . ,(4.124)

where σ(t) solves (4.99) with σ(0) = Ẽ(0). Using (4.111) and (4.114) we have

E0(mT ) ≤ 2Ẽ(mT ) + C sup
t∈[mT,(m+1)T ]

|v(t)|2 ≤ CẼ(mT ).

Therefore (4.124) implies that

E0(mT ) ≤ Cσ(m), m = 0, 1, 2 . . .

Now by Proposition 1.15 we obtain (4.98).
In the case H0(s) = a0s we obviously have that Q(s) = αs for some positive α. Therefore

solving (4.99) we obtain (4.100). This completes the proof of Theorem 4.31.

Remark 4.38. One of crucial hypotheses of Theorem 4.31 is energy inequality (4.97) for
generalized solutions. We use it in the proof of Lemma 4.37 to derive (4.116) from (4.115).
In general, the validity of (4.97) for all generalized solutions may require some additional
assumptions concerning the damping operatorD (see, e.g., Proposition 1.12 and Remark 1.13).
However in the applications considered in Chap.5 and Chap.7 the requirement in (4.97) can
be derived under the same hypotheses which we need for the existence of a compact global
attractor (see, e.g., the proof of Theorem 5.10).
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4.4. Determining functionals

Unfortunately a detailed study of the structure of the attractor is possible for a rather
special class of problems. Because of this it becomes important to search for minimal (or
close to minimal) sets of natural parameters of the problem that uniquely determine long-
time behaviour of the system. This problem was first discussed by Foias and Prodi [53] and
by Ladyzhenskaya [69] for the 2D Navier-Stokes equations. They proved that the long-time
behaviour of the solutions is completely determined by dynamics of the first N Fourier modes,
ifN is sufficiently large. Later similar results were obtained for other parameters and equations
(see, for example [36, 51, 54, 55, 71, 92] and the references quoted therein). The concepts
of determining nodes [51, 54, 92] and determining local volume averages [55, 63, 64] were
introduced. The question on the relation between the problem on existence of a finite number
of determining parameters and some problems of interpolation theory has been discussed and
a general concept of determining functionals was introduced ( see [34, 35]). For further details
we refer to the survey [18] and to the references quoted therein (see also [19, Chap.5]).

To characterize asymptotic behaviour of trajectories by means of determining functionals
we need the notion of completeness defect.

Let L = {lj : j = 1, ..., N} be a set of functionals on D(A1/2). The completeness defect
of this set with respect to the pair (D(A1/2),H) is defined by the formula:

εL(D(A1/2),H) = sup
{
|u| : u ∈ D(A1/2), lj(u) = 0, j = 1, ..., N, |A1/2u| ≤ 1

}
.

We refer to [19, Chap.5] and [18] for details concerning completeness defect.
The following result is based on the relation of the type (3.164).

Theorem 4.39. Assume that the system (H,St) generated by (1.1) possesses a positively
invariant absorbing set the B and there exists non-negative functions a(t), b(t) and c(t) on
R+ such that (i) a(t) and c(t) are locally bounded on [0,∞), (ii) b(t) ∈ L1(R+) possesses the
property limt→∞ b(t) = 0 and (iii) for every y1, y2 ∈ B and t > 0 the following relations

(4.125) |Sty1 − Sty2|2H ≤ a(t) · |y1 − y2|2H
and

(4.126) |Sty1 − Sty2|2H ≤ b(t) · |y1 − y2|2H + c(t) · sup
0≤s≤t

|Aσ(u1(s)− u2(s))|2

hold for some σ ∈ [0, 1/2). Here and below we denote Styi = (ui(t);uit(t)), i = 1, 2. Let
L = {lj : j = 1, ..., N} be a set of functionals on D(A1/2) with the completeness defect
εL ≡ εL(D(A1/2),H). If there exists τ > 0 such that

(4.127) ητ ≡ b(τ) + ε2−4σ
L · c(τ) · sup

s∈[0,τ ]

a(s) < 1,

then the relation

(4.128) ∆L(t) ≡ sup
s∈[t,t+τ ]

max
j
|lj(u1(s)− u2(s))| = 0, t→∞,

implies that limt→∞ |Sty1 − Sty2|H = 0.

Proof. Assume that Styi = (ui(t), uit(t)) ∈ B for t ≥ t0, i = 1, 2. From (4.126) we have
that

|St+τy1 − St+τy2|2H ≤ b(τ) · |Sty1 − Sty2|2H + c(τ) · sup
t≤s≤t+τ

|Aσ(u1(s)− u2(s))|2

for any t ≥ t0. One can prove (see [18] or [19, Chap.5]) that

|Aσv|2 ≤ (1 + δ)ε2−4σ
L |A1/2v|2 + CL,δ max

j=1,...,N
|lj(v)|2



4.5. EXPONENTIAL FRACTAL ATTRACTORS (INERTIAL SETS) 107

for each δ > 0. Therefore using (4.125) we find that

sup
t≤s≤t+τ

|Aσ(u1(s)− u2(s))|2 ≤

[
(1 + δ)ε2−4σ

L sup
s∈[0,τ ]

a(s)

]
|Sty1 − Sty2|2H + CL,δ∆2

L(t).

Consequently
|St+τy1 − St+τy2|2H ≤ η|Sty1 − Sty2|2H + CL,δc(τ)∆2

L(t),
where

η = b(τ) + (1 + δ)ε2−4σ
L · c(τ) · sup

s∈[0,τ ]

a(s).

Under condition (4.127) we can choose δ > 0 such that η < 1 and find that

|St0+nτy1 − St0+nτy2|2H ≤ ηn · |St0y1 − St0y2|2H + C
n−1∑
m=0

ηn−m−1∆2
L(t0 +mτ).

It is easy to see now that
lim
n→∞

|St0+nτy1 − St0+nτy2|2H = 0

under conditions (4.127) and (4.128). Using (4.125) we then obtain the conclusion. �

Theorem 4.39 implies the following assertion.

Corollary 4.40. Let the nonlinear force F (u, ut) ≡ F (u) be independent of ut and
Assumption 3.21 be in force with κ = 2 in (3.59) and H0(s) = m−1

0 s in (3.58). Assume
• either the hypotheses of Corollary 3.28;
• or the hypotheses of Theorem 3.58;
• or else the hypotheses of Theorem 4.16.

Let (H,St) be the system generated by (1.1) and L = {lj : j = 1, ..., N} be a set of functionals
on D(A1/2) with the completeness defect εL ≡ εL(D(A1/2),H). Then there exists ε0 > 0 such
that under the condition εL < ε0 the relation

lim
t→∞

lj(u1(t)− u1(t)) = 0, j = 1, 2, . . . , N,

implies that limt→∞ |Sty1 − Sty2|H = 0. Here Styi = (ui(t), uit(t)), i = 1, 2.

Proof. In the first two cases in follows immediately from the inequality (3.86) with
nV ≡ 0 in Remark 3.30 or from Lemma 3.59. In the third case we use Proposition 4.14. �

As we can see from Theorem 4.39 and Corollary 4.40, the smallness of the completeness
defect is the main condition on a set of functionals to be determining. We refer to [18] and
[19, Chap.5] for examples of sets of functionals with small completeness defect.

We also note that the problem on the existence of determining functionals for second order
in time equations with nonlinear damping was considered earlier in [23, 25]. This papers have
used another approach.

4.5. Exponential fractal attractors (inertial sets)

In this subsection we present a result on the existence of fractal exponential attractors.
The following concept has been introduced in [38].

Definition 4.41. A compact set Aexp ⊂ X is said to be inertial (or a fractal exponential
attractor) for the dynamical system (X,St) iff A is a positively invariant set of finite fractal
dimension and for every bounded set D ⊂ X there exist positive constants tD, CD and γD
such that

(4.129) dX{StD |Aexp} ≡ sup
x∈D

distX(Stx, Aexp) ≤ CD · e−γD(t−tD), t ≥ tD.
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Using stabilizability estimates and abstract results presented in Chap. 2 we can construct
inertial sets for a class of systems subjected to non-conservative loads.

Theorem 4.42. Let the nonlinear force F (u, ut) ≡ F (u) be independent of ut. Assume the
hypotheses of either Corollary 3.28 or Theorem 3.58 with κ = 2 in (3.59) and H0(s) = m−1

0 s
in (3.58). We also assume that there exist l ≥ 0 and 0 < α < 1 such that

(4.130) |A−lD(v)| ≤ C(r) [1 + (D(v), v)]α , v ∈ D(A1/2), |v|V ≤ r.

Then the system (H,St) generated by (1.1) possesses a fractal exponential attractor whose
dimension is finite in the space H̃ = V ×W , where W is a completion of V with respect to
the norm | · |W = |A−lM · |.

This theorem follows from the inequality in Remark 3.30 or Lemma 3.59 (with nV ≡ 0)
and from the following more general assertion.

Theorem 4.43. Let A−1 be compact. Assume that the dynamical system (H,St) generated
by equation (1.1) has a positively invariant absorbing set the B and there exists non-negative
functions a(t), b(t) and c(t) on R+ such that (i) a(t) is locally bounded on [0,∞), (ii) b(t) ∈
L1(R+) possesses the properties limt→∞ b(t) = 0 and, and (iii) for every y1, y2 ∈ B and t > 0
relations (4.125) and (4.126) hold for some σ ∈ [0, 1/2). We also assume that there exists a
space H̃ ⊇ H such that t 7→ Sty is Hölder continuous in H̃ for every y ∈ B, i.e. there exist
0 < γ ≤ 1 and CB,T > 0 such that

(4.131) |St1y − St2y| eH ≤ CB,T |t1 − t2|γ , t1, t2 ∈ [0, T ], y ∈ B.

Then the dynamical system (H,St) possesses a fractal exponential attractor whose dimension
is finite in the space H̃.

Proof. We apply the same idea as in the proof of Theorem 4.3.
In the space HT = H ×W1(0, T ) equipped with the norm (4.6), where W1(0, T ) is given

by (4.5), we consider the set

BT := {U ≡ (u(0);ut(0);u(t), t ∈ [0, T ]) : (u(0);ut(0)) ∈ B} ,

where u(t) is the solution to problem (1.1) with initial data (u(0);ut(0)), and define operator
V : BT 7→ HT by the formula

V : (u(0);ut(0);u(t)) 7→ (u(T );ut(T );u(T + t)).

It is clear that BT is a closed bounded set in HT which is forward invariant with respect to
V .

It follows from (4.125) that

‖V U1 − V U2‖2HT
≤

(
a(T ) +

∫ 2T

T

a(t)dt

)
‖U1 − U2‖2HT

, U1, U2 ∈ BT .

As in the proof of Theorem 4.3 we can obtain that

‖V U1 − V U2‖2HT
≤ ηεT ‖U1 − U2‖2HT

+Kε
T · (n2

T (U1 − U2) + n2
T (V U1 − V U2))

for any U1, U2 ∈ BT , where Kε
T > 0 is a constant, nT (U) := sup0≤s≤T |u(s)| and ηεT is given

by (4.11). We can choose T and ε such that ηεT < 1. Therefore by Corollary 2.23 the mapping
V possesses a fractal exponential attractor, i.e. there exists a compact set AT ⊂ BT and a
number 0 < q < 1 such that dimHT

f AT <∞, VAT ⊂ AT and

(4.132) sup
{
distHT

(V kU,AT ) : U ∈ BT
}
≤ qk, k = 1, 2, . . . .

In particular, this relation implies that

(4.133) sup {distH(SkT y,A) : u ∈ B} ≤ qk, k = 1, 2, . . . ,
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where A is the projection of AT of the first two component, i.e.

A = {(u(0);ut(0)) ∈ B : (u(0);ut(0);u(t), t ∈ [0, T ]) ∈ AT } .
Here u(t) is the solution to problem (1.1) with initial data (u(0);ut(0)). It is clear that A
is a compact forward invariant set with respect to ST , i.e. STA ⊂ A. Moreover dimH

f A ≤
dimHT

f AT <∞. Let
Aexp = ∪{StA : t ∈ [0, T ]} .

Then A is a compact forward invariant set with respect to St, i.e. StAexp ⊂ Aexp. Using

(4.131) one can see that and dim
eH
f Aexp ≤ c

[
1 + dimH

f A
]
< ∞. We also have from (4.133)

that
sup {distH(Sty,Aexp) : u ∈ B} ≤ Ce−γt, t ≥ 0,

for some γ > 0. Thus Aexp is a fractal exponential attractor. �

Proof of Theorem 4.42. It follows from (4.130) that∫ T

0

|A−lMutt(τ)|1/αdτ ≤ CB(T )

for any strong solution u(t) from the absorbing set B. This implies (4.131) with γ = 1− α in
the space H̃ = V ×W . 2

Another application of Theorem 4.43 is the following assertion.

Theorem 4.44. Let the hypotheses of Theorem 4.16 be in force. If relation (4.130) holds,
then the system (H,St) generated by (1.1) possesses a fractal exponential attractor whose
dimension is finite in the space H̃ defined in the statement of Theorem 4.42.

Proof. We apply Proposition 4.14 to reduce the case to Theorem 4.43. �

We note that the existence and properties of a fractal exponential attractor for wave
equations with linear damping was studied earlier in [40, 43, 44]. Thus, again, our results
in Theorem 4.42 and Theorem 4.44 provide extensions of the respective results to problems
with nonlinear dissipation.



CHAPTER 5

Semilinear wave equation with a nonlinear dissipation

5.1. The model

Let Ω ⊂ Rn, n = 2, 3, be a bounded, connected domain with a sufficiently smooth
boundary Γ. The exterior normal on Γ is denoted by ν. We consider the following wave
equation

(5.1) wtt −∆w + kg(wt) + f(w) = g∗(wt) in Q = [0,∞)× Ω

subject to boundary condition either of Dirichlet type

(5.2) w = 0 on Σ ≡ [0,∞)× Γ,

or else of Robin type

(5.3) ∂νw + w = 0 on Σ.

The initial conditions are given by w(0) = w0 and wt(0) = w1. We shall consider the dynamics
in a standard finite energy space H = V×L2(Ω), where V = H1

0 (Ω) in the case of the Dirichlet
boundary conditions and V = H1(Ω) in the Robin case. We assume that k is a positive
parameter and impose the following standing assumptions on the nonlinear damping g(s), the
anti-damping g∗(s) and the function f(s).

Assumption 5.1. • g ∈ C1(R) is a monotone increasing function such that g(0) =
0, and there exist two positive constants m1 and m2 such that

(5.4) m1 ≤ g′(s) ≤ m2|s|p−1 for all |s| ≥ 1,

where 1 ≤ p ≤ 5 when n = 3 and 1 ≤ p <∞ when n = 2.
• g∗ : L2(Ω) 7→ L2(Ω) possesses the properties

‖g∗(v1)− g∗(v2)‖L2(Ω) ≤ C‖K(v1 − v2)‖L2(Ω), v1, v2 ∈ L2(Ω),

where K : L2(Ω) 7→ L2(Ω) is a compact operator, and∫
Ω

g∗(wt)wtdx ≤
1
2
k

∫
Ω

g(wt)wtdx+ C0

for some constant C0.
• Function f ∈ C2(R) is of the following polynomial growth condition: there exists a

positive constant M > 0 such that

(5.5) |f ′′(s)| ≤M |s|q−1, |s| ≥ 1,

where q ≤ 2 when n = 3 and q < ∞ when n = 2. Moreover, the following dissipa-
tivity condition holds:

(5.6) lim inf
|s|→∞

f(s)
s

≡ µ > −λ1,

where λ1 > 0 is the first eigenvalue of the operator −∆ equipped with appropriate
(Dirichlet or Robin) boundary conditions.

110
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Remark 5.2. • We note that assumptions imposed on f and g allow for critical
exponents of semilinear function f and strong nonlinearity of the damping which, in
addition, may not be quantified at the origin. In fact, it is known [61] that for n = 3
the maximal power for the growth of nonlinearity which still allows the boundedness
(in time) of the energy for a simple damped wave equation with L∞(0, T ;L2(Ω))
forcing term is p = 5. Thus, the problem under consideration includes the ”double
critical exponent” - (q, p) = (2, 5). Treatment of this case is more delicate and
requires special arguments.

• The presence of the “anti-damping” term g∗ reflects possibility of including non-
conservative forces depending on the velocity. These forces may tend to desta-
bilize the dynamics. In fact, with an anti-damping present, the energy may not
be decreasing (note that the last term in the energy relation (5.7) below has un-
controlled sign). An example of non-conservative term g∗ can be given by taking
[g∗(v)](x) ≡ A(x)

∫
Ω
v(y)B(y)dy, where A,B ∈ L2(Ω). The assumption imposed on

g∗ is satisfied provided that A and B are of suitable size or the damping g(wt) is
minimally superlinear at infinity, i.e. sg(s) ≥ sl with l > 2 for |s| large enough.

By Theorem 1.5 under Assumption 5.1 problem (5.1) with the boundary condition either
(5.2) or (5.3) has unique generalized solution for any initial data (w0, w1) from H (see the
considerations in Example 1.2). Thus problem (5.1) generates a dynamical system (H,St) in
the space H = V×L2(Ω), where either V = H1

0 (Ω) or V = H1(Ω) depending on the boundary
conditions. The corresponding evolution operator St is given by the formula St(w0;w1) =
(w(t);wt(t)), where w(t) is solves (5.1) with the initial data (w0;w1). We also note that the
energy function associate with (5.1) and (5.2) takes the form

E(t) ≡ ED(w(t);wt(t)) =
∫

Ω

[
1
2
|∇w(t, x)|2 +

1
2
|wt(t, x)|2 + f̂(w(t, x))

]
dx,

where f̂ denotes antiderivative of f , and by Theorem 1.5 strong solutions to (5.1) satisfy the
energy relation:

(5.7) E(t) +
∫ t

0

∫
Ω

g(wt(τ, x))wt(τ, x)dxdτ = E(0) +
∫ t

0

∫
Ω

g∗(wt)(τ, x)wt(τ, x)dxdτ.

A similar relation holds for the case of Robin type boundary condition (5.3) with the energy
functional

E(t) ≡ ER(w(t);wt(t)) = ED(w(t);wt(t)) +
1
2

∫
Γ

|w(t, x)|2ds.

5.2. Main results

We begin with a preliminary result which asserts an existence of a global attractor associ-
ated with the semiflow St generated by (5.1). We recall that a closed bounded set A in H is a
global attractor for a dynamical system (H,St) if A is strictly invariant and uniformly attracts
every bounded set from H (see Definition 2.2). We first treat the case when nonlinearity is
subcritical or else the damping is large.

Theorem 5.3 (Compact attractors). Assume that Assumption 5.1 holds. Then equa-
tion (5.1) generates a continuous semiflow St in the space H = V × L2(Ω) by the formula
St(w0;w1) = (w(t);wt(t)), where w(t) is a generalized solution to (5.1) with the initial data
(w0;w1). Moreover, in the case n = 2 and n = 3, q < 2 the dynamical system (H,St) pos-
sesses global compact attractor A. When n = 3, q = 2 and g∗ ≡ 0 the same conclusion holds
true under the additional assumptions that (i) g′(s) ≥ m1 for all s ∈ R, and g(s)s ≥ ms6 for
|s| ≥ 1 when p = 5; and (ii) the damping parameter k is sufficiently large.

The theorem stated above is an application of Corollary 3.28 - in subcritical case, and
Theorem 3.58 - in the critical case when the damping parameter k is sufficiently large. In the
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critical case, n = 3 and q = 2, and without assuming large values for the damping k, one can
still establish existence of global attractor under some additional assumptions imposed on the
the function g and g∗. The additional requirements depend whether damping parameter p
is “critical” (p = 5) or “subcritical” (p < 5). In short, the following three scenarios will be
considered below: (i) the nonlinearity of the damping is restricted to p < 5, (ii) when p = 5
additional bound g′(s) ≤ [1 + sg(s)]

2
3 is required, (iii) the anti-damping term is absent, i.e.

g∗ ≡ 0. The corresponding results are formulated below:

Theorem 5.4 (Compact attractors, critical case revisited). Let n = 3 and q = 2.
Assume that Assumption 5.1 is in force. In addition, we assume that one of the following
conditions is satisfied:

• p < 5 and g∗ : L2(Ω) → Hε(Ω) is bounded for some ε > 0;
• p = 5 and g∗ : L2(Ω) → Hε(Ω) is bounded for some ε > 0, and

(5.8) g′(s) ≤ [1 + sg(s)]2/3 for all s ∈ R;

• g∗ ≡ 0.
Then the dynamical system (H,St) represented by (5.1) with either Dirichlet boundary condi-
tions (5.2) or Robin (5.3) boundary conditions possesses a compact global attractor.

Theorem 5.4 is an application of abstract Theorems 3.34, 3.40 and 3.47. In the fully
critical case - p = 5 and q = 2 - it gives a stronger assertion in comparison with Theorem 5.3.
Indeed, there is no requirement that the damping parameter should be large. We also refer
to Remark 5.6 below for some comments concerning relation (5.8).

An application of Theorems 4.17, 4.27 and 4.25 makes it possible to obtain the following
result on smoothness of elements from the global attractor.

Theorem 5.5 (Regularity of attractor). Let Assumption 5.1 be in force, g∗ ≡ 0 and
g′(s) ≥ m > 0 for all s ∈ R. We distinguish cases n = 2 and n = 3.

• [i] Let n = 2 and assume that

(5.9) g′(s) ≤ C(1 + sg(s))β for all s ∈ R and for some β < 1,

• [ii] Let n = 3, 1 ≤ p ≤ 3, 0 ≤ q ≤ 2, and relation (5.8) holds.
Then the global attractor A given by Theorem 5.3 or by Theorem 5.4 is a closed bounded set
in the space H1 = W × V, where W = (H2 ∩H1

0 )(Ω), V = H1
0 (Ω) in the Dirichlet case and

W = {u ∈ H2(Ω) : ∂νu+ u = 0 on Γ}, V = H1(Ω) in the Robin case.
• [iii] If n = 3, 3 < p ≤ 5, 0 ≤ q ≤ 2, and (5.8) holds, then A is a bounded set

in W 2
6/p(Ω) × V, where W 2

6/p(Ω) is the L6/p-based second order Sobolev space. In
partucular, since W 2

6/p(Ω) ⊂ H1+δ(Ω) for δ = (5− p)/2, we have that A is bounded
in H1+δ(Ω)× V with δ = (5− p)/2.

Remark 5.6. We note that the property (5.9) holds true, if we assume that either p < 3
or else p ≥ 3 and gi(s)s ≥ m|s|l −m1 for all s ∈ R and for some m1 ∈ R and l > p − 1. As
for (5.8), we can guarantee this requirement, if either p ≤ 7/3 or else p > 7/3 and there exists
l ∈
[
3
2 (p− 1), p+ 1

]
such that g(s)s ≥ m|s|l −m1, for all s ∈ R and for some m1 ∈ R.

Remark 5.7. In reference to points (i) and (ii) in Theorem 5.5, one can obtain higher
regularity of the attractor by assuming higher order differentiability of the damping g and of
the source f . This can be accomplished by reiterating the argument used for the proof of
H2 ×H1 regularity [80] (see also the idea presented in Corollary 4.23 in Chapter 4).

We turn next to finite-dimensionality of attractors and their properties. The correspond-
ing results are formulated below.
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Theorem 5.8 (Finite dimensionality). Let Assumption 5.1 be in force and g′(s) ≥
m > 0 for s ∈ R. The cases g∗ = 0 and g∗ 6= 0 cases are distinguished.

• [i] g∗ ≡ 0: for n = 2 (resp. n = 3) relation (5.9) (resp. (5.8)) is assumed;
• [ii] g∗ 6≡ 0: in addition to part [i] above we assume that p ≤ 2 and, in the case
n = 3, also q < 2.

Then, the global attractor A has a finite fractal dimension.

Remark 5.9. Under Assumption 5.1 and with g∗ ≡ 0 the dynamical system (H,St)
generated by (5.1) possesses a strict Lyapunov function (see Definition 2.26):

Φ(y) = E(u0, u1) =
1
2

∫
Ω

(
|u1(x)|2 + |∇u0(x)|2

)
dx+

∫
Ω

f̂(u0(x))dx,

where y = (u0, u1) ∈ H and f̂(u) =
∫ u
0
f(ξ)dξ is an antiderivative for f . The formula above

pertains to Dirichlet boundary conditions. In the Robin case one has an obvious modification,

Φ(y) = E(u0, u1) =
1
2

∫
Ω

(
|u1(x)|2 + |∇u0(x)|2

)
dx+

1
2

∫
Γ

|u0|2ds+
∫

Ω

f̂(u0(x))dx.

By Theorem 2.28 this implies that the global attractor A has the form

A = Mu(N ),

where Mu(N ) is the unstable manifold emanating from the set N (see the definition in
Sect. 2.4) and N is the set of equilibria for the semiflow St (every point y ∈ N has the form
y = (u, 0), where u solves the elliptic equation −∆u+f(u) = 0 with the appropriate boundary
conditions). Moreover, the statements of Theorem 2.31 and Corollary 2.32 are in force. In
particular, every trajectory γ = {Sty} of (H,St) stabilizes to the set N of stationary points
and, if N is finite, for each y there exists an equilibrium w ∈ N such that Sty → w as t→∞.

Our next result deals with the rate of convergence to equilibrium. For this we introduce
the following notation. Let H0(s) be a continuous, concave increasing function, zero at the
origin and such that: s2 ≤ H0(sg(s)), |s| ≤ 1. Such function can be always constructed due
to monotonicity assumption imposed on g [79]. The role of H0 is to capture the behavior
of g at the origin, which is critical in describing the rates of convergence of solutions to an
equilibrium.

Theorem 5.10 (Decay rates to equilibrium). We assume Assumption 5.1 and also
(i) g∗ = 0, (ii) for n = 2 (resp. n = 3) relation (5.9) (resp. (5.8)) holds, and (iii) the equilibria
are isolated and hyperbolic in the sense that the problem

−∆u+ f ′(w)u = 0

with the corresponding boundary conditions has only trivial solution for every stationary so-
lution w to (5.1). Then, for every y ∈ H there exist an equilibrium y0 = (w; 0) ∈ H such
that

|Sty − y0|H ≤ Cσ ([t/T ]) ,
where C and T = Ty are positive constants, [a] is the integer part of a and σ(t) → 0, t→∞,
satisfies the following nonlinear ODE:

(5.10) σt +Q(σ) = 0, t > 0, σ(0) = σ0.

Here Q(s) = s− c−1
1 [I + c2[I +H0]−1]−1(c1s), where c1 and c2 are positive constants, and σ0

depends on y.

Remark 5.11. If g′(s) ≥ m, s ∈ R, then H0(s) = m−1s and Q(s) = αs, where α > 0.
Therefore the above decay rates are exponential. Otherwise, the rates are described by the
above nonlinear ODE (5.10) which depends on the characteristics of g at the origin [79] (see
also Remark 4.35).
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Remark 5.12. Under the conditions of Theorem 5.8 with g∗ ≡ 0 we can also apply
Theorem 4.44 and conclude the existence of fractal exponential attractor, i.e. a forward
invariant finite dimensional exponentially attracting compact set (see Definition 4.41).

The following theorem shows that problem (5.1) possesses a finite number of determining
functionals.

Theorem 5.13 (Determining functionals).Assume that the hypotheses of Theorem 5.8
hold and g∗ ≡ 0. Let L = {lj} be a set of linear functionals on H1(Ω) with the completeness
defect εL ≡ εL(H1(Ω), L2(Ω)) with respect to the pair (H1(Ω), L2(Ω)) (for the definition see
[18], or [19], or Sect.4.4 in Chapter 4). Then there exists ε0 > 0 such that under the condition
εL < ε0 the property

lj(u1(t)− u2(t)) → 0, t→∞, lj ∈ L,
for two generalized solutions u1(t) and u2(t) to problem (5.1) with the corresponding boundary
conditions implies that

lim
t→∞

{
‖u1

t (t)− u2
t (t)‖2L2(Ω) + ‖u1(t)− u2(t)‖2H1(Ω)

}
= 0.

This theorem follows from Theorem 4.39. As examples of set L of functionals with small
completeness defect εL(H1(Ω), L2(Ω)) we can consider local volume averages and modes (for
details and further discussion we refer to [18, 19] and also to [35, 64] and the references
therein).

5.2.1. Discussion of the results. We conclude this section with few historical remarks.
The problem of existence of attractors for semilinear wave equations has attracted considerable
attention in the literature [1, 4, 57, 58, 59, 60, 89, 91] and references therein. An excellent
review of results pertaining to wave equations with linear damping is given in [5]. As said
before, our main emphasis is on nonlinear dissipation. The nonlinearity of the damping in
hyperbolic dynamics leads to significantly more difficult class of problems and, consequently,
the literature is rather scarce. First pioneering papers include [47, 48, 49, 59, 60, 89] where
an existence of global attractors under various hypotheses imposed on nonlinear damping
and forcing terms is established. In [89] global attractors are established in the critical case
subject to restriction m1 < g′(s) ≤ [1+|s|2/3] with m1 sufficiently large. In [50] the restriction
imposed on large damping has been removed, but linear growth condition on g is imposed. In
[49] global attractors with n = 3, p < 5 and supercritical nonlinear terms f were studied. The
conditions assumed in [49] include strong coercivity condition imposed on g which is correlated
to the growth conditions imposed on f . Thus, this is a very special class of problems. We also
mention that the note [47] claims the result on the existence of the global attractor in the case
of large damping, critical exponents and decreasing energy (i.e. g∗ = 0). The result presented
in [47] is close to a special case of ours Theorem 5.3 (critical case with large damping and with
g∗ = 0). However the detailed proof of this result, to our best knowledge, was not published.

Theorem 5.3, which is derived from abstract theory presented in Chapter 3, allows for the
maximal values of polynomial powers p associated with dissipation g(s) and also for critical
exponents of nonlinear term f . This is the most demanding case with the so called ”double
critical exponents” (i.e. criticality in the source f (q = 2) and the damping g (p = 5). In
the three-dimensional case p ≤ 5 is a very natural restriction. Indeed, this is in view of the
fact that the system is dissipative for p ≤ 5 [61]. We also note that Theorem 5.3 does not
require any compatibility between the growth of f and growth of g. In the double critical case
(n = 3, q = 2, p ≤ 5), Theorem 5.4 asserts an existence of global attractors without assuming
large damping. In addition, it applies to non-dissipative waves ( g∗ 6= 0). This result may be
contrasted with [50] where a linear growth on g is assumed and also [89] where both large
damping and p ≤ 5/3 are required. We also mention the recent paper [98] where subcritical
(p < 5) case was considered. Thus, to our best knowledge, the result stated in Theorem 5.4
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is the first one pertaining to critical case with a damping not necessarily linearly bounded and
without necessity of assuming large values of the damping parameter.

Questions related to finite dimensionality, regularity and structure of attractors are tech-
nically more demanding than just existence of attractors. As recognized in the literature,
finite-dimensionality of attractors in hyperbolic dyanamics is a very delicate issue. The flow
is not C1 on the phase space and the damping operator g(ut) is not Frechet differentiable.
Thus, the standard methods do not apply. First result in this direction is in [48], where
the problem was settled in the one-dimensional case. More recently in [80] the regularity of
attractors and their finite dimensionality is shown for the two-dimensional case. Instead, in
[88] wave equation is studied in subcritical case only in dimensions two and three. Finite
dimensionality of attractors is shown in [88] in the subcritical case and under suitable con-
ditions imposed on nonlinear functions g that control the growth of function from above and
below. More specifically it is assumed in [88]:

(5.11) m1(1 + |s|)p−1 ≤ g′(s) ≤ m(1 + |s|)p−1,

where p satisfies 0 ≤ p < 3 for n = 2 and 0 ≤ p < 2 1
3 for n = 3.

Our contribution with respect to properties of attractors such as regularity and finite-
dimensionality is presented by Theorem 5.5 and Theorem 5.8. The results presented there (i)
deal with double critical cases and non-monotone energy, (ii) extend the range of nonlinearity,
measured by parameters q and p, for which one can still claim finite dimensionality and
additional regularity of the attractor. Indeed, by comparing results of Theorem 5.8 with those
cited above we see that for n = 2 Theorem 5.8 allows to consider full range of 0 < p < ∞
(see (5.9) and Remark 5.6). Moreover for p < 3 there is no need for superlinear coercivity
condition. Indeed, (5.9) is satisfied for p ≥ 3 under the coercivity condition in Remark 5.6
which is significantly milder than in (5.11). Similarly, by Remark 5.6 for n = 3 Theorem 5.8
allows for p ≤ 5 with no superlinear coercivity for p ≤ 2 1

3 . In conclusion, Theorem 5.8 and
Theorem 5.5 provide statements on finite dimensionality and regularity of attractors under
much weaker hypotheses imposed on nonlinear terms than previously assumed in the literature.
In particular, ”double critical” exponents (in the source and the damping) and non-monotone
structures are allowed.

Theorem 5.10 describes the rates of convergence to equilibria. This result is, to best our
knowledge, new in the literature in the case of nonlinear damping. For linear damping, i.e.
when g(s) = g0 · s is a linear function, the result given by Theorem 5.10 was obtained earlier
in [4] by another method, which does not apply to nonlinear damping. The approach in [4]
relies on geometrical consideration in the neighborhood of a stationary point. We also note
that the existence of fractal exponential attractors was proved in [40] for the case of linear
damping only. Thus, Remark 5.12 provides the first (to our best knowledge) extension of this
property to the case of nonlinear damping.

Finally, concerning Theorem 5.13 on determining functionals we note that this result was
proved in [18] (see also [19, Chap.4]) in the case of linear damping. For nonlinear damping
the problem was considered in [23] and [25] by another method.

Remark 5.14. We want to emphasize that all results stated above concerning wave equa-
tion (5.1) are direct corollaries of the abstract theory developed in the previous chapters.
Involving more deeply the structure of the problem and relying on methods developed in
this monograph one can improve (or suggest other versions of) the result concerning wave
dynamics. As an example we point out the paper [9] where some results on attractors are
established for the case of Neumann boundary conditions as a byproduct in the study of a
coupled wave–plate structure and also the paper [30] devoted to a wave dynamics.
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5.3. Proofs

5.3.1. Abstract setting for the wave equation. The system generated by (5.1) is a
special case of evolutionary system (1.1). To see this we set

• H = L2(Ω), A = −∆ − µ0 with D(A) ≡ H1
0 (Ω) ∩H2(Ω) in the Dirichlet case, and

D(A) ≡ {u ∈ H2(Ω); ∂
∂νu + u = 0 on Γ} in the Robin case. The parameter µ0 is

chosen such that −µ < µ0 < λ1, where µ and λ1 are the same as in (5.6).
• V = H, M = I.
• D(u) = g(u) and F (u, v) = −f(u)− µ0u− g∗(v).

The analysis given in Example 1.2 shows that the damping operator D(v) and the operator
F (u) satisfy all the hypotheses in Assumption 1.1 with

Π0(u) ≡
∫

Ω

f̂(u)dx+Mf , Π1(u) = −Mf , F ∗(u, v) ≡ g∗(v),

where f̂ denotes the antiderivative of f(u) + µ0u and Mf can be selected due to dissipativity
condition (5.6) in Assumption 5.1. Thus (see Theorem 1.5) under the assumptions imposed
the equation (5.1) generates dynamical system St on H ≡ H1

0 (Ω)×L2(Ω) - in the the Dirichlet
case - and H ≡ H1(Ω)× L2(Ω) - in the Robin case. We also have topological identifications
D(A1/2) ∼ H1

0 (Ω) in Dirichlet case and D(A1/2) ∼ H1(Ω) in Robin case.

5.3.2. Proof of Theorem 5.3. Theorem 5.3 is an application of abstract results stated
in Corollary 3.28 and Theorem 3.58. To see this, we need to verify the dissipativity of the
system and also the assumptions of Theorem 3.58 -for the case n = 3, q = 2 and of Corollary
3.28 -for the remaining cases.

Step 1: Ultimate dissipativity of the system, including the control of the size of absorbing
set, follows from abstract Theorem 3.4, in the conservative case g∗ = 0 and from Corollary
3.17 in the non-conservative case with anti-damping present. To see this, we begin with the
first case g∗ = 0. For this we need to check conditions (D) and (F ) in Assumption 3.1. It is
convenient to introduce the notation: Ω1 = {x ∈ Ω : |v(x)| ≥ 1} and Ω2 = {x ∈ Ω : |v(x)| <
1}. Since, in our case, M = I, Assumption 5.1 implies

‖v‖2L2(Ω) =
∫

Ω2

v2dx+
∫

Ω1

v2dx ≤ meas(Ω) +m−1
1

∫
Ω

g(v)vdx,

which is precisely condition (3.2). As for (3.3), it suffices to consider more delicate case n = 3
(the arguments for n = 2 are simpler). We begin with an obvious inequality∫

Ω

ug(v)dx ≤
∫

Ω1

|u||g(v)|dx+
∫

Ω2

|u||g(v)|dx.

It follows from Assumption 5.1 and the embedding H1(Ω) ⊂ L6(Ω) that∫
Ω1

|u||g(v)|dx ≤ ‖u‖L6(Ω) · ‖g(v)‖L6/5(Ω1)

≤ ‖u‖L6(Ω) ·
[∫

Ω1

|g(v)| · |g(v)|1/5dx
]5/6

≤ C‖u‖L6(Ω) ·
[∫

Ω1

vg(v)dx
]5/6

≤ δ‖u‖2H1(Ω) + Cδ‖u‖4/5H1(Ω) ·
∫

Ω

vg(v)dx
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for any δ > 0. It is easy to see from (5.4) that |s| ≤ δ̄ + Cδ̄ [sg(s)]1/2 for every s ∈ R with
arbitrary δ̄ > 0. Therefore, since g(0) = 0, we also have that∫

Ω2

|u||g(v)|dx ≤ C

∫
Ω2

|u||v|dx ≤ δ̄‖u‖L2(Ω) + Cδ̄‖u‖L2(Ω) ·
(∫

Ω

vg(v)dx
)1/2

≤ δ̄
(
1 + ‖u‖2L2(Ω)

)
+ C̃δ̄ ·

∫
Ω

vg(v)dx

for any δ̄ > 0. Hence

(5.12)
∣∣∣∣∫

Ω

ug(v)dx
∣∣∣∣ ≤ δ

(
1 + ‖u‖2H1(Ω)

)
+ Cδ

(
1 + ‖u‖4/5H1(Ω)

)
·
∫

Ω

vg(v)dx

for any δ > 0. This inequality implies (3.3). Similar (and also simpler) argument applies in
the case n = 2. As for (3.4), it follows from (5.6) that

(5.13) (u, F (u)) = −
∫

Ω

(
f(u(x))u(x) + µ0u(x)2

)
dx ≤ C(µ, µ0,Ω).

Therefore (3.4) holds with η = 0. Consequently Theorem 3.4 applies and yields ultimate
dissipativity for the conservative case.

For the non-conservative case (g∗ 6= 0) we appeal to Corollary 3.17. To apply this Corol-
lary it suffices to verify (3.51). Indeed, note that the second relevant condition condition
(3.52) follows from the growth assumption imposed on g∗ along with Lipschitz continuity. For
(3.51) the following simple argument applies (we take here the most demanding case n = 3):

(g∗(v), u) ≤ C‖u‖L2(Ω) ·
(
1 + ‖v‖L2(Ω)

)
≤ δ‖u‖2H1(Ω) + Cδ

(
1 + ‖v‖2L2(Ω)

)
≤ δ‖u‖2H1(Ω) + C̃δ

(
1 +

∫
Ω

g(v)vdx
)
.

Therefore using (5.12) we obtain inequality (3.51) with γ = 2/5 Thus, ultimate dissipativity
holds in both cases g∗ = 0 and g∗ 6= 0. Moreover, in the first case one has a control of
disspativity radius independently of the damping parameter k.

Thus, to complete the proof of Theorem 5.3 it suffices to establish asymptotic smoothness.
This is done below.

Step 2: Asymptotic smoothness - this follows from abstract results in Corollary 3.28
(subcritical case), Theorem 3.58 (critical case) and amounts to verification of inequalities in
(3.58) and (3.59) in Assumption 3.21. Verification of the remaining hypothesis (3.60) (with
nV (v) = ‖Kv‖L2(Ω)) is straightforward.

Regarding (3.58) in the case g′(s) ≥ m1 for all s ∈ R we obviously have (3.58) with
H0(s) = m−1

1 s. In the general case we can take H0(s) = h(s) + m−1
1 s, where function h(s)

a continuous, concave increasing function on R+, h(0) = 0. The role of the function h(s)
is to account for the behaviour of g(s) for ”small” values of s. The above follows from the
construction in Proposition 4.3 in [20] (see also [79]). Indeed, it is shown there that under
the assumptions that g is strictly increasing, g′(s) ≥ m1, |s| ≥ 1 and g(0) = 0 there exists a
monotone, concave function, h : R+ → R+, h(0) = 0, and such that with

(5.14) s2 ≤ 1
m1

(sga(s)) + h(sga(s)), for all s ∈ R and for every a ∈ R,

where ga(s) ≡ g(s+ a)− g(a). The above gives rise to the function H0(s) as stated above.

As to the inequality (3.59), we carry the following string of calculations. In what follows
we shall use the notation | · |s ≡ ‖ · ‖Hs(Ω).
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Let r = 1 + p−1 and r̄ = 1 + p are Hölder conjugate exponents and δ is a suitably small
constant. Then we have∣∣∣∣∫

Ω

(g(u+ v)− g(u))wdx
∣∣∣∣ ≤ ‖w‖Lr̄(Ω)

∣∣∣∣∫
Ω

|(g(u+ v)− g(u)|rdx
∣∣∣∣1/r

≤ C‖w‖Lr̄(Ω)

∣∣∣∣∫
Ω

(
|g(u+ v)||u+ v|p(r−1) + |g(u)||u|p(r−1)

)
dx+ 1

∣∣∣∣1/r
≤ C‖w‖Lr̄(Ω)

∣∣∣∣∫
Ω

(g(u+ v)(u+ v) + g(u)u) dx+ 1
∣∣∣∣1/r

≤ C|w|1−2δ

(
1 +

∫
Ω

[g(u+ v)(u+ v) + g(u)u] dx
)
,(5.15)

where we have used restrictions (5.4) on the growth of g in Assumption 5.1 along with Sobolev’s
embedding theorems: for n = 2, r̄ <∞ and for n = 3, r̄ = p+ 1 < 6. Thus, inequality (3.59)
holds with κ = 1 (and without the term ε|A1/2w|2 in the right hand side), as desired. For the
case p = 5, n = 3 condition (3.59) without the term |A1/2−δw|2 in the right hand side will be
established below in the proof of Theorem 5.8 -see relation (5.24). For this we use the lower
bound sg(s) ≥ ms6, |s| ≥ 1. This completes the proof of Theorem 5.3. 2

5.3.3. Proof of Theorem 5.4 -critical case. The conclusion of this theorem follows
from Theorem 3.34 (when p ≤ 5 and g∗ 6≡ 0) and from Theorem 3.40 (when g∗ ≡ 0).

Step 1: case when p ≤ 5 and g∗ 6≡ 0. We begin by recalling that ultimate dissipativity
of the system has been already shown in Step 1 of the previous section. Assumption 3.21(D)
(without the term ε|A1/2w|2 in the case p < 5) was established in the course of the proof
of Theorem 5.3. When p = 5 and (5.8) holds, validity of (3.59) holds on the strength of
calculations in (5.22) and (5.23) (see (5.24)). Moreover, relation (3.91) follows from (5.14).
Therefore we need only to verify Assumption 3.33(F).

We recall that

Π(u) ≡
∫

Ω

f̂(u)dx with f̂(s) =
∫ s

0

(f(ξ) + µ0ξ) dξ.

Since

|f̂(s1)− f̂(s2)| ≤ C
(
1 + |s1|3 + |s2|3

)
· |s1 − s2|,

we have that

|Π(u1)−Π(u2)| ≤ C
(
1 + ‖u1‖3L4(Ω) + ‖u2‖3L4(Ω)

)
· ‖u1 − u2‖L4(Ω).

Therefore by the embedding Hs(Ω) ⊂ Lp(Ω) for s = 3(1/2 − 1/p) we obtain (F)(i) in As-
sumption 3.33.

To prove (F)(ii) we note that the embeddings L1(Ω) ⊂ H−2(Ω) and H1(Ω) ⊂ L4(Ω)
imply that

|A−1(F (u+ z)− F (u))| ≤ C

∫
Ω

(|z|+ |f(u+ z)− f(u)|) dx

≤ C

∫
Ω

|z|
(
1 + |u|2 + |z|2

)
dx ≤ C‖z‖L2(Ω)

(
1 + ‖u‖2H1(Ω) + ‖z‖2H1(Ω)

)
.

This yields (F)(ii) in Assumption 3.33.
Since F ∗(v) ≡ g∗(v), property (F)(iii) follows from the regularity assumption imposed on

g∗.
Thus Theorem 5.4 proved in the case p ≤ 5 and g∗ 6≡ 0.
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Step 2: case when g∗ ≡ 0. In this case we apply Theorem 3.40. Since g is increasing. it
follows from (5.4) that

|s|2 ≤ δ + Cδs · g(s) for every δ > 0, s ∈ R.
This implies relation (3.111) in Assumption 3.39. As for (3.112), this relation is the same as
(3.3) in Assumption 3.1 and follows from (5.12). Thus the hypotheses concerning the damping
function g listed in Assumption 3.39(D) holds true.

The hypotheses on the potential energy Π(u) in Assumption 3.39(F)(i,ii) were checked at
the first step. The requirement in Assumption 3.39(F)(iii) is obvious. At last the dissipativity
relation in (3.113) follows from (5.13). Thus, the conclusion of Theorem 3.40 applies, yielding
the final result in Theorem 5.4.

Remark 5.15. In the case p = 5 and g∗ ≡ 0 we can also we can also apply Theorem 3.47
provided g is superlinear, i.e. there exist m > 0 and l > 2 such that

(5.16) g(s)s ≥ m|s|l for all |s| ≥ 1.

In this case we need to check Assumption 3.46. Since in the case when (5.16) holds, we have
that

|s|l ≤ δ + Cδs · g(s) for every δ > 0, s ∈ R
with l > 2. Therefore we can take V0 ≡ Ll(Ω) ⊂ L2(Ω). The compactness of the mapping u 7→
Π′(u) = −f(u)− µ0u considered as an operator from Lr(0, T ;H1(Ω)) ∩H1(0, T ;L2(Ω)) into
L2(0, T ;L l

l−1
(Ω)) for r ≥ 2 large enough follows now from the standard Sobolev embedding

and Aubin’s lemma. Indeed, let l∗ = l(l − 1)−1 < 2. Then

‖f(u1)− f(u2)‖l∗Ll∗ (Ω) ≤ C

∫
Ω

(
1 + |u1|2 + |u2|2

)l∗ |u1 − u2|l∗dx

≤ C
(
1 + ‖u1‖2l∗L3l∗ (Ω) + ‖u2‖2l∗L3l∗ (Ω)

)
‖u1 − u2‖l∗L3l∗ (Ω).

Since H1−δ(Ω) ⊂ L3l∗(Ω) for δ = l−1
∗ − 1/2 > 0, we obtain that

(5.17) ‖f(u1)− f(u2)‖Ll∗ (Ω) ≤ C
(
1 + ‖u1‖2H1−δ(Ω) + ‖u2‖2H1−δ(Ω)

)
‖u1 − u2‖H1−δ(Ω)

with δ = l−1
∗ − 1/2 > 0. By [95, Corollary 8] we have the compact embedding

Lr ≡ Lr(0, T ;H1(Ω)) ∩H1(0, T ;L2(Ω)) ⊂ C([0, T ];H1−δ(Ω))

for r > 2(1 − δ)δ−1. Therefore (5.17) implies that u 7→ −f(u) − µ0u is a compact operator
from Lr into L2(0, T ;L l

l−1
(Ω)) for some r large enough.

Finally, to establish Assumption 3.46(ii) we shall show that Assumption 3.42(D)(iii) holds
(with l = 1) for any 1 ≤ p ≤ 5. For this, the following inequality is critical:∫

Ω

|g(u+ v)− g(v)|dx ≤ Cε

∫
Ω

(g(u+ v)− g(v))udx

+ε
[
1 +

∫
Ω

(g(u+ v)(u+ v) + g(v)v)dx
]
,(5.18)

for any ε > 0 and u, v ∈ H1(Ω). To prove it we split the region of integration into the following
subregions:

ΩA ≡ {x ∈ Ω : |u(x)| ≥ 1},
ΩB ≡ {x ∈ Ω : |u(x)| ≤ 1, |v(x)| ≤M},
ΩC ≡ {x ∈ Ω : |u(x)| ≤ 1, |v(x)| ≥M},

where M ≥ 2 is a constant. It is clear that∫
ΩA

|g(u+ v)− g(v)|dx ≤
∫

Ω

(g(u+ v)− g(v))udx.
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We also have that∫
ΩB

|g(u+ v)− g(v)|dx

≤
∫

ΩB

|g(u+ v)− g(v)|1/2|u|1/2
(
|g(u+ v)− g(v)|

|u|

)1/2

dx

≤
[∫

ΩB

(g(u+ v)− g(v))udx
]1/2

·
[∫

ΩB

∣∣∣∣∫ 1

0

g′(v + λu)dλ
∣∣∣∣ dx]1/2

≤ C · (1 +M)(p−1)/2 ·
[∫

ΩB

(g(u+ v)− g(v))udx
]1/2

≤ 2
M

+ CM ·
∫

ΩB

(g(u+ v)− g(v))udx.

At last, since |v| ≥M and |u+ v| ≥M/2 on ΩC , we have that∫
ΩC

|g(u+ v)− g(v)|dx ≤
∫

ΩC

(|g(u+ v)|+ |g(v)|) dx

≤ 2
M

∫
ΩC

(g(u+ v)(u+ v) + (g(v)v)dx.

Thus, if we choose M = 2/ε in the inequalities above, then we easily arrive to (5.18).
Thus, the conclusion of Theorem 3.47 applies under condition (5.16).

5.3.4. Proof of Theorem 5.5 - Regularity of attractor. We start with parts [i] and
[ii]. In the case n = 2 (which is always subcritical) and n = 3, q < 2 this is straightforward
consequence of Theorem 4.19. Indeed, it suffices to notice that the condition g′(s) > 0 along
with growth condition (5.9) (resp. (5.8)) imply (4.54). In the critical case n = 3, q ≤ 2,
but with subcritical damping 0 ≤ p ≤ 3 we apply Theorem 4.27. Here, again, (4.54) follows
from (5.8). Restriction imposed on p along with Sobolev’s embeddings imply validity of the
first hypothesis imposed on the damping D in Theorem 4.27. Conditions (4.81) and (4.83)
imposed on the nonlinear term F are straightforward. As for (4.82), this follows from the
fact that the set of stationary points is bounded in H2(Ω) (where the latter statement results
from standard elliptic theory).

The most demanding case is the ”double critical case”, n = 3, q = 2 and p = 5, or more
generally 3 ≤ p ≤ 5 corresponding to the statement in part [iii] of Theorem 5.5. For this we
shall resort to Theorem 4.25. We begin with the verification of Assumption 4.11 . For the case
considered Π(u) =

∫
Ω
f̂(u)dx, where f̂ denotes the antiderivative of f(u) + µ0u. Therefore

the second and the third Frechet derivatives of Π(u) has the form

(5.19) 〈Π(2)(u); v1, v2〉 =
∫

Ω

f ′(u)v1v2dx, 〈Π(3)(u); v1, v2, v3〉 =
∫

Ω

f ′′(u)v1v2v3dx,

for every u, vi ∈ V ⊂ H1(Ω). Consequently, by (5.5) using the embedding Hs(Ω) ⊂ Lr(Ω) for
s = 3(1/2− 1/r) we easily obtain the estimates

∣∣∣〈Π(2)(u); v, v〉
∣∣∣ ≤ C

∫
Ω

(
1 + |u|2

)
|v|2dx ≤ C

(
1 + |u|2L4

)
|v|2L4

≤ C
(
1 + ||u||23/4

)
||v||23/4 ≤ C(ρ)||v||23/4(5.20)
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for all u, v ∈ H1(Ω) with ‖u‖1 ≤ ρ, which implies (4.31) with (at least) σ = 3/8. Similar
argument applies to 〈Π(3)(u); v1, v2, v3〉:∣∣∣〈Π(3)(u); v1, v2, v3〉

∣∣∣ ≤ C

∫
Ω

(1 + |u|) |v1v2v3|dx

≤ C

[∫
Ω

(
1 + |u|2

)
|v1v2|2dx

]1/2
‖v3‖L2

≤ C (1 + ‖u‖L6) ‖v1‖L6‖v2‖L6‖v3‖L2

≤ C (1 + ‖u‖1) ‖v1‖1‖v2‖1‖v3‖L2(5.21)

which implies condition (4.32).
The linear growth of the damping at the origin implies that we can take H0(s) = m−1s,

as desired. In line with Theorem 4.1 we need to verify validity of (3.59) with κ = 2 (rather
than κ = 1 as for Theorem 5.3). This additional restriction on the value of κ forced us to
impose more stringent assumptions on g. We turn next to Assumption 3.21, in particular to
the most demanding condition (3.59). We need to verify validity of (3.59) with κ = 2 (rather
than κ = 1 as for Theorem 5.3). To prove inequality (3.59), we use the relation∣∣∣∣∫

Ω

(g(u+ v)− g(u))wdx
∣∣∣∣ ≤ ε

∫
Ω

|g(u+ v)− g(u)| |w|
2

|v|
dx

+Cε
∫

Ω

(g(u+ v)− g(u))vdx(5.22)

for any ε > 0 and carry the following computations.
Let δ be an arbitrary small positive constant and r, r̄ conjugate Holder’s exponents such

that βr ≤ 1. Since (5.8) implies that

g(u)− g(v) ≤ C(u− v)[1 + ug(u) + vg(v)]β ,

we obtain ∫
Ω

(g(u+ v)− g(u))
|w|2

|v|
dx

≤ C‖w‖2L2r̄(Ω)

[∫
Ω

(1 + ug(u) + (u+ v)g(u+ v))βr dx
]1/r

≤ C‖w‖2L2r̄(Ω)

[
1 +

∫
Ω

(g(u+ v)(u+ v) + g(u)u) dx
]

≤ C|w|21−2δ

[
1 +

∫
Ω

(g(u+ v)(u+ v) + g(u)u)dx
]
,(5.23)

where we have selected appropriate values of r in line with Sobolev’s embeddings and restric-
tions on the growth of g implied by (5.9). In the case n = 3 , β = 2

3 , so we take r = 3/2 and
r̄ = 3. Thus (5.23) holds with δ = 0 and, therefore, by (5.22) inequality in (3.59) is satisfied.
Indeed ∣∣∣∣∫

Ω

(g(u+ v)− g(u))wdx
∣∣∣∣ ≤ Cε

∫
Ω

(g(u+ v)− g(u))vdx

+ε|w|21
[
1 +

∫
Ω

(g(u+ v)(u+ v) + g(u)u)dx
]
,(5.24)

which is condition (3.59) in Assumption 3.21 (this fact has been also used in the proof of
Theorem 5.4). Conclusion of Theorem 4.25 stated in (4.78) implies that A is bounded in
V × V ⊂ H1(Ω)×H1(Ω) with additional spatial regularity

∆u ∈ L2(Ω) +D(H1(Ω)) ⊂ L2(Ω) + L6/p(Ω) = Lmin{2,6/p}(Ω),
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where (u, v) ∈ A and u satisfies homogenous (Robin or Dirichlet) boundary conditions. The
above formula and standard Lp elliptic theory yield additional regularity of the variable u in
line with the statement in Theorem 5.5. Proof of Theorem 5.5 is thus completed.

5.3.5. Proof of Theorem 5.8 -finite dimensionality. Let g∗ = 0. For subcritical
cases, n = 2 and n = 3, q < 2 we can just refer to Theorem 4.1, whose assumptions have
been verified above. Indeed, (3.59) with κ = 2 follows from (5.23) where for n = 2 we take
r > 1 close to one, so that βr ≤ 1. This leads to (3.59) without the term ε|A1/2w|2. For
n = 3 we have (5.24), which implies (3.59). Thus, due to subcriticality (either n = 2 or
q < 2), Theorem 4.1 applies and yields finite dimensionality. This is not the case for n = 3
and critical exponent q = 2. We need to resort, again, to Theorem 4.25. Assumptions of this
Theorem have been verified above (see (5.20) and (5.21)), hence the final conclusion of finite
dimensionality has been established in all the cases considered with g∗ = 0.

As for the last statement in Theorem 5.8, dealing with the case g∗ 6= 0, we apply the
second part of Theorem 4.1. Property (4.2) with l = 1 follows from the assumption p ≤ 2.

As we recall, the proof of finite dimensionality of the attractor, under the hypotheses of
Theorem 4.25 depends on the additional smoothness of the attractor (in the case of wave
equation this is Theorem 5.5). We note that an additional smoothness of attractors was used
critically in [80] for the purpose of proving finite dimensionality of attractors with a nonlinear
damping. However the conditions imposed on the dissipation in [80] are much more restrictive
than in the present work.

5.3.6. Proof of Theorem 5.10. Decay to equilibrium. Theorem 5.10 follows from
Theorem 4.31. Critical role is played by the requirement (4.94) which, by Remark 4.32, follows
from (3.59) with κ = 2. However, (3.59) with κ = 2 was shown already owing the growth
condition imposed on g. Verification of (4.95) and (4.96) is straightforward. Indeed, to verify
(4.96) in the case n = 3, q = 2 we note that by the imbedding H1(Ω) ⊂ L6(Ω) we have that

|〈F ′(u)− F ′(v), w〉|[D(A1/2)]′ ≤ C

(∫
Ω

∣∣(1 + |u|2 + |v|2)(u− v)w
∣∣6/5 dx)5/6

≤ C

(∫
Ω

[
(1 + |u|2 + |v|2)|u− v|

]3/2
dx

)2/3

‖w‖L6(Ω)

≤ C

(∫
Ω

(1 + |u|6 + |v|6)dx
)1/3(∫

Ω

|u− v|3 dx
)1/2

‖w‖L6(Ω).

This implies (4.96) in the case n = 3, q = 2. A similar argument applies for (4.95) and for
other values of n and q.

The validity of energy inequality for generalized solutions can be obtained in the following
way. From energy equality (5.7) we have that

(5.25) E(t) +
∫ t

s

∫
Ω

ψN (g(wt(τ, x))wt(τ, x)) dxdτ ≤ E(s), N = 1, 2, . . .

for any strong solution, where ψN (σ) = σ for 0 ≤ σ ≤ N and ψN (σ) = N for σ > N . Since
the function s 7→ ψN (g(s)s) is globally Lipschits, relation (5.25) remains true after the limit
transition to generalized solutions. Now, since ψN (σ) ≤ ψN+1(σ) we can apply Levi-Lebesgue
theorem on monotone convergence to obtain the energy inequality for generalized solutions.
2

5.3.7. Proof of Theorem 5.13 on determining functionals. It easily follows from
Corollary 4.40. 2



CHAPTER 6

Von Karman evolutions with a nonlinear dissipation

6.1. The model

In what follows we consider a nonlinear system of dynamic elasticity described by von
Karman evolution with a nonlinear dissipation.

Let Ω ⊂ R2 be a bounded domain with a sufficiently smooth boundary Γ. We denote by
ν = (ν1, ν2) the outer normal to Γ. Consider the following von Karman model with clamped
boundary conditions:

utt − α∆utt + k [g0(ut)− αdivg(∇ut)] + ∆2u

= [v(u) + F0, u] + p+ L(u) + g∗(ut) in Ω× (0,∞),

u =
∂

∂ν
u = 0 on Γ× (0,∞).(6.1)

The Airy stress function v(u) satisfies the following elliptic problem

∆2v(u) + [u, u] = 0, in Ω,
∂

∂ν
v(u) = v(u) = 0 on Γ.(6.2)

The von Karman bracket [u, v] is given by

(6.3) [u, v] = ∂2
x1
u · ∂2

x2
v + ∂2

x2
u · ∂2

x1
v − 2 · ∂2

x1x2
u · ∂2

x1x2
v.

The functions g0 and g represent dissipation in the model. They are assumed monotone
increasing and continuous. The damping parameter k is positive. The parameter α ≥ 0
represents rotational forces. The functions F ∈ H2(Ω) and p ∈ L2(Ω) are given. They
describe in-plane and transverse forces applied to the plate. The operator L is a linear first
order differential operator. In typical applications (see, e.g., [37]) one has Lu = −ρux1 , where
ρ depends on the velocity of the gas. The term g∗(ut) with g∗ ∈ W 1

∞(R) represents an anti-
damping. The presence of non-conservative terms Lu and g∗ is responsible for the fact that
energy is not decreasing.

Equations of von Karman (6.1) and (6.2) are well known in nonlinear elasticity and
constitute a basic model describing nonlinear oscillations of a plate accounting for large dis-
placements, see e.g., [82] and references therein. The model which accounts for moments of
inertia, i.e. α > 0 is often referred as modified von Karman equations. The rotational case
when α > 0 represents a purely hyperbolic dynamics with finite speed of propagation. Instead,
when α = 0 we have an infinite speed of propagation. Thus, the mathematical properties of
these two models are very different necessitating different treatments and analysis in each
case.

We note that the energy function associated with (6.1) takes the following form

E(t) =
∫

Ω

[
1
2
|ut(x, t)|2 +

α

2
|∇ut(x, t)|2 +

1
2
|∆u(x, t)|2 +

1
4
|∆v(u)(x, t)|2

−1
2
[F0(x), u(x, t)]u(x, t)− p(x)u(x, t)

]
dx(6.4)

123
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and the corresponding energy relation (which is valid for strong solutions) has the form

E(t) + k

∫ t

0

∫
Ω

[g0(ut(x, τ))ut(x, τ) + αg(∇ut(x, τ))∇ut(x, τ)] dxdτ

= E(0) +
∫ t

0

∫
Ω

[g∗(ut(x, τ))ut(x, τ) + Lu(x, τ)ut(x, τ)] dxdτ.(6.5)

Two properties of the energy function that should be emphessized are: (i) it is not obvious
that E(t) is bounded from below, (ii) E(t) may not be decreasing. Indeed, the last two terms
in (6.5) have uncontrolled signs. This is the effect of non-conservative forces.

6.2. Properties of von Karman bracket

This preliminary section contains some properties of bracket (6.3) and nonlinear forcing
terms from equation (6.1) which we need to check the hypotheses of Chapters 3 and 4 in the
both cases α > 0 and α = 0. The following notations will be used:

‖ u ‖s≡‖ u ‖Hs(Ω), ‖ u ‖≡‖ u ‖L2(Ω) and (u, v) ≡ (u, v)L2(Ω).

Proposition 6.1. The mapping {u, v} 7→ [u, v] is a symmetric bilinear mapping from
H2(Ω)×H2(Ω) into L1(Ω). The trilinear form ([u, v], w) is symmetric on H2(Ω) if either at
least one of elements u, v or w belongs to H2

0 (Ω). Furthermore:

• The following estimates are valid

(6.6) ‖ [u, v] ‖−j≤ C ‖ u ‖2−β · ‖ v ‖3−j+β ,

where j = 1, 2 and 0 ≤ β < 1 and

(6.7) |[u, v]|−1−2δ ≤ C|u|2−δ|v|2−δ, 0 < δ < 1/2.

• For any u ∈ H2(Ω) problem (6.2) has a unique solution v = v(u) in H2
0 (Ω)∩W 2

∞(Ω).
This solution has the following properties

(6.8) ‖ v(u1)− v(u2) ‖W 2
∞(Ω)≤ C· ‖ u1 + u2 ‖2 · ‖ u1 − u2 ‖2

and

(6.9) ‖ v(u1)− v(u2) ‖3−δ≤ Cδ ‖ u1 + u2 ‖2 · ‖ u1 − u2 ‖2−δ

for every 0 ≤ δ ≤ 1. We also have that

(6.10)
∥∥∥(∆2

D

)−1
[u1, u2]

∥∥∥
W 2
∞(Ω)

≤ C· ‖ u1 ‖2 · ‖ u2 ‖2,

where ∆2
D is the biharmonic operator with the Dirichlet boundary conditions and(

∆2
D

)−1 is the corresponding Green operator.
• For any η > 0 there exists Cη such that

(6.11) ||u||2 ≤ η(||∆v(u)||2 + ||∆u||2) + Cη, u ∈ (H1
0 ∩H2)(Ω).

Proof. The algebraic properties follow from standard and well known considerations for
von Karman brackets and Airy stress function [82]. Particular cases of estimates (6.6) and
(6.9) can be found in [82]. The proof of (6.6) and (6.7) for the all cases described can be found
in [17]. Estimates (6.8) and (6.10) follow from recent developments on sharp regularity of Airy
stress function (see [46] and also [26] and the references therein). Estimate (6.9) follows from
elliptic regularity theory and from (6.6). The proof of (6.11) relies on the uniqueness property
of Monge-Ampere equation and has been provided in [26] (see also [13] and [76]). �
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6.3. Abstract setting of the model

In order to put von Karman model into the abstract setting of Chapter 3, we define

(6.12) F (u,w) ≡ [v(u) + F0, u] + p+ L(u) + g∗(w), u ∈ H2
0 (Ω), w ∈ L2(Ω),

where v = v(u) solves (6.2). The nonlinear term F (u, v) can be represented in the form

F (u, v) = −Π′(u) + F ∗(u, v)

with

(6.13) Π(u) =
1
4
‖∆v(u)‖2 − 1

2
([u, u], F0)− (p, u),

where v(u) ∈ H2
0 (Ω) is defined by (6.2), and F ∗(u, v) = L(u) + g∗(v). Thus we set

(6.14) Π0(u) =
1
4
‖∆v(u)‖2 and Π1(u) = −1

2
([u, u], F0)− (p, u).

The following assertion makes it possible to prove that F satisfies the hypotheses from
Chapters 3 and 4.

Lemma 6.2. For any u ∈ H2
0 (Ω) the following relations hold:

(6.15) ‖Lu‖σ ≤ C‖u‖1+σ for σ = 0,−1,

(6.16) ‖u‖2 ≤ η
(
‖∆u‖2 + Π0(u)

)
+ Cη for any η > 0,

(6.17) |Π1(u)| ≤ η
(
‖∆u‖2 + Π0(u)

)
+ Cη for any η > 0,

(6.18) (−Π′(u) + Lu, u) ≤ −1
2
‖∆v(u)‖2 + η‖∆u‖2 + Cη for any η > 0.

If F0 ∈ H2+σ(Ω) for some σ ∈ (0, 1), then

(6.19) ‖Π′(u1)−Π′(u2)‖−1 ≤ Cρ‖u1 − u2‖2−σ, σ > 0,

and if F0 ∈W 2
∞(Ω), then

(6.20) ‖Π′(u1)−Π′(u2)‖ ≤ Cρ‖u1 − u2‖2,
for any u1, u2 ∈ H2

0 (Ω) such that ‖ui‖2 ≤ ρ, i = 1, 2, where ρ > 0 is arbitrary and Cρ is a
non-decreasing function of ρ.

If F0 ∈ H2(Ω) and p ∈ L2(Ω), then there exists δ > 0 such that

(6.21) |Π(u1)−Π(u2)| ≤ C
(
‖u1‖32−δ + ‖u2‖32−δ

)
‖u1 − u2‖2−δ,

for any u1, u2 ∈ H2
0 (Ω).

Proof. Estimate (6.15) follows from the fact that L is a linear first order differential
operator.

Relation (6.16) follows from (6.11).
Using (6.6) with j = 2 and β = 0 we obtain that

|Π1(u)| ≤ 1
2
‖F0‖2 · ‖u‖1 · ‖u‖2 + ‖u‖2 · ‖p‖−2

≤ η‖∆u‖2 + C(1)
η ‖u‖2 + C(2)

η

for any η > 0. Therefore (6.17) follows from (6.16).
A simple calculation using the symmetry of von Karman bracket (see Proposition 6.1)

gives
(−Π′(u), u) = −‖∆v(u)‖2 + ([u, F0], u) + (p, u).

Therefore, as above, from (6.6) we obtain

(−Π′(u), u) ≤ −‖∆v(u)‖2 + η‖∆u‖2 + C(1)
η ‖u‖2 + C(2)

η
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for any positive η. Now using (6.11) we get (6.18).
To prove (6.19) we note that

−Π′(u1) + Π′(u2) = [u1, v(u1)− v(u2)] + [u1 − u2, v(u2) + F0].

Using (6.6) with j = 1 and appropriate choice of β and also (6.9) with δ = 1 we obtain that

‖Π′(u1)−Π′(u2)‖−1 ≤ C(1 + ‖u1‖22 + ‖u2‖22)‖u1 − u2‖2−σ

Therefore we get (6.19) from (6.15). In a similar way (6.20) follows from (6.8).
To prove (6.21) we note that [u1, u1]− [u2, u2] = [u1 − u2, u1 + u2] and∣∣‖∆v(u1)‖2 − ‖∆v(u2)‖2

∣∣ ≤ ‖∆(v(u1)− v(u2))‖ (‖∆v(u1)‖+ ‖∆v(u2)‖)
≤ C‖[u1 − u2, u1 + u2]‖−2 (‖[u1, u1]‖−2 + ‖u2, u2]‖−2‖) .

Therefore (6.21) follows from (6.6) with j = 2. �

As it was shown in Chapter 1 (see Example 1.3), problem (6.1) and (6.2) can be written
in the form

(6.22)
{
Mutt(t) +Au(t) + k ·D(ut(t)) = F (u(t), ut(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2),

with the following notation the following spaces and operators:

• H ≡ L2(Ω), V ≡ Vα, where Vα = H1
0 (Ω) for α > 0 and Vα = L2(Ω) for α = 0.

• Au ≡ ∆2u, u ∈ D(A) : D(A) ≡ H2
0 (Ω) ∩H4(Ω).

• Mu ≡ u− α∆u, u ∈ D(M), where D(M) ≡ H1
0 (Ω) ∩H2(Ω) in the case α > 0 and

D(M) ≡ L2(Ω) when α = 0.
• F (u, ut) is given by (6.12).
• D(u) ≡ g0(u)− αdiv(g(∇u)).

It is clear that A and M satisfy the conditions introduced at the beginning of Sect. 1.2.
The difference between the two cases α > 0 and α = 0 is, of course, different topology
of V ′. This difference of topology will result in very different properties and results for
the corresponding two cases. The model with α > 0 is hyperbolic with a finite speed of
propagation, while the case α = 0 corresponds to infinite speed of propagation. As we shall
see below, this difference will produce different theories for the two cases. We shall begin with
a more regular case of rotational model when α > 0. Here, the analysis and the results are
reminiscent to the wave equation case, treated in the previous chapter.

6.4. Model with rotational forces: α > 0

6.4.1. Main results. Our main standing assumption is

Assumption 6.3. • g0 ∈ C1(R) is a monotone nondecreasing function such that
g0(0) = 0.

• The function g has the form g(s1, s2) = (g1(s1), g2(s2)), where (s1, s2) ∈ R2 and
gi ∈ C1(R) is monotone increasing function such that gi(0) = 0, i = 1, 2. Moreover,
we assume that gi are of polynomial growth at infinity, i.e. we assume that

(6.23) 0 < m ≤ g′i(s) ≤M |s|p−1, |s| ≥ 1, i = 1, 2,

with some constants m, M and p ≥ 1. In the case when L 6≡ 0 (non-conservative
case), we assume that this inequality holds with p = 1 and also that g0 possesses the
same property.

• p(x) ∈ L2(Ω) and F0(x) ∈ H2+σ(Ω) for some σ > 0.
• L is a linear first order differential operator with smooth coefficients.
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Below we consider the following two case only: (a) L 6≡ 0, g∗ ≡ 0 and (b) L ≡ 0, g∗ 6≡ 0.
One could also consider a simultaneous effect of ”static” and ”dynamic” non-conservative
forces L and g∗. However, this would require additional assumptions synchronizing these
two effects (see Subsection 3.1.3 and Theorem 3.15). Similarly one could consider dynamic
force acting on ∆ut as well as nonlinear non-conservative forces in line with setup in The-
orem 3.15. We have chosen not to complicate matters too much and rather to adhere to a
simpler framework that is relevant in applications.

Our main result in the case g∗ ≡ 0 is the following assertion.

Theorem 6.4. Let g∗ ≡ 0 Under Assumption 6.3 equations (6.1) and (6.2) with α > 0
generates a continuous semiflow St in the space H ≡ H2

0 (Ω)×H1
0 (Ω) which possesses a global

compact attractor A. Moreover
• If, in addition, we assume that (i) g0(s) is of polynomial growth at infinity, i.e. there

exist p0 ≥ 1 and M0 > 0 such that

(6.24) 0 ≤ g′0(s) ≤M0[1 + |s|p0−1], s ∈ R,
and (ii) there exists 0 ≤ β < 1 such that the functions gi satisfy the inequality

(6.25) 0 < m ≤ g′i(s) ≤M [1 + sgi(s)]β , s ∈ R, i = 1, 2,

then the attractor A is a bounded closed set in (H3∩H2
0 )(Ω)×H2

0 (Ω) and its fractal
dimension is finite.

• If L ≡ 0, then A = Mu(N ), where Mu(N ) is the unstable manifold emanating
from the set N (see the definition in Sect. 2.4) and N is the set of equilibria for the
semiflow St. Moreover, the statements of Theorem 2.31 and Corollary 2.32 are in
force.

• Let us assume that the set of stationary solutions consists of finitely many isolated
equilibrium points which are hyperbolic and that L ≡ 0. Then, under conditions
(6.24) and (6.25) for any initial condition y0 ∈ H there exists an equilibrium point
e = (w, 0), w ∈ H2

0 (Ω), such that

(6.26) |Sty0 − e|H ≤ Ce−ωt, C, ω > 0.

• Under conditions (6.24) and (6.25) the system possesses a fractal exponential attrac-
tor (see Definition 4.41) whose dimension is finite in the space H1

0 (Ω) ×W , where
W is a completion of H1

0 (Ω) with respect to the norm ‖ · ‖W = ‖(1− α∆) · ‖−2.

Remark 6.5. We note that the property g′i(s) ≤ M (1 + sgi(s))
β for some β < 1 holds

true, if we assume that either p < 3 or else p ≥ 3 and gi(s)s ≥ m1|s|l for all |s| ≥ 1 and for
some m1 > 0 and l > p− 1.

We can also suggest another version of the stabilization result which covers the case when
m = mini=1,2 g

′
i(0) can be zero. To formulate this result we first prove the following assertion.

Lemma 6.6. Let Assumption 6.3 hold. Then the form D(v, u) given by the relation

(6.27) D(v, u) ≡
∫

Ω

g0(v)udx+ α
∑
i=1,2

∫
Ω

gi(vxi)uxidx, v, u ∈ H1(Ω),

possesses the property

(6.28) H0 (D(u+ v, v)−D(u, v)) ≥ ‖v‖2 + α‖∇v‖2, v ∈ H1
0 (Ω), u ∈ H1(Ω),

where H0 : R+ 7→ R+ is a strictly increasing continuous concave function. If g′i(s) ≥ m > 0
for all s ∈ R, i = 1, 2, then (6.28) holds with H0(s) = h0 · s.

Proof. As in the proof Theorem 5.3 (see relation (5.14)) we can construct a strictly
increasing continuous concave function H̃0(s) such that

2s2 ≤ H̃0(sgai (s)), i = 1, 2, for all a ∈ R, gai (s) ≡ gi(s+ a)− gi(a).
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Hence

(6.29) s21 + s22 ≤ H̃0(s1gai (s1) + s2g
a
i (s2)) for all a, s1, s2 ∈ R.

Therefore the application Jensen’s inequality leads to relation (6.28) with the function H0(s)
= c0V ol(Ω)H̃0(V ol(Ω)−1s). If g′i(s) ≥ m > 0 for all s ∈ R, then it is clear that (6.29) holds
with H̃0(s) = h̃0 · s. �

Now we are in position to formulate the following stabilization theorem.

Theorem 6.7. Let g∗ ≡ 0 and L ≡ 0. In addition to Assumption 6.3 assume that (6.24)
holds and there exists 0 ≤ β < 1 such that the functions gi satisfy the inequality

(6.30) 0 < g′i(s) ≤M [1 + sgi(s)]β , s ∈ R, s 6= 0, i = 1, 2.

If the the set of stationary solutions consists of finitely many isolated equilibrium points which
are hyperbolic, then for any initial condition y0 ∈ H there exists an equilibrium point e =
(w, 0), w ∈ H2

0 (Ω), such that

(6.31) |Sty − e|2H ≤ C · σ
([
tT−1

])
, t > 0,

where C and T are positive constants, [a] denotes the integer part of a and σ(t) satisfies the
following ODE:

(6.32)
dσ

dt
+Q(σ) = 0, t > 0, σ(0) = C(y, e).

Here C(y, e) is a constant depending on y and e, Q(s) = s − (I +G0)
−1 (s) with G0(s) =

c1 (I +H0)
−1 (c2s), where c1 and c2 are positive numbers and H0 is defined in Lemma 6.6.

Few words about the relation of the result given in Theorem 6.4 with respect to the liter-
ature. Existence and finite-dimensionality of global attractor, for the case of linear damping,
was proved earlier in [13] (see also [14]) where the structure of the attractor was established).
The case of nonlinear but linearly bounded damping was considered in [78]. The result on
exponential stabilization is new even in the case of linear damping. Consequently Theorem
6.4 extends the results known in the literature in two directions: (i) it allows to treat strongly
nonlinear dissipation, and (ii) it provides estimates on the convergence to equilibria.

In the case when L ≡ 0 and g∗ 6≡ 0 we have the following result.

Theorem 6.8. Let L ≡ 0. Assume that g∗ ∈ C1(R) possesses the properties

(6.33) | [g∗]′ (s)| ≤ C[1 + |s|p∗−1], s ∈ R,

for some p∗ ≥ 1 and C > 0, and

(6.34) lim sup
|s|→∞

|g∗(s)|
g0(s)

< k.

Then under Assumption 6.3 equations (6.1) and (6.2) with α > 0 generates a continuous
semiflow St in the space H ≡ H2

0 (Ω) ×H1
0 (Ω) which possesses a global compact attractor A.

If, in addition, we assume that (i) g0(s) is of polynomial growth at infinity, i.e. (6.24) holds,
and (ii) the functions gi satisfy the inequality

0 < m ≤ g′i(s) ≤M [1 + |s|], s ∈ R, i = 1, 2,

then the attractor A is a bounded closed set in (H3∩H2
0 )(Ω)×H2

0 (Ω) and the fractal dimension
of the attractor A is finite.

We note that long-time behaviour of von Karman system with an anti-damping term was
not considered before.



6.4. MODEL WITH ROTATIONAL FORCES: α > 0 129

6.4.2. Proof of Theorem 6.4. Since (6.1) is presented in the form (6.22) with V =
H1

0 (Ω) and
F (u, ut) ≡ F (u) = [v(u) + F0, u] + p+ L(u), u ∈ H2

0 (Ω),
we conclude from Lemma 6.2 that the nonlinearity F in this case satisfies all hypotheses
concerning F postulated in Chapters 1 and 3 (see Assumptions 1.1(F), 3.1(F) 3.7(F) and
3.21(F) with nV ≡ 0). Indeed, (6.16) coincides with (3.18), relation (6.17) is identical with
(1.5), (6.18) coincides with (3.17) and (6.19) is the same as (3.60) in the framework considered.
Moreover, Assumption 3.21(F) holds with η̃ > 0 and, hence, in the case α > 0 the nonlinearity
F is subcritical. Therefore, in order to establish existence of global attractors, we shall appeal
to Corollary 3.28.

Thus, to prove the theorem we need only to check the corresponding assumptions con-
cerning the damping D.

Verifications of Assumptions imposed on the damping operator. The argument
given in Example 1.3 shows that Assumption 1.1(D) holds and, therefore, by Theorem 1.5
problem (6.1) with g∗ ≡ 0 generates a dynamical system in the space H = H2

0 (Ω)×H1
0 (Ω).

Lemma 6.9. Let Assumption 6.3 hold and D(v, u) be given by (6.27). Then
•

(6.35) D(v, v) ≥ c0
(
‖v‖2 + α‖∇v‖2

)
− c1, v ∈ H1

0 (Ω),

where c0 and c1 are positive constants;
• If p = 1 in (6.23) and g′0(s) is bounded (assumed when L 6= 0), then

(6.36) ‖D(v)‖−1 ≤ c2‖u‖1, v ∈ H1
0 (Ω),

and

(6.37) |D(u+ v, w)−D(u,w)| ≤ c3‖w‖1
[
1 +D(u+ v, u+ v)1/2 +D(u, u)1/2

]
for any v, u ∈ H1

0 (Ω) and w ∈ H1(Ω), where c2 > 0 and c3 > 0 are constants;
• If 1 ≤ p <∞ (relevant when L = 0) then

(6.38) |D(v, u)| ≤ C1‖u‖s ·D(v, v) + C2(1 + ‖u‖21), v ∈ H1(Ω), u ∈ H2(Ω),

and

(6.39) |D(u+ v, w)−D(u,w)| ≤ C3‖w‖s [1 +D(u+ v, u+ v) +D(u, u)] ,

for any v, u ∈ H1(Ω) and w ∈ H2(Ω), where s = 2p
1+p if p > 1 and s > 1 is arbitrary

in the case p = 1, the constants Ci are positive.

Proof. By the Friedrichs inequality we have

(6.40) ‖v‖2 + α‖∇v‖2 ≤ C(1 + α)‖∇v‖2, v ∈ H1
0 (Ω).

It follows from (6.23) that

sgi(s) ≥ ms2 − c, s ∈ R, for some c > 0.

We also have that sg0(s) ≥ 0. Therefore

D(v, v) ≥ α
∑
i=1,2

∫
Ω

gi(vxi
)vxi

dx ≥ αm‖∇v‖2 − αc|Ω|.

Thus (6.35) follows from (6.40).
In the case L 6= 0 we have that

(6.41) |g0(v)| ≤ a1|v| and |g1(v1)|2 + |g2(v2)|2 ≤ a2
1(v

2
1 + v2

2) .

This implies that

|D(v, u)| ≤ C · (‖v‖‖u‖+ α‖∇v‖‖∇u‖) ≤ C · ‖v‖1‖u‖1.
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Therefore we obtain (6.36).
Similarly, from (6.41) we have

|D(u+ v, w)−D(u,w)|

≤ C

∫
Ω

(|u+ v|+ |u|)|w|dx+ Cα

∫
Ω

(|∇(u+ v)|+ |∇u|)|∇w|dx.

≤ C ·
[(
‖u+ v‖2 + α2‖∇(u+ v)‖2

)1/2
+
(
‖u‖2 + α2‖∇u‖2

)1/2] ‖w‖1.
As above this implies (6.37).

Now we consider the case of an arbitrary finite p (of relevance when L = 0). We will use
the diagonal structure of the mapping g = [g1, g2]T .

Denoting Ω1 ≡ {x ∈ Ω : |vxi | ≤ 1} and Ω2 ≡ {x ∈ Ω : |vxi | ≥ 1} for each i = 1, 2 we
have

(6.42)
∣∣∣ ∫

Ω

gi(vxi
)uxi

dx
∣∣∣ ≤ ∫

Ω1

|gi(vxi
)uxi

|dx+
∫

Ω2

|gi(vxi
)uxi

|dx.

By the Cauchy-Schwarz inequality we obtain

(6.43)
∫

Ω1

|gi(vxi)uxi |dx ≤
1
4

∫
Ω1

|gi(vxi)|2dx+
∫

Ω1

|uxi |2dx ≤ CΩ + ‖u‖21.

In the region Ω2 we use Hölder’s inequality applied with some 1 < r ≤ 2:∫
Ω2

|gi(vxi)uxi |dx ≤
(∫

Ω2

|gi(vxi)|rdx
)1/r (∫

Ω2

|uxi |r̄dx
)1/r̄

,

where r−1 + r̄−1 = 1. Since H1− 2
r̄ (Ω) ⊂ Lr̄(Ω) (see, e.g., [101, Chap.4]), from polynomial

growth condition (6.23) assumed on gi we have∫
Ω2

|gi(vxi
)uxi

|dx ≤ C

(∫
Ω2

|gi(vxi
)|vxi

|p(r−1)dx

)1/r

‖u‖2−2/r̄.

If we choose r = 1 + 1
p , we obtain∫

Ω2

|gi(vxi
)uxi

|dx ≤ C

(∫
Ω2

|gi(vxi
)||vxi

|dx
) p

1+p

‖u‖2−2/(1+p)

≤ C

∫
Ω2

|gi(vxi
)||vxi

|dx · ‖u‖2−2/(1+p),(6.44)

where in the last inequality we use the fact that on Ω2 we have(∫
Ω2

|gi(vxi
)||vxi

|dx
) p

1+p

≤ C

∫
Ω2

|gi(vxi
)||vxi

|dx.

Combining (6.42), (6.43) and (6.44) yields the inequality

(6.45)
∣∣∣ ∫

Ω

gi(vxi
)uxi

dx
∣∣∣ ≤ C1‖u‖ 2p

1+p
·
∫

Ω

gi(vxi
)vxi

dx+ C2(1 + ‖u‖21).

Similar, but simpler argument applies to the term g0. Due to Sobolev’s embedding H1+δ(Ω) ⊂
L∞(Ω) (see, e.g., [101, Chap.4]), we need no growth conditions on g0(v). Indeed, on the set

Ω̃2 ≡ {x ∈ Ω : |v(x)| ≥ 1}

we have

(6.46)
∣∣∣ ∫eΩ2

g0(v)udx
∣∣∣ ≤ Cmax

Ω
|u| ·

∫
eΩ2

|g0(v)|dx ≤ C‖u‖1+δ
∫

eΩ2

g0(v)vdx

for every positive δ. Thus from (6.45) and (6.46) we we can easily obtain (6.38).
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Now we shall verify relation (6.39). We shall carry the computations for terms gi which
are more complicated. In the same way as above using the embedding H1− 2

r̄ (Ω) ⊂ Lr̄(Ω) for
i = 1, 2 we write∫

Ω

|gi((u+ v)xi)− gi(uxi)||wxi |dx

≤ C‖w‖2−2/r̄

[(∫
Ω

|gi((u+ v)xi)|rdx
)1/r

+
(∫

Ω

|gi(uxi)|rdx
)1/r

]
,(6.47)

where we have applied Hölder’s inequality with exponent 1 < r ≤ 2 to be determined later,
r̄−1 = 1− r−1. We split the region of integration into two domains

Ω1 ≡ {x ∈ Ω : |uxi
(x) + vxi

(x)| ≤ 1}; Ω2 ≡ {x ∈ Ω : |uxi
(x) + vxi

(x)| ≥ 1}.

Using the assumptions that gi(s)s ≥ 0 and the growth condition on gi we obtain∫
Ω

|gi((u+ v)xi
)|rdx =

[∫
Ω1

+
∫

Ω2

]
|gi((u+ v)xi

)|r−1|gi((u+ v)xi
)|dx

≤ CΩ +
∫

Ω2

|(u+ v)xi
|p(r−1)|gi((u+ v)xi

)|dx.

From here after selecting r = 1 + 1/p we get(∫
Ω

|g((u+ v)xi)|rdx
)1/r

≤ CΩ

(
1 +

∫
Ω

g((u+ v)xi)(u+ v)xi)dx
)1/r

≤ CΩ

(
1 +

∫
Ω

gi((u+ v)xi
)(u+ v)xi

dx

)
.(6.48)

The same argument applies to the term gi(uxi) giving(∫
Ω

|gi(uxi
)|rdx

)1/r

≤ CΩ

[
1 +

∫
Ω

gi(uxi
)uxi

dx

]
.(6.49)

As above it is also easy to find that∫
Ω

|[g0(u+ v)− g0(u)]w|dx

≤ Cmax
Ω

|w| ·
∫

Ω

[|g0(u+ v)|+ |g0(v)|]dx

≤ CΩ‖w‖1+δ
(

1 +
∫

Ω

g0(u+ v)(u+ v)dx+
∫

Ω

g0(v)vdx
)

(6.50)

for every δ > 0. Therefore combining with (6.47), (6.48), (6.49) we obtain (6.39). �

Now we are in position to prove existence of global attractor for the system (H,St)
generated by (6.1) and (6.2).

We first we note that (H,St) is ultimately dissipative. Indeed, in the case L 6= 0 it follows
from (6.35) and (6.36) that Assumption 3.7(D) holds and, hence, we can apply Theorem 3.10.
If L ≡ 0, then by (6.35) and (6.38) we are in position to apply Theorem 3.4 because (6.38)
implies (3.12). Indeed, the substitution u := δu in (6.38) gives that

|D(v, u)| ≤ C1‖u‖s ·D(v, v) + C2(1/δ + δ‖u‖21), v ∈ H1(Ω), u ∈ H2(Ω),

which implies (3.12) with δ > 0 as small as we want. Thus (H,St) is dissipative and it
possesses a forward invariant absorbing set.

Now we note that by (6.37), (6.39) and (6.28) Assumption 3.21(D) holds (with Cε(r) = 0,
κ = 1 and without the term ε|A1/2w|2). Therefore, the existence of a compact global attractor
A follows from Corollary 3.28.
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To prove the finiteness of fractal dimension of A and the stabilization properties we need
the following Lemma.

Lemma 6.10. Under Assumption 6.3 and hypotheses (6.24) and (6.30) the form D(v, u)
given by (6.27) possesses the properties

• if p = 1 and g′0(s) is bounded (when L 6= 0), then

|D(u+ v, w)−D(u,w)| ≤ C1[D(u+ v, v)−D(u, v)] + C2‖w‖21(6.51)

for any v ∈ H1
0 (Ω), u ∈ H1(Ω) w ∈ H1(Ω);

• if 1 ≤ p <∞ (when L = 0), then

|D(u+ v, w)−D(u,w)| ≤ C1[D(u+ v, v)−D(u, v)]

+C2‖w‖2s
[
1 + ‖u‖p0−1

1 + ‖v‖p0−1
1 +D(u+ v, u+ v) +D(u, u)

]
(6.52)

for any v ∈ H1
0 (Ω), u ∈ H1(Ω) w ∈ H2(Ω), where s ∈ (1, 2).

Proof. Property (6.30) implies the relation

0 ≤ gi(s2)− gi(s1)
s2 − s1

≤ C (1 + s1gi(s1) + s2gi(s2))
β
, ∀s1 < s2, i = 1, 2,

where 0 ≤ β < 1 (in the first case β = 0). Therefore, as in the proof of Theorem 5.8 (cf.
(5.22)), for arbitrary δ > 0 we have∫

Ω

|gi((u+ v)xi)− gi(uxi)||wxi |dx ≤ δ

∫
Ω

[gi((u+ v)xi)− gi(uxi)] · |vxi |dx

+Cδ
∫

Ω

(1 + (u+ v)xi
gi((u+ v)xi

) + uxi
gi((u)xi

))β · |wxi
|2dx

≤ δ[D(u+ v, v)−D(u, v)] + Cδ‖w‖2s [1 + aβD(u+ v, u+ v) +D(u, u)]

with some 1 < s < 2, where aβ = 0 if β = 0. Since g0(s) is of polynomial growth (see (6.24)),
in a similar way we also have∫

Ω

|g0(u+ v)− g0(u)||w|dx ≤ δ

∫
Ω

(g0(u+ v)− g0(u))vdx

+ Cδ‖w‖2s ·
∫

Ω

(
1 + |u|p0−1 + |v|p0−1

)
dx, s > 1,

where p0 = 1 in the first case. Therefore (6.51) and (6.52) easily follow. �

Completion of the proof of Theorem 6.4. Lemma 6.10 implies (3.59) with κ = 2.
Thus the hypotheses of Theorem 4.1 hold and, hence, we are in position to conclude that
the global attractor A of the system (H,St) generated by (6.1) and (6.2) has a finite fractal
dimension. The smoothness of the attractor follows from Theorem 4.17.

The last statement of the Theorem 6.4 - existence of exponential fractal attractors - follows
from Theorem 4.42.

The stabilization property (6.26) (in the case L ≡ 0) follows from Theorem 6.7.

6.4.3. Proof of Theorem 6.7. We apply Theorem 4.31. By Remark 4.32 property
(4.94) follows from (3.59) which is true in our case under conditions (6.24) and (6.30) (see the
argument above). Since for L ≡ 0 and g∗ ≡ 0 we have

〈F ′(u), w〉 = [v(u) + F0, w] + [v(u,w), u],

where v = v(u) satisfies (6.2) and ṽ = v(u,w) solves the problem

∆2ṽ + 2[w, u] = 0, in Ω,
∂

∂ν
ṽ = ṽ = 0 on Γ,
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properties (4.95) and (4.96) easily follows from (6.6) and (6.9). To prove the energy inequality
for this case we can use the same approximation method as for the wave equation in Chapter 5
(see the proof of Theorem 5.10). Thus the proof of Theorem 6.7 is complete.

Remark 6.11. Under the conditions of Theorem 6.4 we can also apply Corollary 4.40 on
the existence of a finite number of determining functionals. We also note that this question
for problem (6.1) and (6.2) with α > 0 was studied in [25] by another method.

6.4.4. Proof of Theorem 6.8. We first prove well-posedness of system (6.1) and (6.2)
with L ≡ 0 and g∗ 6= 0. For this we need to check Assumption 1.1.

Since Lq(Ω) ⊂ H−1(Ω) for every q > 1, it follows from (6.33) that

‖g∗(v1)− g∗(v2)‖−1 ≤ C‖g∗(v1)− g∗(v2)‖L3/2(Ω)

≤ C

[∫
Ω

(
1 + |v1|p∗−1 + |v2|p∗−1

)3/2 |v1 − v2|3/2dx
]2/3

≤ C

[∫
Ω

(
1 + |v1|p∗−1 + |v2|p∗−1

)6
dx

]1/6
‖v1 − v2‖.

Using the embedding H1(Ω) ⊂ L6(p∗−1)(Ω), we obtain that

(6.53) ‖g∗(v1)− g∗(v2)‖−1 ≤ C
(
1 + rp∗−1

)
‖v1 − v2‖

for any vi ∈ H1
0 (Ω), ‖vi‖1 ≤ r. From (6.34) we also have that

(g∗(v), u) ≤ k0(g0(v), v) + C

for some k0 < k and C ≥ 0. Thus (1.3) and (1.6) hold for the model considered. Other
requirements from Assumption 1.1 are also true by the argument given in proof of Theorem 6.4.
Thus the existence of semiflow follows from Theorem 1.5.

To prove dissipativity of this semiflow we apply Corollary 3.17. To conclude, note that
conditions (3.52) follows from (6.34) and (3.51) in Assumption 3.16 is satisfied with γ = 1/2.
This latter assessment results from (6.38). See also Example 3.20 for some details.

To prove the existence of a compact global attractor we use Corollary 3.28. Indeed,
Assumption 3.21(D) was checked in the proof of Theorem 6.4. As for Assumption 3.21(F) it
follows from (6.19) and (6.53) that relation (3.60) holds with nV (z) ≡ ‖z‖L2(Ω). Consequently
we can apply Corollary 3.28 and obtain the existence of a compact global attractor A.

To prove finiteness of fractal dimension of A we need to check (4.2) in Theorem 4.1. Our
hypotheses concerning g0 and gi in the last part of Theorem 6.8 guarantee (4.2) with l = 1.
The smoothness of the attractor follows from Theorem 4.17. Thus the proof of Theorem 6.8
is complete.

6.5. Non-rotational case α = 0

In the ”non-rotational case”, the situation is more delicate due to less regularity of the
phase space. In this case, the nonlinear term in the equation is no longer compact.

We consider the following von Karman model with clamped boundary conditions:

utt + k g(ut) + ∆2u = [v(u) + F0, u] + L(u) + p in Ω× (0,∞),

u =
∂

∂ν
u = 0, on Γ× (0,∞).(6.54)

As above, the Airy stress function v(u) satisfies the elliptic problem (6.2) The von Karman
bracket [u, v] is given by (6.3) and the damping parameter k is positive. This model also
accounts for non-conservative force modeled by operator L.

The feature of the model in comparison with the case α > 0 that we wish to emphasize is
that equation (6.54) does not account for rotational inertia. As a consequence, well-posedness
(uniqueness) of weak solutions has been, until recently, an open problem. In fact, only recently
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due to discovery of sharp regularity of Airy’s stress function, the uniqueness of finite energy
solutions could be shown [46]. This implies that one has a well-posed semiflow on H2

0 (Ω) ×
L2(Ω). However, the effect of nonlinear term is not compact with respect to the topology of
phase space. So, once more we deal with a situation of noncompact nonlinearity. Unlike the
case of semilinear wave equation, the nonlinearity is also non-local. This prevents the usual
”splitting” of nonlinearity into a ”compact” part and ”dissipative” part - applicable to wave
equation -as seen before (see [4, 47, 59, 100] and also the discussion in Chapter 3).

Our standing assumption is the following:

Assumption 6.12. • The increasing function g ∈ C1(R) is assumed to satisfy
g(0) = 0 along with the following bound: there exists a positive constant m such
that m ≤ g′(s) for all |s| ≥ 1. If L 6≡ 0 we assume that g′(s) is bounded from above.

• p(x) ∈ L2(Ω) and F0(x) ∈W 2
∞(Ω).

• L is a linear first order differential operator with smooth coefficients.

Our main result reads as follows:

Theorem 6.13. • Generation of the flow. Under Assumption 6.12 equations
(6.54) and (6.2) generates a continuous semiflow St in the space H ≡ H2

0 (Ω)×L2(Ω)
with the following properties.

• Global attractor. There exists a compact global attractor A. In the case L ≡ 0
this attractor has the form A = Mu(N ), where Mu(N ) is the unstable manifold em-
anating from the set N (see the definition in Sect. 2.4) and N is the set of equilibria
for the semiflow St. Moreover, the statements of Theorem 2.31 and Corollary 2.32
are in force.

• Smoothness of attractor. Assuming that L ≡ 0 and that there exist constants
m > 0 and M <∞ such that

(6.55) m ≤ g′(s) ≤M (1 + sg(s)) for all s ∈ R,

the attractor A is a bounded set in (H4 ∩H2
0 )(Ω) ×H2

0 (Ω). Assuming, in addition
that F0 and p are C∞(Ω), g ∈ C∞(R), the attractor belongs to C∞(Ω)× C∞(Ω).

• Finite dimension of the attractor. Assuming (6.55) with m > 0 and L = 0
the fractal dimension of the attractor is finite. If L 6= 0, the same conclusion holds
under additional assumption that the damping parameter k is sufficiently large.

• Uniform decay rates to equilibria Let (6.55) be valid with m = 0. If the the set
of stationary solutions consists of finitely many isolated equilibrium points which are
hyperbolic, then for any initial condition y0 ∈ H there exists an equilibrium point
e = (w, 0), w ∈ H2

0 (Ω), such that

(6.56) |Sty − e|2 ≤ C · σ
([
tT−1

])
, t > 0,

where C and T are positive constants, [a] denotes the integer part of a and σ(t)
solves (6.32) with Q(s) = s− (I +G0)

−1 (s) and G0(s) = c1 (I +H0)
−1 (c2s). Here

H0(s) = c3h(c4s), where ci are positive numbers and h : R+ 7→ R+ is a concave,
strictly increasing, continuous function with the properties

(6.57) h(0) = 0 and s2 + g2(s) ≤ h(sg(s)) for |s| ≤ 1.

If (6.55) holds with m > 0, then (6.56) holds with σ(t) = C(y, e)e−ωt, where ω > 0.

Remark 6.14. Similarly to Remark 5.6 and Remark 6.5 we note that the property g′(s) ≤
M (1 + sg(s)) holds true, if we assume that there exist p ≥ 1 and M1 > 0 such that g′(s) ≤
M1[1 + |s|p−1], and when p > 3, g(s)s ≥ m1|s|p−1 for all |s| ≥ 1 and for some m1 > 0.
However our assumption (6.55) allows also exponential behavior for g(s), e.g., |g(s)| ∼ eα|s|

as |s| → ∞ for some α > 0.
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Remark 6.15. One could also add another non-conservative term g∗(ut) to equation
(6.54). However, as for the wave equation we need some compactness assumptions imposed
on the mapping v 7→ g∗(v) of L2(Ω) into itself. In this case by adapting arguments given in
Chapter 5, we could easily include the term g∗(ut) to our analysis. We are not pursuing this,
mostly because we prefer to keep the exposition as focused as possible by avoiding redundant
arguments.

Few words about the literature relevant to the problem. First study of attractors in the
context of dynamics described by (6.54) has been carried out in [15] in the case of linear
damping. Later, in [76], existence and finite dimensionality of attractors was shown in the
case of nonlinear dissipation subject to rather severe growth restrictions -including linear
growth condition required for finite dimensionality of attractor and large size of the damping
parameter. The main contribution of of Theorem 6.13 is that it allows for rather unrestricted,
possibly superlinear growth of dissipation. In fact, one of the main challenges of the present
paper was to relax linear growth assumption imposed on the damping in [76]. It turned out
that this was possible due to novel criteria for asymptotic smoothness and finite-dimensionality
introduced in Chapter 2. These are generalizations of criterions known before and applicable
mostly to hyperbolic like problems with linear (almost linear) damping only. Some of these
criterions (e.g. Theorem 4.4) were used in recent publications [65, 66] in order to obtain
sharp results on existence and finite dimensionality of attractor for a simple - source free -
von Karman equation with F0 = 0, L = 0. Theorem 6.13 generalizes these results to the case
of full von Karman model that accounts for full sources F0 6= 0 and non-conservative terms
L 6= 0. In addition, the last assertion in Theorem 6.13 provides quantitative information on
decay rates of solutions to equilibria points. The result on stabilization to equilibrium is, to
our best knowledge, completely new in the literature for this problem even in the case of linear
damping.

We also note that the result given in Theorem 6.13 can be obtained with other boundary
conditions such as hinged or free. See for some details in [24]. We can also consider the
systems with a mixed boundary-interior damping [31].

Remark 6.16. Although the result of Theorem 6.13 is a consequence of several abstract
results, the main wheel behind the proof ( say- in the case when g′(s) > 0) is the following
”stabilizability” estimate

(6.58) E(z(t)) ≤ C1e
−ωtE(z(0)) + C2 sup

0≤τ≤t

{
‖z(τ)‖2H2−ε(Ω)

}
.

where z(t) ≡ u(t) − w(t), (u(t), u′(t)) and (w(t), w′(t)) are two trajectories of the original
problem which belong to the attractor A, and the (free) energy E is given by

E(z(t)) =
∫

Ω

[|zt|2 + |∆z|2]dx.

This particular estimate, known in control theory as observability/stabilizability estimate,
provided a motivation and impetus to search for more general abstract criteria for compactness
and finite dimensionality of attractors, which can be applicable to a large class of systems.
Theorems presented in Chapter 3 result from this effort.

Remark 6.17. One question that remains open is whether finite dimensionality of at-
tractor can be proved for non-conservative case - L 6= 0 without assuming large damping
parameter.

Proof of Theorem 6.13. Step 1: Generation of the flow and dissipativity. We
shall recast system (6.54) as an abstract evolution dynamics described by (6.22) with V =
L2(Ω) and M = I. As in the case α > 0 we also have thatH ≡ L2(Ω), Au = ∆2u, u ∈ D(A) ≡
H2

0 (Ω)∩H4(Ω). We have the identification D(A1/2) ∼ H2
0 (Ω). The nonlinear operators D(u)
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and F (u, ut) ≡ F (u) are defined as:

D(u) ≡ kg(u), F (u) ≡ [v(u) + F0, u] + L(u) + p.

So F (u) = −Π′(u) + F ∗(u) with

(6.59) Π(u) = Π0(u) + Π1(u),

where
Π0(u) ≡

1
4
‖∆v(u)‖2, Π1(u) ≡ −1

2
([u, u], F0)− (p, u)

and F ∗(u) = L(u).
As above we can conclude from Lemma 6.2 that the nonlinearity F in this case satisfies all

hypotheses concerning F which appear in Chapters 1 and 3 (see Assumptions 1.1(F), 3.1(F)
3.7(F) and 3.21(F)). Thus generation of the flow is guaranteed by Theorem 1.5. Ultimate
dissipativity follows from Theorem 3.4 (in the non-conservative case) and Theorem 3.10 in
the conservative case.

Step 2: Compactness of attractor. Assumption 3.21(F) holds with η̃ = 0 and,
hence, in the case α = 0 the nonlinearity F is critical. However, due to (6.19) and (6.21),
Assumption 3.33(F) holds and we can appeal to Theorem 3.34 and Proposition 3.36.

Since we have that

|
∫

Ω

(g(u+ v)− g(u))wdx| ≤ ‖w‖L∞(Ω)

∫
Ω

(|g(u+ v)|+ |g(u)|)dx

≤ C‖w‖2−2δ

(∫
Ω

(g(u+ v)(u+ v) + g(u)u)dx+ 1
)

≤ C|A1/2−δw|[1 + (D(u+ v), u+ v) + (Du, u)],(6.60)

relation (3.59) postulated by Assumption 3.33(D) holds with κ = 1. Therefore by Proposi-
tion 3.36 the system (H,St) is asymptotically smooth. Consequently, in the case L ≡ 0, we
use Corollary 2.29 along with already established dissipativity to guarantee the existence of
a compact global attractor. In the case L 6≡ 0 we use the first part of Theorem 3.10 to claim
dissipativity of the system (with an absorbing set which may depend on the damping param-
eter k). Hence by Theorem 3.34 a compact global attractor exists. The proof of existence of
global attractors is thus completed.

Step 3: Independence of the size of attractor on the damping parameter k. In
the case when m = infs∈R g

′(s) > 0 and the damping parameter k is large, we can also appeal
to Theorem 3.4 in the case L ≡ 0 and to the second part of Theorem 3.10 when L 6= 0 to
guarantee independence of k for the size of an absorbing set. Indeed, since g′(s) ≥ m for all
s ∈ R and g(0) = 0 we have that ms2 ≤ sg(s) for s ∈ R. Thus

m‖v‖2 ≤
∫

Ω

v(x)g(v(x))dx for all v ∈ H2
0 (Ω).

Thus (3.2) holds with c0 = 0. In the case L 6= 0 we obviously have that |g(s)| ≤ C · |s| for all
s and therefore

‖g(v)‖−2 ≤ C

(∫
Ω

|g(v(x))|2dx
)1/2

≤ C‖v‖ for all v ∈ L2(Ω).

Hence the operator D satisfies (3.24). Consequently, by Theorem 3.10 the system possesses a
bounded forward invariant absorbing set with the size independent of k ≥ k0 > 0. If L ≡ 0,
we use the relation |g(s)| ≤ δ + Cδsg(s) for every δ > 0 and for all s ∈ R to obtain that∣∣∣∣∫ g(v)udx

∣∣∣∣ ≤ max
Ω

|u|
(
|Ω| · δ + Cδ

∫
vg(v)dx

)
≤ C̃δ · [E0(u, v)]

1/2
∫
vg(v)dx+ C · δ (1 + E0(u, v)) ,



6.5. NON-ROTATIONAL CASE α = 0 137

where E0(u, v) = 1
2

(
‖v‖2 + ‖∆u‖2

)
. This implies (3.3) and, hence, by Theorem 3.4 we obtain

the same conclusion as for the case L 6= 0.
Step 4: Smoothness of the attractor. To obtain the third assertion in Theorem 6.13

we use Corollary 4.26. For this we need to verify Assumption 3.21(D) with H0(s) = m−1s
and κ = 2 and Assumption 4.11.

Verification of Assumption 3.21(D) is accomplished on the strength of the growth restric-
tion (6.55) imposed on g. Computations are almost the same as in (5.22) and (5.23) where
we can take r = 1 (and r̄ = ∞) and use the fact that (6.55) implies the relation

m ≤ g(s2)− g(s1)
s2 − s1

≤M (1 + s1g(s1) + s2g(s2)) , ∀s1 < s2.

Additional hypotheses on g imposed in Corollary 4.26 are also obvious.
We turn to Assumption 4.11. Since Π(u) is given by (6.59), after a simple calculation we

have that the second Π(2)(u) and the third Π(3)(u) Frechet derivatives of Π(u) have the form

〈Π(2)(u);w1, w2〉 = −([v(u) + F0, w1], w2)− 2([v(u,w1), u], w2),

〈Π(3)(u);w1, w2, w3〉 = −2([v(w1, w2), u], w3)− 2([v(w1, u), w2], w3)
−2([v(w2, u), w1], w3),(6.61)

for every u,wi ∈ H2
0 (Ω), where we denote by v(w1, w2) ∈ H2

0 (Ω) the solution to the problem

(6.62) ∆2v(w1, w2) = −[w1, w2] in Ω,
∂

∂ν
v(w1, w2) = v(w1, w2) = 0 on Γ.

We need to check (4.31) and (4.32) for these Π(k)(u).
Let ‖u‖2 ≤ ρ. Using (6.6) with j = 2, β = 1/2 and (6.9) with δ = 1, u1 = u, u2 = 0 we

get that

|([v(u) + F0, w1], w2)| = |(v(u) + F0, [w1, w2])| ≤ C‖v(u) + F0‖2‖[w1, w2]‖−2

≤ Cρ‖w1‖3/2‖w2]‖3/2.

Similarly, from (6.6) with j = 2, β = 0 and from elliptic regularity of ∆2 we have that

|([v(u,w1), u], w2)| = |(v(u,w1), [u,w2])| ≤ Cρ‖w1‖1‖w2‖1.

Therefore we have the estimate

(6.63)
∣∣∣〈Π(2)(u);w1, w2〉

∣∣∣ ≤ Cρ‖w1‖3/2‖w2‖3/2,

which implies (4.31). We also obviously have that∣∣∣〈Π(3)(u);w1, w2, w3〉
∣∣∣ = 2Φ(u;w1, w2) · ‖w3‖,

where
Φ(u;w1, w2) = ‖[v(w1, w2), u]‖+ ‖[v(w1, u), w2]‖+ ‖[v(w2, u), w1]‖.

Using (6.10) we obtain that

Φ(u;w1, w2) ≤ C‖u‖2‖w1‖2‖w2‖2 ≤ Cρ‖w1‖2‖w2‖2,

which implies (4.32). Thus, Assumption 4.11 holds and by Corollary 4.26, we can conclude
that the attractor A is a bounded subset in (H4 ∩H2

0 )(Ω)×H2
0 (Ω).

Higher level smoothness C∞(Ω) × C∞(Ω) for smooth data g, F0 and p follows by ap-
plying the argument of Theorem 4.19 (see also Corollary 4.23) to equation satisfied for time
derivatives of solutions. This is the usual boot-strap type of argument (see [80] and also
[16] where a similar result was proved for von Karman equation (6.54) in the case of linear
damping). In the present case, nonlinear operators involved become algebra on the respective
Sobolev spaces (since H2(Ω is embedded in C(Ω)), so that reiteration of the argument poses
no difficulties.
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Step 5: Finite dimensionality of attractor. In order to establish finite dimensionality
of the attractor, in the case L ≡ 0, we appeal to the third statement in Theorem 4.25, whose
assumptions have been verified above. In the case L 6= 0 we apply Theorem 4.1 which relies
on Theorem 3.58 (with κ = 2) and requires large size of the damping parameter. Since the
size of attractor is independent on the large size of the damping parameter k (Step 3 in the
proof of Theorem 6.13), application of that theorem (note that other assumptions like (3.59)
and (3.21) have been already verified) leads to a desired conclusion.

Step 6: Uniform decay rates. Theorem 4.31 implies the conclusions of the fifth part
of Theorem 6.13. Indeed, the additional requirements posted in (4.95) and (4.96) follow
from standard regularity properties of von Karman brackets and Airy’s stress functions (see
Proposition 6.1 and also the argument given in the previous section). Validity of energy
inequality for generalized solutions follows from the same argument as in the case of wave
equation. �

Remark 6.18. If Assumption 6.12 and relation (6.55) hold, we can apply Corollary 4.40
on determining functionals and also Theorem 4.42 and Theorem 4.44 on the existence of
exponential fractal attractors. We also note that determining functionals for problem (6.54)
was considered before in [17] for linear damping and in [25] for nonlinear function g and L ≡ 0
by another method. The existence of exponential fractal attractors for this problem has not
been yet addressed.



CHAPTER 7

Other models from continuum mechanics

In this chapter we consider several other PDE models arising in continuum mechanics. Our
aim is to demonstrate that the methods developed in Chapters 3 and 4 provide a description
of long-time dynamics also for these specific dynamical systems.

7.1. Berger’s plate model

This model was suggested in [7] as a simplification of von Karman plate equations which
describes large deflections of plates. In the case of hinged plate the Berger equation takes the
form

utt + ∆2u+
(
Q−

∫
Ω

|∇u(x, t)|2dx
)
·∆u = p(u, ut, x) in Ω× (0,∞),

u = ∆u = 0 on Γ× (0,∞),
u|t=0 = u0(x), ut|t=0 = u1(x).(7.1)

Here Ω ⊂ Rn is a bounded domain with a sufficiently smooth boundary Γ, n = 1, 2. The
function u(x, t) is the displacement of the plate, the parameter Q describes in-plane forces
applied to the plate and the function p represents transverse loads which may depend on the
displacement u and the velocity ut. The case n = 1 corresponds to the plate which is infinite in
one direction (infinite panel). In this case equation (7.1) becomes a well-known beam equation
which was treated by many authors (see, e.g., the monographs [19, 58], the survey [39] and
also the references therein). In the abstract form (which covers the both dimensions n = 1
and n = 2) long-time behaviour of linearly damped problem (7.1) was treated in [19, Chap.4]
with all details. Our main emphasis is placed on nonlinear dissipation and transwersal loads
that are represented by non-compact operators p(u, ut).

The unforced energy function associated with Berger’s model takes the form:

E(u, ut) =
1
2

[
‖ut‖2L2(Ω) + ‖∆u‖2L2(Ω) −Q‖∇u‖2L2(Ω) +

1
2
‖∇u‖4L2(Ω)

]
.

The energy may be negative, however due to the presence of nonlocal superlinear term in the
equation, it is bounded from below,

E(u, ut) ≥
1
2

[
‖ut‖2L2(Ω) + ‖∆u‖2L2(Ω) +

1
4
‖∇u‖4L2(Ω)

]
−Q2.

In what follows we shall consider effects of aeroelastic forces applied to the plate. Our concern
is long time behaviour of dynamics governed by the corresponding models. We shall begin
with a simplest case of aeroelastic force that is conservative. Later in the section we shall
consider non-conservative forces which constitute typical models of aeroelastic forces. For
this latter case, we shall see that the developments in Chapter 3 that accounts for presence
of non-conservative forces is going to play critical role.

7.1.1. Damped system with conservative forces. We assume that the transverse
loads in the right hand side of (7.1) has the form

(7.2) p(ut, x) ≡ −k · g(ut(x, t)) + p0(x),

139
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where p0(x) ∈ L2(Ω), k is a positive parameter, and g ∈ C1(R) is a monotone increasing
function such that g(0) = 0.

It is clear that problem (7.1) and (7.2) can be written in the form

(7.3)
{
utt(t) +Au(t) + k ·D(ut(t)) = F (u(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ H,

with the following notation:
• H ≡ L2(Ω).
• Au ≡ ∆2u, u ∈ D(A) ≡

{
u ∈ H1

0 (Ω) ∩H4(Ω) : ∆u = 0 on Γ
}
.

• F (u, ut) ≡ F (u) ≡
(
Q− |A1/4u(t)|2

)
A1/2u+ p0.

• D(v) ≡ g(v).
It is obvious that A satisfies the conditions introduced at the beginning of Sect. 1.2.

Moreover, we have thatA1/2u = −∆u on the domainD(A1/2) ≡ H1
0 (Ω)∩H2(Ω) and |A1/4u| =

‖∇u‖L2(Ω) for any u ∈ D(A1/4) ≡ H1
0 (Ω).

The nonlinear term F (u) has the form

F (u) = −Π′(u)

with

(7.4) Π(u) =
1
4
|A1/4u|4 − Q

2
|A1/4u|2 − (p0, u) ≡ Π0(u) + Π1(u),

where

(7.5) Π0(u) =
1
4
|A1/4u|4 and Π1(u) = −Q

2
|A1/4u|2 − (p0, u).

A simple calculation shows that Assumption 1.1 holds in this case and, hence, by Theorem 1.5
equations (7.1) and (7.2) generates a semiflow St in the space H = (H1

0 ∩ H2)(Ω) × L2(Ω).
Since the nonlinear term F satisfies (3.60) from Assumption 3.21 with η̃ = 0, we are in the
critical case. This suggests that we could apply the same argument as in the case of von
Karman plate with α = 0 (see Chapter 6). In fact, we shall see that the analysis in this case
is simpler. Under the same assumptions (as in von Karman case with α = 0 ) imposed on
the damping we shall obtain existence of global attractor. Our main results for the Berger’s
model read as follows.

Theorem 7.1. With the reference to problem (7.1) and (7.2) we assume that g(s) ∈ C1(R)
is increasing, g(0) = 0 and

(7.6) g′(s) ≥ m for all |s| ≥ 1,

where m is a positive constant. Then
• there exists compact, global attractor A of the form A = Mu(N ), where Mu(N )

is the unstable manifold emanating from the set N (see the definition in Sect. 2.4)
and N is the set of equilibria for St. Moreover, the statements of Theorem 2.31 and
Corollary 2.32 are in force;

• assuming in addition that

(7.7) 0 < m ≤ g′(s) ≤M · (1 + sg(s)) for all s ∈ R,
the fractal dimension of the attractor is finite. Moreover, in this case the attractor
is a closed bounded set in D(A)× (H1

0 ∩H2)(Ω).

Proof. In the same as in the Karman case with α = 0 (see Theorem 6.13) we can use
Theorem 3.34. Assumption 3.33(D) was checked in the proof of Theorem 6.13. The require-
ments listed in Assumption 3.33(F) are obvious. The critical assumption on compactness
of potential energy follows from trivial compact embedding D(A1/2) ⊂ D(A1/4). Therefore
Theorem 3.34 implies the existence of a compact global attractor A. By Proposition 4.30 we
have that A = Mu(N ).
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To prove the finiteness of fractal dimension and the smoothness of the global attractor
we must resort (due to criticality of F ) to either Theorem 4.27 or more involved Theorem
4.25. However, as in the case of von Karman equation, subcritical conditions imposed on the
set of stationary points (4.82) is not satisfied (regardless the smoothness of equilibria points).
Therefore, we must rely on Theorem 4.25 and on its Corollary 4.26. Indeed, conditions on the
damping operator given in Theorem 4.25 and Corollary 4.26 was verified in Section 6.5. Thus
we need to check Assumption 4.11 only. Since Π(u) is given by (7.4), simple computations
give that the second Π(2)(u) and the third Π(3)(u) Frechet derivatives of Π(u) have the form

〈Π(2)(u);w1, w2〉 =
[
|A1/4u|2 −Q

]
(A1/4w1,A1/4w2)

+2(A1/4u,A1/4w1)(A1/4u,A1/4w2)

and

〈Π(3)(u);w1, w2, w3〉 = 2(A1/4u,A1/4w3)(A1/4w1,A1/4w2)

+2(A1/4w3,A1/4w1)(A1/4u,A1/4w2)

+2(A1/4u,A1/4w1)(A1/4w3,A1/4w2)

for every u,wi ∈ (H2 ∩H1
0 )(Ω). Therefore∣∣∣〈Π(2)(u);w1, w2〉

∣∣∣ ≤ Cρ|A1/4w1||A1/4w2|

and ∣∣∣〈Π(3)(u);w1, w2, w3〉
∣∣∣ ≤ Cρ|w3|

(
|A1/2w1||w2|+ |w1||A1/2w2|

)
for every u,wi ∈ (H2∩H1

0 )(Ω) such that |A1/2u| ≤ ρ. This implies relations (4.31) and (4.32)
and thus Assumption 4.11 holds for the case considered.

Therefore we can apply Corollary 4.26 to establish the smoothness of the attractor and
the third statement of Theorem 4.25 to prove finiteness of its fractal dimension. �

We note that the statement of Theorem 7.1 can be also obtained as a corollary of the
corresponding result proved in [9] concerning a coupled plate–wave system.

We also note that, as in Chapters 5 and 6 we can obtain results on the rate of stabi-
lization to equilibria, on determining functionals and on exponential attractor. We do not
provide details here because the corresponding arguments are quite similar to the ones given
in Chapters 5 and 6.

Remark 7.2. Problem (7.1) and (7.2) belongs to the class of (abstract) equations of the
form

(7.8)
{
Mutt(t) +D (ut(t)) +Au(t) +Q

(
‖A1/4u(t)‖2

)
A1/2u(t) = F ∗(u),

u|t=0 = u0, ut|t=0 = u1,

where the function Q(z) ∈ C1(R+) possesses the properties

(7.9)
∫ z

0

Q(ξ)dξ ≥ −a0, zG(z)− a1

∫ z

0

Q(ξ)dξ ≥ a1z
1+η − a3, z > 0,

with positive constants ai and η. In the Berger model (7.1) we have Q(z) = z −Q. The long
time behaviour of problem (7.8) with linear damping operator D and linear non-conservative
force F ∗(u) was studied with details in [19, Chap.4].
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7.1.2. Non-conservative forces: a case study. If we assume that the plate is located
in a supersonic flow of gas, then according to ”piston” theory (the semi-empirical plane sections
law [62]) the load p in the right hand side of (7.1) has the form

p(u, ut, x) ≡ p(u, ut) = −
∞∑
k=1

ak(ut + ρ · ux1)
k,

for the flow which moves along x1-axis. Here ak are a positive parameters which depend on the
properties of the gas, and ρ > 0 is determined from the gas velocity. It was suggested in [8] to
consider not more than 3 first terms in this representation for p in the case of plate equations
because of consistency with other (plate) hypotheses. If we will follow this recommendation
keeping two first terms and the only purely damping item from the third-order term, we
obtain the following structure of aerodynamical load

(7.10) p(u, ut) = −
(
a1ut + a2u

2
t + a3u

3
t

)
− ρ · (a1 + 2a2ut)ux1 − ρ2a2u

2
x1
,

where ak and ρ are a positive parameters. As we have seen, the presence of aeroelastic
nonlinear force contributes to: (i) superlinear non-conservative forces and, in addition, to (ii)
non-monotone damping. In fact, nonconservative forces take the form:

F ∗(u, v) = a0v − ρ(a1 + 2a2v)ux1 + a2u
2
x1
.

It is immediate to see that F ∗(u, v) is not locally Lipschitz with respect to the phase space
topology H2(Ω) × L2(Ω) → L2(Ω). Indeed, term vux1 is not in L2(Ω) with (u; v) ∈ H =
H2(Ω) × L2(Ω). This, of course raises the problem of the well-posedness of the flow. While
existence of weak solutions can be shown (see below), the uniqueness of weak solutions is
problematic. Since the study of non-unique flows is beyond the scope of this paper, we
consider this model within the context of rotational inertia. Indeed, instead of (7.1) we
consider equation with rotational forces added to the model, i.e.

(1− α∆)utt − α∆ut + ∆2u+
(
Q−

∫
Ω

|∇u(x, t)|2dx
)
·∆u

= p(u, ut) in Ω× (0,∞),(7.11)
u = ∆u = 0 on Γ× (0,∞), u|t=0 = u0(x), ut|t=0 = u1(x).

where p(u, ut) is given above in (7.10). In that case we have V = H1
0 (Ω), and consequently

all the assumptions of Theorem 1.5 are satisfied. By appealing to Theorem 3.15 we show that
this model is dissipative with respect to all finite energy solutions.

Theorem 7.3.Problem (7.11) and (7.10) generates a dissipative dynamical system (H,St)
with the phase space H = (H1

0 ∩ H2)(Ω) × H1
0 (Ω). Moreover, there exists a compact global

attractor of finite fractal dimension.

Proof. We first put the problem in the form (1.1) with k = 1, i.e. we in the form

(7.12)
{
Mutt(t) +Au(t) +D(ut(t)) = F (u(t), ut(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2),

with H ≡ L2(Ω) and V ≡ H1
0 (Ω). The operator A is defined as in the previous subsection

and Mu ≡ u−α∆u for u ∈ D(M) ≡ H1
0 (Ω)∩H2(Ω). The damping operator D has the form

D(v) ≡ −α∆v +D0(v), v ∈ D(A1/2) = (H2 ∩H1
0 )(Ω),

where

(7.13) D0(v) = g(v) ≡ (a0 + a1)v + a2v
2 + a3v

3, v ∈ (H1
0 ∩H2)(Ω),

and F (u, v) = −Π′(u) + F ∗(u, v), where Π(u) is given by (7.4) with p0 = 0 and

(7.14) F ∗(u, v) = a0v − ρ · (a1 + 2a2v)ux1 − ρ2a2u
2
x1
, (u; v) ∈ H.

We choose the parameter a0 > 0 such that g′(s) ≥ 1 for all s ∈ R.
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By Theorem 1.5 problem (7.12) generates semiflow in H and the main new issue (with
respect to the analysis of Section 6.4) is proving ultimate dissipativity. In order to accomplish
this we shall use Theorem 3.15. To this end we verify the corresponding assumptions. We
start with Assumption 3.14.

Relation (3.38) is obvious.
Let us prove (3.39). From (7.13) we obviously have that

−
∫

Ω

g(v)udx ≤ C

[∫
Ω

(1 + v4)dx
]3/4

·
[∫

Ω

|u|4dx
]1/4

≤ ε‖u‖4L4
+ Cε

(
1 +

∫
Ω

g(v)vdx
)

(7.15)

for any ε > 0. Since ‖u‖L4 ≤ C‖∇u‖ and

α(∆v, u) ≤ α‖∇v‖ · ‖∇u‖ ≤ ε‖∇u‖2 + Cε‖∇v‖2,

(here and below ‖ · ‖ denotes the norm in L2(Ω)), we conclude from (7.15) that for any ε > 0
there is Cε such that

(7.16) −(Dv, u) ≤ ε‖∇u‖4 + Cε [1 + (D(v), v)] .

Using (7.14) and the Hölder inequality we obtain that

(F ∗(u, v), u) ≤ C

(
‖u‖ · ‖v‖+

∫
Ω

(1 + |v|) · |u| · |ux1 |dx
)

+ a2ρ
2

∫
Ω

|u| · u2
x1
dx

≤ ε‖∇u‖4 + Cε

(
1 +

∫
Ω

g(v)vdx
)

+ a2ρ
2

∫
Ω

|u| · u2
x1
dx

for any ε > 0. Using embedding H1+δ(Ω) ⊂ L∞(Ω) and interpolation we have that

a2ρ
2

∫
Ω

|u| · u2
x1
dx ≤ C‖u‖H1+δ‖∇u‖2 ≤ C‖∇u‖3−δ‖∆u‖δ.

By the Hölder inequality we obtain that

a2ρ
2

∫
Ω

|u| · u2
x1
dx ≤ 1

2
‖∆u‖2 + C‖∇u‖2

3−δ
2−δ ≤ 1

2
‖∆u‖2 + ε‖∇u‖4 + Cε

for any ε > 0. Therefore

(F ∗(u, v), u) ≤ 2ε‖∇u‖4 +
1
2
‖∆u‖2 + Cε

(
1 +

∫
Ω

g(v)vdx
)

(7.17)

for any ε > 0. We also have that

(7.18) −(Π′(u), u) = −‖∇u‖4 +Q‖∇u‖2 ≤ −1
2
‖∇u‖4 +

Q2

2
.

Choosing ε small enough, from (7.16)–(7.18) we obtain (3.39) with γ = 0.
To prove relation (3.41) from Assumption 3.14 we need the following assertion.

Lemma 7.4. Let 2 ≤ p < 3. Then there exists positive constants c1 and c2 such that

(7.19)
∫

Ω

|∇u|pdx ≤ c1‖∇u‖2‖∆u‖p−2 ≤ δ
(
‖∇u‖4 + ‖∆u‖2

)
+ c2

(
1
δ

) p−1
3−p

for any u ∈ H1
0 (Ω) ∩H2(Ω) and for any δ ∈ (0, 1].

Proof. We consider the case 2 < p < 3 only. Since H1−2/p(Ω) ⊂ Lp(Ω) (see, e.g., [101,
Chap.4]), using an interpolation inequality we have that

‖w‖Lp
≤ c‖w‖H1−2/p ≤ c‖w‖2/p · ‖w‖1−2/p

H1 , w ∈ H1(Ω),
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which implies the first inequality in (7.19). To prove the second one we use Young’s inequality:

c1‖∇u‖2‖∆u‖p−2 ≤ δ‖∇u‖4 + Cδ−1‖∆u‖2(p−2)

≤ δ‖∇u‖4 + Cδ−1
[
‖∆u‖2q(p−2)εq + ε−q/(q−1)

]
Selecting q = (p− 2)−1 gives

c1‖∇u‖2‖∆u‖p−2 ≤ δ
(
‖∇u‖4 + C1δ

−2ε1/(p−2) · ‖∆u‖2
)

+ C2δ
−1ε−1/(3−p).

The final estimate follows by taking ε = C−1
1 δ2(p−2). �

Finally we verify (3.41). From (7.14) we find that

(F ∗(u, v), v) ≤ C

(
‖v‖2 +

∫
Ω

(1 + |v|2) · |ux1 |dx+
∫

Ω

|v| · |ux1 |2dx
)

≤ 1
2

∫
Ω

g(v)vdx+ C1 + C2

∫
Ω

|ux1 |8/3dx.

Therefore Lemma 7.4 implies that

(F ∗(u, v), v) ≤ 1
2

∫
Ω

g(v)vdx+ δ
(
‖∇u‖4 + ‖∆u‖2

)
+ C1 + C2

(
1
δ

)5

.

for any δ ∈ (0, 1]. This implies (3.41).
Ultimate dissipativity follows now from Theorem 3.15.
Proof of the remaining statements in the theorem (compactness and finite dimensionality

of an attractor) is an easy consequence of the fact that the semilinear terms are compact when
α > 0 (with respect to the of the topology generated by V = H1

0 (Ω)). The arguments rely on
Corollary 3.28 and Theorem 4.4 and are the same as in the von Karman case with rotational
inertia. �

Remark 7.5. We note that the proof of ultimate dissipativity does not depend on the
topology in V = H1

0 (Ω). In fact, the estimates are valid for all solutions of the original model
(7.1) (with α = 0) which satisfy the energy inequality. Of course, strong solutions do satisfy
energy identity. However lack of uniqueness of weak solutions prevents us from inferring
the same conclusion as being valid for all weak solutions. Existence of weak solutions is
a consequence of an ad-hoc argument which takes advantage of the presence of superlinear
damping in the equation. Indeed, though the nonconservative term is not locally Lipschitz
from D(A1/2) × L2(Ω) into L2(Ω), as required for the well-posedness of the flow with α = 0
by Theorem 1.5, we can circumvent the difficulty by noting that such well-posedness is indeed
guaranteed due to the presence of the cubic velocity term in the damping operator D(v).
Indeed, the contribution of the non-Lipschitz term vux1 in energy inequality leads to the term∫

Ω

|v|2|ux1 |dx ≤ ε

∫
Ω

|v|4dx+ Cε

∫
Ω

|ux1 |2dx ≤ ε

∫
Ω

|v|4dx+ Cε|A1/2u|2.

The above inequality allows to obtain a priori bound for solutions, hence the existence of
solutions in a finite energy space. The above observations lead us to the conclusion that in
the case α = 0 weak solutions of system (7.1) with p given by (7.10) are ultimately dissipative,
provided they satisfy energy inequality. The question on the existence of a compact global
attractor for problem (7.1) and (7.10) is open.

7.2. Mindlin-Timoshenko plates and beams

Let Ω ⊂ R2 be a bounded domain with a sufficiently smooth boundary Γ. Let v(x, t) =
(v1(x, t), v2(x, t))T be a vector function and w(x, t) be a scalar function on Ω × R+. The
system of Mindlin-Timoshenko equations describes dynamics of a plate taking into account
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transverse shear effects (see, e.g., [74, Chap.1] and the references therein). This system has
the form

(7.20) αvtt + k · g(vt)−Av + κ · (v +∇w) = −f0(v) +∇x [f1(w)] ,

(7.21) wtt + k · g0(wt)− κ · div(v +∇w) = −f2(w).

Here the functions v1(x, t) and v2(x, t) are the angles of deflection of a filament (they are mea-
sures of transverse shear effects) and w(x, t) is the bending component (transverse displace-
ment). The vector f0(v) = (f01(v1, v2), f02(v1, v2))T and scalar f1 and f2 functions represents
(nonlinear) feedback forces, g(v1, v2) = (g1(v1), g2(v2))T and g0 are monotone damping func-
tions describing resistance forces (with the intensity k > 0). The parameter α > 0 describes
rotational inertia of filaments. The factor κ > 0 is the so-called shear modulus (from me-
chanical point of view the limiting situation κ→ +0 corresponds to plane strain and the case
κ→ +∞ corresponds to absence of transverse shear). The operator A has the form

A =

 ∂2
x1

+ 1−ν
2 ∂2

x2
1+ν
2 ∂2

x1x2

1+ν
2 ∂2

x1x2
1−ν
2 ∂2

x1
+ ∂2

x2

 ,
where 0 < ν < 1 is the Poissons ratio. We supplement problem (7.20) and (7.21) with
boundary conditions

(7.22) v1(x, t) = v2(x, t) = 0, w(x, t) = 0 on Γ× R+.

In 1D case (n = dim Ω=1) the corresponding problem looks like

(7.23) αvtt + k · g(vt)− vxx + κ · (v + wx) = −f0(v) + ∂x [f1(w)] , x ∈ (0, 1), t > 0,

(7.24) wtt + k · g0(wt)− κ · ∂x(v + wx) = −f2(w), x ∈ (0, 1), t > 0,

(7.25) v(0, t) = v(1, t) = 0, w(0, t) = w(1, t) = 0 for t > 0.

Here v(x, t) and f0 are scalar functions. Equations (7.23)–(7.25) models dynamics of beams
under the Mindlin-Timoshenko hypotheses. For details concerning the Mindlin-Timoshenko
hypotheses and governing equations see, e.g. [73] and [74]. We also refer to the recent paper
[32] for an analysis of long time behaviour of the Mindlin-Timoshenko plate under another
set of assumptions concerning nonlinear feedback forces.

We rewrite problem (7.20)–(7.22) in the Hilbert space H = L2(Ω)×L2(Ω)×L2(Ω) in the
following form

(7.26)
{
Mutt(t) +Au(t) + k ·D(ut(t)) = F (u(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ H.

Here u(t) = (v1(t), v2(t), w(t))T , and

A =
[
−A+ κI κ · ∇
−κ · div −κ ·∆

]
with the domain

D(A) =
{
(u1, u2, w) ∈ (H2 ∩H1

0 )(Ω)× (H2 ∩H1
0 )(Ω)× (H2 ∩H1

0 )(Ω)
}
.

It is clear that A is positive self-adjoint operator and

D(A1/2) = H1
0 (Ω)×H1

0 (Ω)×H1
0 (Ω).

We define the damping operator by the formula

D(u) = (g1(v1), g2(v2), (g0(w))T , u = (v1, v2, w)T .

We also have that V = H and the operator M is a bounded operator in H of the form

M =
[
αI 0
0 1

]
.



146 7. OTHER MODELS FROM CONTINUUM MECHANICS

The nonlinear term F is given by

(7.27) F (u) =

 −f01(v1, v2) + f ′1(w)∂x1w
−f02(v1, v2) + f ′1(w)∂x2w

−f2(w)

 , u =

 v1
v2
w

 .
Obviously, a representation similar to (7.26) can be also written for one-dimensional version
(7.23)–(7.25) of the Mindlin-Timoshenko plate equations.

As an example of an application of the results from Chapters 3 and 4 we prove the
following assertion.

Theorem 7.6. Assume the following hypotheses:
• f0 ≡ (f01(v1, v2), f02(v1, v2)) is C1-function of the polynomial growth possessing the

representation

f0i(v) =
∂Ψ0(v1, v2)

∂vi
+ f∗0i(v1, v2), i = 1, 2,

where Ψ0 : R2 7→ R is a C2-function which is bounded from below and the functions
f∗0i : R2 7→ R belong to C1 and have bounded derivatives. Moreover we assume the
relation

(7.28) v1f01(v1, v2) + s2f02(v1, v2) ≥ c0Ψ0(v1, v2)− c1, (v1; v2) ∈ R2,

where c0 > 0 and c1 ≥ 0 are constants.
• f1(w) ≡ 0.
• f2(w) is C1-function of the polynomial growth such that

(7.29) lim inf
|w|→∞

f2(w)
w

≥ 0.

• gi(s) are monotone functions such that there exist two positive constants m1 and m2

such that

(7.30) m1 ≤ g′(s) ≤ m2(1 + |s|p−1) for all |s| ≥ 1,

where 1 ≤ p <∞ when f∗0i(v1, v2) ≡ 0 and p = 1 in the case f∗0i 6= 0.
Then

• the dynamical system (H,St) generated by (7.20) and (7.21) with the boundary con-
ditions (7.22) in the energy space H = D(A1/2) × H possesses a compact global
attractor.

• If in addition we assume that (7.30) holds for all s ∈ R and for p ≥ 3 we have
sgi(s) ≥ m|s|l for all |s| ≥ 1, and for some l > p− 1, then the attractor has a finite
fractal dimension.

Proof. Since f0(v1, v2) is of polynomial growth and dim Ω = 2, one can find from (7.27)
that

(7.31) |F (u)− F (u∗)| ≤ Cr|A1/2−eη(u− u∗)|, 0 < η̃ < 1/2,

for any u, u∗ ∈ D(A1/2) such that |A1/2u| ≤ r and |A1/2u∗| ≤ r. Thus we are in the subcritical
case. We also have the representation

F (u) = −Π′(u) + F ∗(u), u = (v1; v2, ;w) ∈ D(A1/2),

where we denote

Π(u) =
∫

Ω

(
Ψ0(v1(x), v2(x)) +

∫ w(x)

0

f2(ξ)dξ

)
dx

and F ∗(u) = (f∗0i(v1, v2); f
∗
0i(v1, v2); 0)T . This observations allow us to apply the same argu-

ment as in the case of wave equation in two-dimensional domain (see Chapter 5) and conclude
the proof. �
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Under some conditions we can also establish analogs to other assertions from Chapter 5
(e.g., decay rates when f∗0i ≡ 0) and consider the case f1 6= 0.

7.3. Kirchhoff limit in Mindlin-Timoshenko plates and beams

By [73] in the limit κ → +∞, the Mindlin-Timoshenko-model (7.20) and (7.21) can
be approximated by a nonlinear Kirchhoff plate model. Formally, this Kirchhoff model can
be obtain by the following procedure: (i) apply the divergence operator to (7.20) and add
the result to (7.21), then (ii) put the relation v = −∇w in the sum obtained. This formal
procedure, after some calculations, leads to the following equation

(1− α∆)wtt + k · [g0(wt)− αdiv {g̃(∇wt)}] + ∆2w

= div
[
f̃0(∇w)

]
+ ∆ [f1(w)]− f2(w),(7.32)

where g̃(s) = −g(−s) and f̃0(s) = −f0(−s). Boundary conditions (7.22) in this limit are
transformed in the form

(7.33) w(x, t) = 0, ∇w(x, t) = 0 on Γ× R+.

We note that in the theory of plates and shells the relation v = −∇w corresponds to absence
of transverse shear and it is one of the Kirchhoff hypotheses in the shells theory. Thus it is
natural to call the limiting procedure κ → +∞ as the Kirchhoff limit (for details we refer
to [73]). We also refer to [32] for the justification of the Kirchhoff limit for the case of linear
damping and for another choice of nonlinear forces.

Special cases of equation (7.32) (with n = 1) have appeared in some models of 1D vis-
coelasticity:

(7.34) wtt − k · wxxt + wxxxx = ∂x [σ(wx)] ,

and 1D compressible gas dynamics:

(7.35) wtt − k · wxxt + wxxxx = ∂xx [σ(w)] .

We refer to [41, 86, 96, 97] and to the literature quoted therein for the detailed discussion of
problems (7.34) and (7.35). We also mention that two-dimensional version of equation (7.35)
with σ(w) = w + w2 has the form

(7.36) wtt − k ·∆wt + ∆2w −∆w = ∆
[
w2
]
, Ω ⊂ R2, t > 0,

and it is known as the ”good” Boussinesq equation (see, e.g., [102] and the references therein).
In order to focus our considerations and explain the main ideas in a clear way we first

consider the problem

(1− α∆)wtt + k0 · g0(wt)− α · k1 · div {g(∇wt)}
= −∆2w + div

[
|∇w|2∇w

]
+ ∆

[
w2
]
− ρ|u|l−1u, Ω ⊂ R2, t > 0,(7.37)

which we call Kirchhoff-Boussinesq equation. Here α > 0, ρ ≥ 0 and m ≥ 1 are constants.
The functions g0 and g and the parameters k0 and k1 will be specified later on. In com-
parison with (7.36) the Kirchhoff-Boussinesq equation (7.37) takes into account rotational
inertia of filaments (α > 0), damping effects and contains additional (potential) nonlinearities
div
[
|∇w|2∇w

]
and ρ|u|l−1u (however, the case ρ = 0 is also allowed). We also note that in

the case α = 0 problem (7.37) was studied in [29] for linear damping function g0.
With (7.37) we can associate any set of boundary conditions that are well posed for the

plate. To be specific, we consider the clamped boundary conditions (7.33).
We represent problem (7.37) and (7.33) in the form

(7.38)
{
Mutt(t) +Au(t) + k ·D(ut(t)) = F (u(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ V = D(M1/2),

with the following notation the spaces and operators:
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• H ≡ L2(Ω), V = H1
0 (Ω).

• Au ≡ ∆2u, u ∈ D(A) : D(A) ≡ H2
0 (Ω) ∩H4(Ω).

• Mu ≡ u− α∆u, u ∈ D(M), where D(M) ≡ H1
0 (Ω) ∩H2(Ω).

• F (u) = div
[
|∇u|2∇u

]
+ ∆

[
u2
]
− ρ|u|l−1u.

• D(u) ≡ k0
k · g0(u)− α · k1k · div [g(∇u)] with k = max{k0, k1}.

As in Chapter 6, A and M satisfy the conditions introduced at the beginning of Sect. 1.2.
Simple calculations shows that the nonlinear term F is subcritical in the case α > 0, i.e.
relation (7.31) holds for the case considered.

Remark 7.7. We emphasize that the results below are stated for the case α > 0 only. In
the case α = 0, n = 2 the nonlinear term F in equation (7.38) is no longer locally Lipschitz
and it is not obvious that problem (7.38) generates a semi-flow which is well defined on a
finite energy space. This is the main reason why we consider α > 0 when n = 2. The analysis
of the case α = 0 requires different technicalities (see [29] where the case of linear damping is
considered).

7.3.1. Model 1: Kirchhoff-Boussinesq plate with ρ = 0. The following assumptions
are imposed on the damping function:

Assumption 7.8. • g0 ∈ C1(R) is a monotone nondecreasing function such that
g0(0) = 0 and 0 < m ≤ g′0(s) ≤M |s|q0 for |s| ≥ 1, where 0 ≤ q0 ≤ 2.

• The function g : R2 7→ R2 has the form g(s1, s2) = (g1(s1), g2(s2)), where (s1, s2) ∈
R2 and gi ∈ C1(R) is monotone nondecreasing function such that gi(0) = 0, i = 1, 2.
Moreover, we assume that gi are of a cubic growth at infinity, i.e. 0 < m ≤ g′i(s) ≤
M |s|q1 for i = 1, 2 and |s| ≥ 1, where 0 ≤ q1 ≤ 2.

Our main result for this model reads as follows:

Theorem 7.9. Under the Assumption 7.8 the equations (7.37) and (7.33) with α > 0
and ρ = 0 generate a continuous semiflow St in the space H ≡ H2

0 (Ω) × H1
0 (Ω). Assuming

that q0 < 2, q1 < 2, k1 > 0 and k = max{k0, k1} is sufficiently large, the semiflow possesses
a global compact attractor A. Moreover

• If, in addition, we assume that

(7.39) g′i(s) ≥ m > 0, for all s ∈ R, i = 1, 2,

then the fractal dimension of the attractor A is finite.
• Under condition (7.39) the system possesses a fractal exponential attractor (see Def-

inition 4.41) whose dimension is finite in the space H1
0 (Ω) × W , where W is a

completion of H1
0 (Ω) with respect to the norm ‖ · ‖W = ‖(1− α∆) · ‖−2.

Proof. In the case considered the nonlinear force F admits the representation

(7.40) F (u) = −Π′(u) + F ∗(u),

where

(7.41) Π(u) = Π0(u) + Π1(u), F ∗(u) = |∇u|2,

with

(7.42) Π0(u) =
1
4

∫
Ω

|∇u(x)|4dx, Π1(u) =
∫

Ω

u(x)|∇u(x)|2dx.

Existence of the semiflow follows now from Theorem 1.5.
The further arguments are divided in several steps.



7.3. KIRCHHOFF LIMIT IN MINDLIN-TIMOSHENKO PLATES AND BEAMS 149

Step 1: Dissipativity. To establish the ultimate dissipativity we use Theorem 3.11. To
this end we need to verify Assumption 3.7 with the modifications stated in Theorem 3.11.

It is clear that

(u, F (u)) = −
∫

Ω

|∇u|4dx+
∫

Ω

u∆
[
u2
]
dx = −4Π0(u)− 2

∫
Ω

u|∇u|2dx.

Since ∫
Ω

u|∇u|2dx ≤ C · ‖u‖L2(Ω) · ‖∇u‖2L4(Ω) ≤ C · ‖∇u‖L2(Ω) · ‖∇u‖2L4(Ω)

≤ C · ‖∇u‖3L4(Ω) ≤ C · [Π0(u)]
3/4

,

we obtain that

(u, F (u)) ≤ −4Π0(u) + C · [Π0(u)]
3/4 ≤ −Π0(u) + C.

which proves (3.17). As for (3.18) we have

|u|2 ≤ C

∫
Ω

|∇u|2dx ≤ η

∫
Ω

|∇u|4dx+ Cη,

where η can be arbitrary small. To obtain (3.34) we use the estimate

|F ∗(u)|2V ′ ≤ C|F ∗(u)|2 ≤ C

∫
Ω

|∇u|4dx ≤ CΠ0(u).

Thus the hypotheses of Theorem 3.11 concerning F hold.
We now verify hypotheses of Theorem 3.11 imposed on the damping operator D. To

satisfy (3.15) we clearly need k1 > 0. As for (3.33) we have that

k0

k
· (g0(v), u) ≤ Ck‖u‖q0+2

Lq0+2(Ω) +
k0

k2

∫
Ω

|g0(v)|
q0+2
q0+1 dx.

Since |g(v)|
q0+2
q0+1 ≤ Cg0(v)v for |v| ≥ 1 and q0 < 2, we can conclude that

(7.43)
k0

k
· (g0(v), u) ≤

δ

2k
·Π0(u) +

c0k0

k2
(g0(v), v) + Cδ,k,

where δ can be taken arbitrary small and c0 does not depend on k and k0. In a similar way
we have that

k1

k
· (gi(vxi

), uxi
) ≤ Ck‖∇u‖q1+2

Lq1+2(Ω) +
k1

k2

∫
Ω

|gi(vxi
)|

q1+2
q1+1 dx

≤ δ

4k
·Π0(u) +

c1k1

k2
(gi(vxi

), vxi
) + Cδ,k(7.44)

for any δ > 0 and i = 1, 2, where c1 does not depend on k and k1. Thus from (7.43) and
(7.44) we obtain

k · (D(v), u) ≤ δ ·Π0(u) + C0(D(v), v) + Cδ,k

for any δ > 0, where C0 does not depend on k. Hence (3.33) holds. There we can apply
Theorem 3.11 to obtain dissipativity.

Remark 7.10. The fact that α > 0 has no bearing on the existence of absorbing ball. If
the problem (7.37) and (7.33) with α = 0 and ρ = 0 possesses a generalized solution satisfying
the corresponding energy inequality, then the same argument as above allows us to check the
hypotheses of Theorem 3.11 and to prove dissipativity of semiflow when k0 > 0 is large enough
and g0 is of subcubic growth. Thus ultimate dissipativity holds for generalized solutions to
problem (7.37) and (7.33) regardless whether α > 0 or not.

The following steps conclude the proof of Theorem 7.9.
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Step 2: Existence of a global attractor. Lemma 6.6 implies (3.58). By (6.39) in Lemma 6.9
the damping operator satisfies (3.59) with κ = 1 and ε = 0. Thus by Corollary 3.28 the
dynamical system generated by (7.37) and (7.33) with α > 0 and ρ = 0 possesses a compact
global attractor.

Step 3: Finite dimension and exponential attractor. Since q1 < 2, It follows from (7.39)
that there exists 0 ≤ β < 1 such that the functions gi satisfy the inequality

(7.45) 0 < m ≤ g′i(s) ≤M [1 + sgi(s)]β , s ∈ R, i = 1, 2.

Therefore it follows from relation (6.52) in Lemma 6.10 that the damping operator D satisfies
(3.59) with κ = 2 and ε = 0. Thus we can apply Theorem 4.1 to prove finite dimension-
ality of the global attractor. The existence of a fractal exponential attractor follows from
Theorem 4.42. �

7.3.2. Model 2: Kirchhoff-Boussinesq plate with ρ > 0. In this case the additional
potential term ρ|u|l−1u will allow us to dispense with a necessity of assuming large values for
the damping parameter. The following assumptions are imposed on the damping function:

Assumption 7.11. • g0 ∈ C1(R) is a monotone increasing function such that
g0(0) = 0 and 0 < m ≤ g′0(s) ≤M |s|q for |s| ≥ 1, where 0 ≤ q ≤ l − 1.

• The function g has the form g(s1, s2) = (g1(s1), g2(s2)), where si ∈ R and gi ∈ C1(R)
is monotone increasing function such that gi(0) = 0, i = 1, 2. Moreover, we assume
that 0 < m ≤ g′i(s) ≤M |s|2 for i = 1, 2 and |s| ≥ 1.

Our main result reads as follows:

Theorem 7.12. Under the Assumption 7.11 the equations (7.37) and (7.33) with α > 0,
ρ > 0 and l > 3 generates a continuous semiflow St in the space H ≡ H2

0 (Ω) × H1
0 (Ω).

The corresponding dynamical system possesses a global compact attractor A. If, in addition,
we assume that there exists 0 ≤ β < 1 such that the functions gi satisfy inequality (7.45),
then the fractal dimension of the attractor A is finite. Under condition (7.45) the system
possesses a fractal exponential attractor (see Definition 4.41) with finite dimension in the
space H1

0 (Ω)×W , where W is the same as in Theorem 7.9.

Proof. In the case considered the nonlinear term F admits the representation

(7.46) F (u) = −Π′(u) + F ∗(u),

where

(7.47) Π(u) = Π0(u) =
∫

Ω

[
1
4
|∇u(x)|4 +

ρ

l + 1
|u(x)|l+1

]
dx, F ∗(u) = ∆

[
u2
]
.

Due to the compactness of F (u) the conclusion of Theorem 7.12 follows by the same arguments
as these given for von Karman model with α > 0 (see Section 6.4) or in the proof of Theo-
rem 7.9, provided we manage to prove ultimate dissipativity. For this we use Corollary 3.17
with D∗ ≡ 0 and G∗(u) = F ∗(u) = ∆

[
u2
]
.

We first show that relation (3.51) holds with γ = 0. By Hölder inequality

(g0(v), u) ≤ η|u|l+1
Ll+1(Ω) + cη

∫
Ω

|g0(v)|1+1/ldx.

Since |g0(v)|1/l ≤ C|v| for |v| ≥ 1, this implies that

(g0(v), u) ≤ ηΠ0(u) + C1
η(D(v), v) + C2

η

for any positive η. As for the second damping, the argument is the same as in the proof of
Theorem 7.9. Indeed, similar to (7.44) we have that

(gi(vxi), uxi) ≤ η‖∇u‖4L4(Ω) + C1
η(gi(vxi), vxi) + C2

η
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for any η > 0 and i = 1, 2. Summing up we obtain

−k(Dv, u) ≤ δΠ0(u) + C1
δ (D(v), u) + C2

δ

for any δ > 0. This proves (3.51) in Assumption 3.16.
To prove (3.53) we note that

|F ∗(u)|2V ′ ≤ C‖∇[u2]‖2L2(Ω)

≤ C · ‖u‖2L4(Ω) · ‖∇u‖
2
L4(Ω) ≤ ε

∫
Ω

|∇u|4dx+ Cε|u|4L4(Ω)

for every ε > 0. Since l > 3 we have that

‖u‖4L4(Ω) =
∫

Ω

|u|4dx ≤ η

∫
Ω

|u|l+1dx+ Cη

for any η > 0. Therefore we obtain that

|F ∗(u)|2V ′ ≤ δΠ0(u) + Cδ

for any δ > 0. Thus (3.53) holds and by Corollary 3.17 the system is dissipative.
To prove finite-dimensionality and existence of a fractal exponential attractor we use the

same arguments as in the proof of Theorem 7.9. �

7.3.3. Generalization of Model 2. Under appropriate (physically reasonable) assump-
tions concerning nonlinear functions, the general Kirchhoff model (7.32) and (7.33) is also
covered by the theory developed in Chapters 3 and 4 in the cases when either n = 1 or else
n = 2 and α > 0. In this subsection we shall consider some generalizations of the canonical
model considered above.

Here we impose the following set of assumptions.

Assumption 7.13. • f̃0 ≡ (f̃01(v1, v2), f̃02(v1, v2)) is C1-function of the polyno-
mial growth possessing the representation

f̃0(v) =
(
∂Ψ(v1, v2)

∂v1
;
∂Ψ(v1, v2)

∂v2

)
,

where Ψ0 : R2 7→ R is a C2-function such that

(7.48) Ψ(v1, v2) ≥ c0
(
v2
1 + v2

2

)1+δ − c1, for all (v1; v2) ∈ R2,

where c0 > 0, c1 ≥ 0 and δ > 0 are constants.
• f2(w)) is C1-function such that Φ(w) =

∫ w
0
f2(ξ)dξ is bounded from below.

• f1(w) is C1-function possessing the property

(7.49) lim sup
|s|→∞

|f ′1(s)|
2+2/δ

1 + Φ(s)− Φinf
= 0,

where δ is the parameter from relation (7.48) and Φinf = infs∈R Φ(s).
• g0 ∈ C1(R) is a monotone nondecreasing function such that g0(0) = 0 and

(7.50) −ug0(v) ≤ Cη1 · vg0(v) + ηΦ(u) + Cη2 , (v;u) ∈ R2, ∀ η > 0.

• The function g̃ has the form g̃(s1, s2) = (g̃1(s1), g̃2(s2)), where (s1, s2) ∈ R2 and
g̃i ∈ C1(R) is monotone nondecreasing function, g̃i(0) = 0, i = 1, 2. Moreover, we
assume that g̃i are of polynomial growth at infinity and

(7.51) −
∑
i=1,2

uigi(vi) ≤ Cη1 · [v1g1(v1) + v2g2(v2)] + ηΨ(u1, u2) + Cη2 , ∀ η > 0,

for all (v1; v2;u1;u2) ∈ R4.
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We note that the assumption above concerning nonlinear functions is satisfied with δ = 1,
for example, if

Ψ(v1, v2) =
(
v2
1 + v2

2

)2
, f1(w) = w2, f2(w) = |w|l−1w, l > 3,

and the functions g0(v) and gi(v) are the same as in Assumption 7.11.
We represent problem (7.32) and (7.33) in the form (7.38) with
• H ≡ L2(Ω), V = H1

0 (Ω).
• Au ≡ ∆2u, u ∈ D(A) : D(A) ≡ H2

0 (Ω) ∩H4(Ω).
• Mu ≡ u− α∆u, u ∈ D(M), where D(M) ≡ H1

0 (Ω) ∩H2(Ω).
• F (u) = div

[
f̃0(∇u)

]
+ ∆ [f1(u)]− f2(u).

• D(u) ≡ g0(u)− div(g̃(∇u)).
As above, A and M satisfy the conditions introduced at the beginning of Sect. 1.2 and

the nonlinear term F is subcritical, i.e. relation (7.31) holds for the case considered. We also
have the representation

(7.52) F (u) = −Π′(u) + F ∗(u),

where

(7.53) Π(u) =
∫

Ω

[Ψ(∇u(x)) + Φ(u(x))] dx, F ∗(u) = ∆ [f1(u)] .

Remark 7.14. It is also possible to present F in the form (7.52) with

(7.54) Π(u) =
∫

Ω

[
Ψ(∇u) + Φ(u) +

1
2
f ′1(u)|∇u|2

]
dx, F ∗(u) =

1
2
f ′′1 (u)|∇u|2.

On the one hand this representation requires the existence (and some estimate) of the second
derivative f ′′1 (u). On the the other hand, if f ′′1 (u) is uniformly bounded and δ = 1, we can
avoid assumption (7.49). This allow us to include the case f2(w) ≡ 0 into consideration relying
on argument similar ones given in the proof of Theorem 7.9.

Our main result concerning problem ((7.32) and (7.33) reads as follows:

Theorem 7.15. Under the Assumption 7.13 the equations (7.32) and (7.33) with α > 0
generates a continuous semiflow St in the space H ≡ H2

0 (Ω)×H1
0 (Ω) which possesses a global

compact attractor A. Moreover
• If, in addition, we assume that (i) g0(s) is of a polynomial growth at infinity, i.e.

there exist p0 ≥ 1 and M0 > 0 such that

(7.55) 0 ≤ g′0(s) ≤M0[1 + |s|p0−1], s ∈ R,

and (ii) there exists 0 ≤ β < 1 such that the functions gi satisfy inequality (7.45),
then the fractal dimension of the attractor A is finite.

• Under conditions (7.55) and (7.45) the system possesses a fractal exponential attrac-
tor whose dimension is finite in the space H1

0 (Ω) ×W , where W is the same as in
Theorem 7.9.

Proof. As in the proof of Theorem 7.12 to prove dissipativity we use Corollary 3.17 with
D∗ ≡ 0 and G∗(u) = F ∗(u) = ∆ [f1(u)].

It follows from (7.50) and (7.51) that relation (3.51) holds with γ = 0.
To prove (3.53) we note that

|F ∗(u)|2V ′ ≤ C‖∇[f1(u)]‖2L2
≤ C‖f ′1(u) · ∇u‖2L2

≤ C · ‖f ′1(u)‖2L2(1+1/δ)
· ‖∇u‖2L2(1+δ)

≤ Cη · ‖f ′1(u)‖
2(1+1/δ)
L2(1+1/δ)

+ η · ‖∇u‖2(1+δ)L2(1+δ)
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for any η > 0. By (7.49) we have that

Cη‖f ′1(u)‖
2(1+1/δ)
L2(1+1/δ)

= Cη

∫
Ω

|f ′1(u)|2(1+1/δ)dx ≤ η

∫
Ω

Φ(u)dx+ C̃η

for any η > 0. Therefore using (7.48) we obtain that

|F ∗(u)|2V ′ ≤ ηΠ0(u) + Cη

for any η > 0, where Π0(u) = Π(u) + c0 with an appropriate constant c0 ≥ 0.
Thus by Corollary 3.17 the system is dissipative.
To prove finite-dimensionality we apply Theorem 4.1 and the argument given in the proof

of Theorem 6.4 (see Lemma 6.10).
As in the proof of Theorem 6.4 the existence of a fractal exponential attractor follows

from Theorem 4.42. �

7.4. Systems with strong damping

Wave and plate equations exhibiting strong damping are also covered by our abstract
framework. To see this, let us consider the following problems

wtt + g0(wt)− div [g(∇wt)]−∆w = f(w,wt),(7.56)

wtt + g0(wt)− div [g(∇wt)] + ∆2w = f(w,wt),(7.57)

and

wtt + ∆ [g(∆wt)] + ∆2w = f(w,wt).(7.58)

These models with linear damping functions and with f(w,wt) ≡ f(w) were considered by
many authors (see, e.g., the monograph [58], the survey [39] and the references therein, and
also the recent papers [11, 87]). In fact, in the linear case the strongly damped wave or plate
equations are associated with analytic semigroups (see, e.g., [81, Chap.3]). This, in turn,
induces strong regularizing effect on solutions. Thus, for this class of models both stability
and regularity theory is indeed very rich. We will focus here on nonlinear damping. Since the
major regularizing term in linear equation is the damping, it should be clear that this effect
may be severely diminished in the presence of nonlinearity in the dissipation. For this reasons
analyticity type of arguments will no longer be applicable. On the other hand we can show
that that theory presented in Chapters 3 and 4 applies to these models as well.

As an example we consider the following version of problem (7.56) in a smooth bounded
domain Ω ⊂ Rn, n ≤ 3:

(7.59) wtt − div [g(∇wt)]−∆w + f(w) = h(wt), x ∈ Ω, t > 0,

subject to the Dirichlet boundary condition

(7.60) w = 0 on Σ ≡ [0,∞)× ∂Ω.

We impose the following hypotheses.

Assumption 7.16. • The function g has the form

g(s1, s2) = (g1(s1), g2(s2)), (s1, s2) ∈ R2,

where gi ∈ C1(R) is monotone nondecreasing function such that gi(0) = 0 and
0 ≤ g′i(s) ≤M0 for all s ∈ R and i = 1, 2 with some constants M0 > 0. Moreover we
assume that

(7.61) ωi ≡ lim inf
|s|→∞

g′i(s) > 0, i = 1, 2.
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• The function h ∈ C1(R) is such that (i) h(0) = 0, (ii) there exists a positive constant
M1 such that

(7.62) |h′(s)| ≤M1 ·
(
1 + |s|p−1

)
for all s ∈ R,

where 1 ≤ p ≤ 5 when n = 3 and 1 ≤ p <∞ when n ≤ 2, and (iii) the relation

(7.63) κ ≡ lim sup
|s|→∞

h′(s) < λ1 min{ω1, ω2}

holds, where ωi is defined by (7.61) and λ1 > 0 is the first eigenvalue of the operator
−∆ equipped with the Dirichlet boundary conditions.

• Function f ∈ C1(R) is of the following polynomial growth condition: there exists a
positive constant M2 > 0 such that

|f ′(s)| ≤M2|s|q, |s| ≥ 1,

where q < 2 when n = 3 and q < ∞ when n ≤ 2. Moreover, the dissipativity
condition

(7.64) lim inf
|s|→∞

f(s)
s

≡ µ > −λ1

is assumed to hold, where λ1 is the same as in 7.63).

Remark 7.17. As an example of a function h(s) with the properties described in As-
sumption 7.16 we can consider, for instance, a function of the form

h(s) = −ε · |s|p−1s+ h∗(s),

where ε > 0 and the function h∗ ∈ C1(R) satisfies the conditions

h∗(0) = 0 and lim sup
|s|→∞

|h′∗(s)|
|s|p−1

= 0.

In this case κ = −∞ if p > 1 and κ = −ε for p = 1.

Theorem 7.18. Under Assumption 7.16 problem (7.59) and (7.60) generates a continuous
ultimately dissipative semiflow St in the space H ≡ H1

0 (Ω)× L2(Ω). Moreover,
• if, in addition, we assume that (i) infs∈R g

′
i(s) > 0, i = 1, 2, and (ii) p < 5 in the

case n = 3, where p is the parameter from (7.62), then St possesses a global compact
attractor A;

• this attractor has finite fractal dimension provided p ≤ 2 and g(s) is a linear function.

Proof. We first split the function h in two functions:

h(s) = −g0(s) + h∗(s).

Here the function h∗ ∈ C1(R) has a bounded derivative and possesses the property

(7.65) κ∗ ≡ lim sup
|s|→∞

|h′∗(s)| < λ1 min{ω1, ω2} ≡ ω

and the function g0 ∈ C1(R) is a monotone nondecreasing function such that g0(0) = 0, and
there exists a positive constant m1 and m2 such that

(7.66) 0 < m1 ≤ g′0(s) ≤ m2

(
1 + |s|p−1

)
for all s ∈ R,

where 1 ≤ p ≤ 5 when n = 3 and 1 ≤ p <∞ when n = 2.
This splitting can be carried in the following way. Let 0 < δ < (ω − κ)/2 and Rδ be

chosen such that
0 < δ < ω and h′(s) ≤ ω − 2δ for all |s| ≥ Rδ.
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We take a positive function ψ0 ∈ C∞(R) such that (i) ψ0(s) = ω − δ for |s| ≥ Rδ + 1; (ii)
ψ0(s) ≥ ω − δ for Rδ < |s| < Rδ + 1; and (iii) ψ0(s) = K + δ for |s| ≤ Rδ, where K is a
positive number such that K ≥ supR h

′(s). Now we define

g0(s) = −h(s) + h∗(s), h∗(s) =
∫ s

0

ψ0(ξ)dξ.

Since g′0(s) = −h′(s) + ψ0(s), it is clear that g′0(s) ≥ δ for all s ∈ R. The other properties of
g0 and h∗ stated above are also obvious.

Now we represent problem (7.59) and (7.60) in the form

(7.67)
{
utt(t) +Au(t) +D(ut(t)) = F (u(t)) +D∗(ut(t)),
u|t=0 = u0 ∈ D(A1/2), ut|t=0 = u1 ∈ H,

with
• H ≡ L2(Ω).
• Au ≡ −(∆ + µ0)u, u ∈ D(A) : D(A) ≡ H1

0 (Ω) ∩ H2(Ω). The parameter µ0 is
chosen such that −µ < µ0 < λ1, where µ and λ1 are the same as in (7.64).

• F (u) = −f(u)− µ0u, D∗(v) = h∗(v).
• D(u) ≡ g0(u)− div [g(∇u)].

We note that in the case considered

F (u, v) = −Π′(u) +D∗(v) with Π(u) =
∫

Ω

f̂(u)dx,

where f̂ denotes the antiderivative of f(u) + µ0u.
As above, the existence of semiflow easily follows from Theorem 1.5.
The further arguments are divided in several steps.
Step 1: Dissipativity. As in Example 3.19, to prove dissipativity we use Corollary 3.17.

Since G∗(u) ≡ 0 in our case, we need to check relations (3.51) and (3.52) only.
We obviously have that

(−D(v) +D∗(v), u) = −(g0(v), u)− (g(∇v),∇u) + (h∗(v), u).

As in the proof of Theorem 5.3 one can see that

−(g0(v), u) ≤ δ‖u‖2H1(Ω) + Cδ1 + Cδ2 ·
(
1 + ‖u‖H1(Ω)

)
·
∫

Ω

g0(v)vdx

for any δ > 0 (cf. (5.12)). Since g′i and h′∗ are bounded, we obtain that

−(g(∇v),∇u) + (h∗(v), u) ≤ δ‖∇u‖2L2(Ω) + Cδ‖∇v‖2L2(Ω)

for any δ > 0. From (7.61) we have that

‖∇v‖2L2(Ω) ≤ C1(g(∇v),∇v) + C2.

Therefore the relations above imply (3.51).
Now we check (3.52). From (7.65) we have that

lim sup
|s|→∞

|h∗(s)|
|s|

< ω = λ1 min{ω1, ω2}.

Thus there exits 0 < η < 1 and Cη > 0 such that

|s| · |h∗(s)| ≤ η2ω · |s|2 + Cη, s ∈ R.
Consequently,

(7.68) (v,D∗(v)) = (v, h∗(v)) ≤
η2ω

λ1
· ‖∇v‖2L2(Ω) + C.

By (7.61) we have that

s2 ≤ 1
ηωi

· sgi(s) + Cη, s ∈ R,
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for every 0 < η < 1, which implies that

‖∇v‖2L2(Ω) ≤
1
η
·max

{
1
ω1
,

1
ω2

}
· (g(∇v),∇v) + C.

Therefore by (7.68) we obtain that

(v,D∗(v)) ≤ η(g(∇v),∇v) + C.

Thus (3.52) holds and therefore the semiflow St is dissipative.
Step 2: Existence of a global attractor. We consider the case n = 3 only. The case n ≤ 2 is

much simpler. We rely on Remark 3.32 and therefore we need to to check Assumption 3.21(D)
and property (3.88) in Remark 3.32.

Relation (3.58) can be established by the same method as in Section 6.4. As for (3.59)
we note that, since g′i(si) are bounded, we have that

|(D(u+ v)−D(u), w)| ≤
∫

Ω

|g0(u+ v)− g0(u)| · |w|dx+ C‖∇v‖L2‖∇w‖L2 .

From (5.15) we have∫
Ω

|g0(u+ v)− g0(u)| · |w|dx ≤ ‖w‖L1+1/p

∣∣∣∣∫
Ω

|(g(u+ v)− g(u)|p+1dx

∣∣∣∣1/(p+1)

≤ C‖w‖H1−2δ

(
1 +

∫
Ω

[g0(u+ v)(u+ v) + g0(u)u] dx
)

≤ C|A1/2−δw| (1 + (D(u+ v), u+ v) + (D(u), u))

for some δ > 0. Since infs∈R g
′
i(s) > 0 for i = 1, 2, it is also easy to see that

C‖∇v‖L2‖∇w‖L2 ≤ ε|A1/2w|2 + Cε(D(u+ v)− (D(u), v)

for every ε > 0. Thus (3.59) holds with κ = 1.
Now we prove (3.88). Since q < 2 and h∗(s) is globally Lipschits, we can see that

(7.69) |(F (u, v)− F (û, v̂), v − v̂)| ≤ C1(r)|A1/2−η(u− û)|2 + C2‖v − v̂‖2L2
,

where η > 0, C(r) > 0 is non-decreasing function of r, C2 > 0 does not depend on r, and
u, û ∈ D(A1/2), v, v̂ ∈ V satisfy the relations |A1/2u| ≤ r and |A1/2û| ≤ r. We obviously have

‖v − v̂‖2L2
= (A1/2(v − v̂),A−1/2(v − v̂)) ≤ ε‖∇(v − v̂)‖2L2

+ Cε|A−1/2(v − v̂)|2.

Therefore (7.69) implies that

|(F (u, v)− F (û, v̂), v − v̂)| ≤ 1
2

∫
Ω

g(∇(v − v̂))∇(v − v̂)dx

+C(r)
(
|A1/2−η(u− û)|2 + |A−1/2(v − v̂)|2

)
,(7.70)

and hence (3.88) holds.
Thus by Remark 3.32 the semiflow St generated by (7.59) and (7.60) possesses a global

compact attractor A.
Step 3: Finite dimension. In the proof of finite dimensionality of the attractor A we rely

on Theorem 4.4. To apply this theorem we need to establish relations (4.2) and (4.12).
We claim that (4.2) holds with l = 1. Indeed, since gi(si) are linear functions, using

estimate (7.66) for g0, we obtain that

|A−1(D(u+ v)−D(v))| ≤
∫

Ω

|g0(u+ v)− g0(v)|dx+ C‖u‖L2

≤ C1

∫
Ω

(
1 + |v|p−1 + |u|p−1

)
· |u|dx+ C1‖u‖L2 .
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Since p ≤ 2, it is easy to see that

|A−1(D(u+ v)−D(v))| ≤ C (1 + ‖v‖L2 + ‖u‖L2) · ‖u‖L2 ,

which implies (4.2) with l = 1.
To prove (4.12) we note that by Remark 3.32 this relation follows from estimate (7.70) and

Assumption 3.21(D) with κ = 2 which can be easily checked under the condition p ≤ 2. �

Example 7.19. In a smooth bounded domain Ω ⊂ Rn, n ≤ 3, we consider the following
version of problem (7.59) and (7.60):

(7.71) wtt + (|wt|p−1 − λ) · wt − εdiv [g(∇wt)]−∆w + f(w) = 0, x ∈ Ω, t > 0,

subject to the Dirichlet boundary condition (7.60). Here 1 < p < 5, λ ∈ R, ε ≥ 0 (in the case
p = 1 we assume that λ ≤ c0ε, where c0 > 0 is a constant determined by g). The function
f(w) satisfies the hypotheses in Assumption 7.16. The vector function g(s) = (g1(s1), g2(s2))
is continuously differentiable and possesses the properties gi(0) = 0 and 0 < m ≤ g′i(s) ≤
M <∞.

For all ε ≥ 0 the system (H,St) generates by (7.71) and (7.60) is dissipative (see Exam-
ple 3.19 for the case ε = 0 and also [103] for ε = 0 and p = 3). It possesses a compact global
attractor for any positive ε. If g is linear and 0 ≤ p ≤ 2, then Theorem 7.18 asserts finite
dimensionality of the attractor. Thus, introducing strong damping (even with a small inten-
sity) in the wave equation with non-monotone damping stabilizes the system to a compact
global attractor.

Remark 7.20. In order to conclude finite dimensionality of the attractor in example
7.19, it is not necessary to assume linearity of g. The method of proof of Theorem 4.4 will
give the same conclusion with a more general assumption 0 < m ≤ g′i(s) ≤ M < ∞. This
can be achieved by exploiting additionally smoothing effects of strong damping which leads
to a generalization of condition (4.2). Since the emphasis in this paper is on hyperbolic like
dynamics, which do not exhibit smoothing effects, we did not strive in our presentation for the
most general formulations accounting also for parabolic-like effects. Nevertheless, even in that
case we are able to demonstrate that the theory presented yields new results in parabolic-like
situations as well.

The results similar to Theorem 7.18 can be also stated for problems (7.57) and (7.58). We
do not give details here, since it is more natural to study strongly damped problems directly
by taking advantage of additional regularity provided by the strong damping terms.
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